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FH E: work / whe is here offered to the public, 
is the fruit of many years agreeable attention, 
to which the Author was led by a perſuaſion that ſo 
ſimple a property as is. exhibited in the 24. PRO. of ; 
the Univerſal Arithmetic, might contain the elements . 
of all the properties of the three Conic Sections, and 
perhaps unfold them with more eaſe and elegance, 
than had been obtained by any other method. It is 
now near thirty years ſince he firſt diſcovered the 1 
property of the Generating Circle, but though it be 
an immediate conſequence of tlie primary propoſition, 
yet it was for ſome time hid from his view, nor does 
it appear that any Geometer had diſcovered it, though 
the property in Sir Iſaac Newton's Arithmetic has 
1 ſo long been known. This diſcovery conducted the _ 
Y author with order and facility to every principal pro- 
perty of the Conic Sections. He obſerved in his 
progreſs that theſe Sections have more connection 
3 V 
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—_— R EFA 5 
„With the Circle than with the Cone, nor is it any 
thing wonderful that it ſhould be ſo, ſince the Circle 
is the principal element from which the Cone itſelf 
| 18 generated. The circle being therefore the com- 
mon genelis of the three ſections, . the properties 
which are common to them all are 9 from the ” 
common ſource in one common demonſtration, to a 
much greater extent than in any treatiſe which de- 
duces the ſection from the Cone; while the diſcrimi- 
"7 nefion of each of the ſections, being a ſunple varia- 
| tion of the common geneſis, not only ſuggeſts the 
| e eee properties, but gratiſies the underſtand- 
ing With the immediate perception of the operating 
cauſe of them. Indeed the affinity to and depen- 
dance of the ſections upon the circle i is ſo immediate, 
that the demonſtrator has often little more to do than 
to transfer the various properties of the circle to the 
u weaned 01% WE of the ſections. 
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The Author has fortndled 115 atk on the Pror. 
of Sir Iſaac Newton, becauſe he was willing to ad- 
here to the order in which his own mind was con- 
duced in the enquiry. But as the property. of the 

generating circle appears ſo early as in the 3. PRor., 

it will give little trouble to the Teacher or Reader of 
this treatiſe, if he commence with the generating 
circle, making this the primary geneſis of the ſections, 
and ung the primary e thereto. Or, if 
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he prefer the Cone as the foundation of the work, 
he may commence with the 54. Proe., and adapting. 
as before the definitions thereto, he may paſs] from 


thence directly to the 1. PRor. in this book, and 


thence in order without any other derangement.. 
And this will be effected without any“ alteration 
in the demonſtrative part, as the 54. Proe., has 
no dependance on any of the preceding propoſi- 
_ ttons, but appeals only to the elements of Euclid. 
Dy. Hamilton, in his Conic Sections, has noticed this. 
property, but his demonſtration depends upon the 
preceding part of his work, and therefore the Author 
derived no other benefit from him vith reſpect to 
this property, than what the mere notice of the pro- 
perty conveyed, but for this benefit he makes re- 
ſpectful acknowledgment. This property is limited 
to a Right Cone, but it is probable that a ſimilar pro- 
perty belongs to the Scalene Cone, correſponding to. 
that extended property of the generating circle, which. 
is delivered in the 52. Prop. 5 


Whatever be the merit of the work, it is in the 5 


conſtruction and demonſtration almoſt wholly origt- 
nal, as the new principle, from which the whole is 
deduced, and which is kept in view throughout 
almoſt the whole of the I. Book, rendered the de- 
monſtration of other Authors of no uſe in this: 


OS 


Treatiſe. It was therefore from no pride or af- 


fectation that he declined to borrow, but from the⸗ 
1 | „ nature 
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. RET 
= - 1 nature of his plan. Thoſe Authors to whom in this 
= | : Book he 1s alone indebted, are the late Profeſſor 
5 . Simpſon of Glaſgow, whoſe friendly notice the Au- 1 
thor enjoyed while he was a Student in that Univer- — 
= : 2 ſity, Dr. Hamilton, and in one Prop. Sir Ifaag New- | 
| ton. Many new properties of the Sections, at leaſt 
which the Author believes to be new, are diſperſed 
ll! | through this firſt book, cf which that of the gene- 
| IT rating circle is the principal. In the ſubſequent 
i 2 books, and particularly in the V., which tr-ats of the 
| | oci, more of novelty as to the properties of the 
1 1 Sections will be delivered. The I. Book alone is now 
= | pPoubliſhed, becauſe the others are not ready for pub- 
Mn 2+ lication ; but as the principal properties both of the 
N Sections in common, and of each in particular, are 
demonſtrated in this book, it may be conſidered as 
in ſome degree compleat in itſelf. The materials of 
the other four books are moſtly prepared, but it will 
require time' to arrange and diſpoſe the whole for the | 
| preſs. To do this the Author pledges himſelf to the ” 
public, if life and health be continued to him, and 
at this moment it would in a great degree have been x 
= £ done, if an unpleaſant circumſtance had not demanded _ : 
| 2 85 | his a attention for a while to a very different object. 
ä 1 


| | ft 3f | The Author has prefixed a Cong neceſſary Lemmata. 5 
xz 7 This is reprehended as a blemiſh by the writer of the 
5 preface to Pr. Hamilton 8 Conic Sections. But theſe 
| Lemmata 
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PREFACE. 


Tama are general properties in pure Geometry, 


frequently appealed to in the treatiſe, and if not pre- 
, vioully eflabliſhed,” the demonſtration of the propoſi: 
tions would have been burthened with matter that 


was not proper to them, and which muſt have been 


repeated even to diſguſt. The truth is, the Elements 
of Euclid are exceedingly defective. The doctrine of 
the harmonic ſection of a right line particularly re- 
2 to be added to the Elements of Geometry. 


S 


The Author has no profit in view, he never ex- 
pected it from any of his former publications, and could 
not therefore expect it in a work of abſtract ſcience: 
It is however unpleaſant and ineonvenient to him to 
be ſubjected to actual loſs, which he fears he muſt en- 
obunter to a conſiderable extent. From this he hoped 


to have been relieved by the generoſity of the Cam- 


bridge Preſs, with the Directors of which his Manu- 
ſcript was depoſited for ſome conſiderable time in the 
early part of the year 1793. Encouraged to hope 


for this favour, the encouragement and hope failed 


him, the manuſcript was returned, and the favour 
was not extended. As this Preſs is profeſſedly for 
the encouragement of ſcience, the Public muſt judge 
whether the work which invited its patronage, was 
deſerving of it or no. Perhaps it was the misfortune 
of the Author to be a Diſſenter, when it has become 
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| PR E FA o E. 
the temper and very principle of the day to cut off a 


Diſſenter from every public expectation. 


But ſurely, 
however wiſe the general interdict may be, pure in- 
nocent ſcience might have promiſed itſelf an exemp- 


tion from the malediction both of religious and po- 


litical . 
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F three right 156 be e parle t to _ other; or 
meet in one common point, and from two points 


in one of them, right lines parallel to each other be 


drawn to each of the other two, the parallels meeting 
one of theſe lines ſhall be proportional to b 


Let AB, A a AD be aral to each other, or můet in one 
common point A, and from two points C, e, in one of them AC, 
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be drawn to AB the parallels CH, 5 B, and to AD the þ Parallels | 


CD, ep; I fay that CB ſhall be to cy as CD is to e B. 2 
If AB, AC, AD, be mutually parallel, CB will be equal to 
CB, and CD to CD, therefore CB is to CB, as CD i is to CD. 


| | Fi RB | LE MNMATA T's THE Tan. . 
il 8 7 0. But if AB, AC, AD, meet in one common point A, then be- 
—_ | Senft ef the-parallels CB, CB, and CD, cn. CB will be to cB. 
* | r e (4. e. 6.) | 
4 $y ; | hp I; E M. 2. : — 
1 Yiu * A >; N 
I EE: - | If r t angles of a gte right lines 
| ; be drawn perpendicular to the oppoſite ſides, the right 
| | line joining their concourſe and the remaining angle 
it _  -- hall be 3 to the remaining ſide. 
1 „ 5, 6. Let,A iangle, and from two of its Angles, A, ©, be 
—_ —— __..:;. 4 1 2 7 he wn Wh to the oppoſite ſides BC, AB, 
| | 5 meeting them in E, D, and meeting each other in G. I ſay that 
= = BG, being joined, ſhall be e perpendicular to the remaining ſide A C. 
| IlIet BG meet AC in F, and join DE. Becauſe the angle 
. UE at D, E are right, the four points B, E, G, B, are in a circle, 
—_ as alfo the four points A, C, E, D.. Therefore in the firſt circle, 
| Eh the angle DBG or ABF is equal to the angle DEG, and in 
3 deſhee ſecond circle the angle ACD is equal to the angle DEG 
I | | - | (a1 & 22. E. 2.) Wherefore the angle ABF is equal to the angle 
3 3 . ACD, and Saen the four points B, C, F, D, are in a circle. 
A The angle BDC is therefore equal to the angle B FC, and the | 
: mg + 4 angle BDO. being right, the other BF C will be right "SR 1 
| | "PA Cor. The three right lines drawn from the three angles of a 1 
1 | Eq ES triangle perpendicular to the 1 tides meet in one common ; 
= point. 3 
FISH b DEFINITIONS. 
# If i in a right line given in poſition four points be aſſumed; f 


ſuch that the whole be to one extreme ſegment as the other extreme 
ſegment is to the, intermediate part, the right line is ſaid to be 

divided HARMONICALLY in theſe four points, and the Pon them- 

{elves are called HARMONIC POINTS, Nr : 
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LIN. 3. CONIC SECTIONS. 
Or, If in a right line given in poſition and magnitude two, points F | 


* 


be aſſumed, the one within, the other wi thout the primary terms © 
of the right line, and the diſtances of eac of theſe.points from the 
terms be to each other in the ſame ratio, the right line; is: aid to be 
HARMONICALLY divided, and the point within the terms is called 
the INTERNAL, the other r without | 1s en the n 8 
monic point. i 7 0 VA 7: 8 of # GA..gbſlng 2d; lo glues 


: 7 14 12 21 K innen. 


Thus if in AB, given in Gta and magnitude, two: Points 7, 8. 


. be aſſumed, the one D within, the other 5 without the 
terms A, B; and ſuch, that AD be to BD as Ap is te Bp; the 
right line AB is ſaid to be harmonically divided in the points D, D, 
and the one D i is called the internal, the der D the external har- 
monic point. 

Nor. Theſe are e only different modes of aßen the fame thing. 
For the two terms A, B, together with D, D, make up the four 
| harmonic points of the firſt definition ; and the whole Ad iS to the 
extreme ſegment By as the other extreme ſegment AD is to the 
Intermediate part BD. | 09 OP; A 

Alſo, if Dp were given, A,B Jos 'be the two points, in 
which Dov i is  harmonically divided. 88 1 
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RF fro :.3 as A 10 ont 
a, If from'the four 25 in which panight, une harmonically 
divided right lines be nflected to any _ vichour; 2 theſe four 
right lines are enkel HARMONICALS, ei bps ended gad, 


2 F * * . Pe . 
6 5 5 5 r £4146 50 
i : A : 4,44 % 0 wah 1 4 


— * 


A right l "on Nr ek given in 3 and and ee 


4 is required to find a point therein, whoſe diſtances 


from the terms of the given right Ine ſhall be in a 
given ratio, VIZ. in the 291 of two right lines given 


in AGREE, 20 encaiknns RR. 57 40 
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F 1 C. But if AB, AC, AD, meet in one common point A, then be- 


_cemfe-of the-parallels CB, B, and. OD, cn. CB will be to CB 
n ev. . 80 = 
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If Howto & tan of a triangle right lines 
be drawn perpendicular to the oppoſite ſides, the right 
Une joining their concourſe and the remaining angle 
* ſhall be or to the remaining ſide. 


Leg ABE riangle, : and from two of its Angles, A, ©, be 
wh A E, 4 rpendicular to the oppoſite ſides BC, AB, 

—_— them in E; D, and meeting each other in G. I ſay that 
BG, being joined, ſhall zall be perpendicular to the remaining ſide A C. 

Let BG meet AC in F, and join B E. Becauſe the angles 
at D, E are right, the four points, B, E, G, D, are in a circle, 
as alſo the four points A, C, E, D. Therefore in the firſt circle, 
the angle DBG of ABF is equal to the angle DEG, and in 
the ſecond circle the angle ACD is equal to the angle DEG - 
| (21. 22, Er 3:). Wherefore the angle. ABF is equal to the angle 
AC D, and conſequently t the four points B, C, F, D, are ina circle. 
The angle BDC is thetefore equal to the angle BF C, and the 
angle BDO being right, the other BFC will be right alſo. 

Con. The three right lines drawn from the three angles of a 
ern ee to the * ſides meet in one common 
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5 K TY in a a right line given in poſition four points be AER 4 
ſuch that the whole be to one extreme ſegment as the other extreme 
ſegment is to the, intermediate part, the right line is ſaid to be 
divided HARMONICALLY in. theſe four points, and the 1817 er 
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r, If in a right line given in poſition and magnitude two, points FIG. 
aſſumed, the one within, the. other without the primary terme 
of the right line, and the diſtances of each of theſe points from the : 
terms be to each other in the ſame ratio, the right line is: faid to be 


HARMONICALLY divided, and the point within the terms. 1s called 
— the other r without is called the EXTERNAL a 


bl 


'T hus if in. AB, given in N and magnitude, two! points, 7, 8. 
D, p, be aſſumed, the one D within, the other D without the 
terms A, B; and ſuch, that AD be to BD as Ap is te B; the 
right line AB is laid to be harmonically divided in the points D, D, 
and the one D i is called the internal, the other D the external hat- | 
monic point. 

Nor. Theſe are only different modes of abe the lame t g. 
For the two terms A, B, together with D, p, make up the four 
harmonic points of the firſt definition ; and the whole Ab i is to the 
extreme ſegment BD as the other extreme . AD Is to the 


1 of 
Volk © 5. A 


intermediat act r gots ' 
Alſo, if Dp were given, A,"B} would | be the two Points, in = 


which Dy 18 barmonically divitled. 5 vr. 
4 Hm A 16 i 


ts, If fron the ur points in which dacidhe line-is Ae 
divided right lines be inflected to any Rant nens e . . 


right lines are called HARMONICALS. 5 (756 
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Ws 6 * ho given in — 2 and 3 
equired to find a point therein, whoſe diſtances 
from the terms of the given right line ſhall be in a 
given ratio, VIZ. in the ratio Ur two _—_ lines given 
in magnitude. 
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7. 8. 
So | problem ; ; and theſe two points will be towards the ſame parts of 
A with B, if F be greater than G, and E, E, fall upon the ſame 


5 1 6. 
7, 8, 9. 


the right line AC, and from the point C, be placed CE equal to 
3 But the point E may be ſituated towards either part of C, viz. 


LEMMATA 10 tur | Le: z. 


Let AB be the right line given i in poſition and magnitude, F, G, 
the two right lines given in magnitude, and ſuppoſe the thing to 
be done, viz. that a wen D is found in AB, ſueh that A is to 
BD, as P is to G. 


Draw any right line Gicdivich 3 A, in which take AC > equal 6 to f. 


folh DC, and draw BE parallel to DC; meeting AC in E. Be- 


cauſe of the parallels, AD is to BD as AC or F is to CE, and by 
ſuppoſition, Ap! is to BD as F is to G. Therefore CE is equal 
to G, and will be given, i in magnitude. But the point C and the 
Poſition of CE are given; therefore the point E and the poſition of 


BE are given. Wherefore CD being parallel to BD, and the _ 5 


C being given, CD and the point D will be given. 
To the compoſition of this problem it will be required, that in 


two points E, E, each at the diſtance of G from C, equally anſwer 


to the analyſis; and therefore if the given ratio be that of 1 inequa- 5 


lity, two points D, p, will be found to anſwer the conditions of the 


fide of A with C; but towards different parts of A, if F by leſs 


than G, and E, x, fall in AC towards different parts of A. But 1 
jf the given ratio be that of equality, viz. if F be equal to G, Cx 
then becomes equal to CA, and the points E, A, coinciding, B 


becomes BA itſelf. Wherefore Cp being parallel to BE or BA, 


the point p vaniſhes, and the problem admits of only one ſolution 
in the ſingle point D, anſwering to the ſingle Point E. 


CourostrIoN. Through A draw any right line, in which take 


AC equal to F, and in the ſame, towards both parts of C, take 


CE, cx, each equal to G, if F be unequal to G; but if it be 


equal thereto, on the part of C oppoſite to A make CE equal to 
G. Join BE, BE, and draw CD, Cp parallel to BE, BR. The 
points D, p, when the ratio is that of inequality, otherwiſe the 
* D alone, will anſwer to _ 3 of the Problem. 
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"Pom gon of the ee AD is to BD, and alfo Avi is to 
By, (as AC is to CE or CE, VIZ.) as F is to G. | 


Cox. 1. If the given ratio be that of a greater to a leſs, the 
points D, p, fall towards the ſame parts of A with B, VIZ... one be- 
tween the terms A, B, the other without in AB produced, and on 


the parts of B oppoſite to/ A. If the given ratio be that of a leſs 


to a greater, the points , », fall on different ſides of A, viz. the 


one between the terms A, B, the other" in BA produced, on the 


parts of A oppoſite to B. But if the ratio be that of equality, the 


angle point D is that in which AB is biſected. 

Cor. 2. AB is harmonically divided in D, 5.—For Ap is to 
Bo (as F is to G, viz.) as AD is te BD. 172 
Con. 3. If two right lines meet in A, and from a point Cit in 
one of them be drawn CD, CD to the other, and from a point B 
in the other be drawn BE, Be, parallel to CD, CD, and meet 
AC in E, x; then if Ex be biſected in C, AB hall be harmoni- 
cally divided in D, D; and converſely, if AB be ne. di- 


vided in D, p, EE fhall be biſected in C. 


Cor. 4. If a right line be harmonically divided, no third point 


can be aſſumed in the right line, ſo that in this point together with 


either of the two former harmonie points the ſame "right line 1 
be again harmonically divided. | 


If AB be harmonically aividas't in D, p, no other point F can be 


aſſumed in AB, ſo that AD ſhall be to BD as AF is to BF. For 


if poſſible, then becauſe AD is to BD alſo as AD is to Bo, there- 


fore ex æquo, AD is to Bp as AF is to BF, and dividendo or 


componendo, AD is to AB as AF is to AB. Wherefore Ad i is 


= to AF, a part to the whole, vines is abſurd, 
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If four right lines be ENTRY a Light line pa- 
rallel to one of them, and falling upon the other three, - 


fſſhall be biſected in the middle concourſe. 


10. 


And converſely, if four right lines meet in a com- 


mon point, and a right line parallel to one of them, 


and falling upon the other three, be biſected in the 
middle concourſe, theſe four right K es Gay” be har- 
monicals | & STE kat ann l 


Let AB be a right line WNT divided i in D, p, ad AE, | 


DE, BE, DE, be four wife inflected from A, D, B, p, to 


a common point E. I ſay, that a right line parallel to any one of 


the four, as DE, and falling upon che other * ſhall be biſected 


in the middle concourſe. 


Firſt, let the parallel be drawn through eithef at the 3 


| points, as D, and meet AE, BE in L, I. I fay that IL is biſected 


in D. Becauſe AB is harmonically divided in D, D; AD is t6 AD 


as By is to BD, and on account of the parallels, Ab is to AD as | 
Ev is to DL and B is to BD as Ep is to DI. Therefore ex 
' quo, ED is to DL. as Ep is to DI. Wherefore DL is 


to DI. 
Now let any ie line parallel to vE, meet AE, DE, BE, in 


8, H, F. I fay that it ſhall be biſected in the middle concourſe H. 


The fame things remaining, FG is divided in H in the ſame pro- 


portion as IL. is divided in D (Le. 1.). Therefore IL being 
biſected in D, FG is biſected in II. . 

Converſely, if four right lines EP, EQ, ER, ES, meet · i a 
common point E, and FG parallel to one of them, as ES, meet 
the other three, and be biſected in the middle concourſe H: the 
5 four right lines EP, * E R, ES, ſhall be barmonicals. 


Draw 
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FG in H, draw IDL parallel to ES or FG, meeting 4 75 
in I, L. Becauſe FG is biſected in H, IL will be biſected in D. 
But on account of the parallels, Ap is to AD as Epi is to DL or 
ID, and By is to BD as ED is to ID. Therefore ex æquo, AD 
is to AD as Bo is to BD, viz. AB is harmonically divided in D, D 


(> Dxs.), and conſequently EA, ED, EB, 5 or EP, EQ. 


ER, ES, are harmonicals (2. D·r.) 


- Cor. 1. Every right line falling upon four 8 is har- 
monically divided in the four points in which it meets them. | 


For, being harmonicals, a right line parallel to one of them, and 


falling upon the other three, will be biſected in the middle concourſe; 
and therefore, as has appeared in the demonſtration of the converſe, 
every right line falling upon the four will be harmonically divided 

in its concourſes with them. 8 | 


Cor. 2. If there be four Rails and through any point be 
drawn four right lines parallel to them, theſe four right lines hall 


alſo be harmonicals. 


Let EP, EQ, ER, ES, be harman and 8 any poing Io, 11. 


E be drawn EP, EQ» ER, ES, parallel to EP, ARLEN. ES; 180 


that EP, E O ER, Es, are alſo harmonicals. 


Draw any right line F HG parallel to ES, meeting FR, EQ. 
EP, in F, H, G, and alſo FHG parallel to Es, meeting ER, E 
EP, in r, H, 6. Becauſe Es is parallel to ES, FH will be parallel 
to FH G. Therefore the triangles EF H, EH G, will be equiangular 


to the triangles E FH, E HG, and conſequently v G will be divided 


in H in the fame proportion as FG is divided in H. But FG is 


, biſected in H, therefore F G is alſo biſected in n, and m, 


EP, EQ» ER, Es, are alſo harmonicals. 

Cor. 3. If through the vertex of a triangle two right lines be 
drawn, one parallel to the baſe, the other biſecting the baſe, theſe 
ro together with the ſides of the Un ſhall be harmonicals. 


Let 


<0 


Draw any right line falling upon them in the points A, D, Re 2 Er Guy 
and through D the concourſe with the ſame tight line which I 
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Let EF G be any triangle, and through the v 
that ES, EF, EH, EG, ſhall be harmonicals. 


For ES, EF, EH, E, are four right lines abs in a com- 
mon point E, and a right line FHG parallel to one of them ES, 


and meeting the other three in F, H, G, is biſected in the middle 


coficourſe H. ＋ NN ES, EF, EH, EG, are harmonicals. 
Cox. 4. If there 


the ſame angle, and the two fides of the parallelogram about the 
fame angle, ſhall be harmonicals. - 


Let ABCD be a parallelogram, AC, BD, its diagonals. If AE 


be drawn parallel to B D; I fay, tut AT, AD, AC, AB," ſhall be 
| harmonicals, -” 


'Let AE meet CD in E. 1 ABCD ab ABDE are 
parallelograms, CD, DE are each equal to AB, and therefore equal 
to each other. Wherefore in the triangle ACE, AB, AD are 


drawn, the one parallel to the baſe C E, the other to biſect the 


baſe CE, and conſequently AB, AC, AD, AE, are harmonicals. 


LEM. 5. N . 


| 1k a right line be harmonically divided, and be alſo 
biſected, the rectangle under the ſegment intercepted | 


between the two points of harmonic ſection, and the 


ſegment intercepted between either of theſe points 


and the point of biſection, ſhall be equal to the rect- 


angle under the two ſegments intercepted between 
the ſame harmonie point and the terms of the right 


line. 


| And | 


Lv. To 


tex E be drawn 
Es parallel to the baſe FG, and EH biſecting FG in H; I ſay, 


a parallelogram, whoſe diagonals are drawn, 
and through one of the angles of the parallelogram a parallel to the 
oppoſite diagonal be drawn; this parallel, the diagonal drawn from 
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And converſely, if a right line be biſected, and two 


other points be aſſumed therein, one within the terms 


of the right line, the otlier without in the right line 


produced, and if the rectangle under the ſegment in- 
tercepted between the points aſſumed, and the ſeg- 


ment intercepted between either of theſe points and 


the point of biſection, be equal to the rectangle under 
the ſegments intercepted between the ſame point and 
the terms. of the right line; the right line ſhall be 
harmonically divided in the points aſſumed. 


FAG AB be Kali 35460 in 9 ind Piſecked in C ; 


I ſay, that the rectangle Dp C ſhall be equal to the rectangle Ap B. 


At right angles to AB draw AF equal to AB, and joining BF, 
draw DE parallel to AF meeting BF in E. Join AE, and DE 
meeting AF in G, alſo compleat the rectangle AGLD. Draw 
EY parallel to AB, meeting AF, LD in P, C, and let GL meet 


E, Ev in H, I.—Becauſe AB is harmonically divided in D, D, 


11 0. 


13, 14. 


AE, 5. BE, PE are harmonicals, and therefore AF parallel to 
one of them DE, and meeting the other three in F, G, A, will be 


whole or remainder Þ C will be equal to the whole or remainder EI. 
"Conſequently the rectangle 10, being contained under EI, EO, is 


the ſame with the rectangle DpC; and the rectangle Pp, being 
contained under Ab, DE, is the fame with the rectangle Ap B. 


But becauſe the rectangles Op, PI, ſtand about the diameter E G, 
their complements IO, Pp, will be equal between themſelves (43. 
©, Therefore the rectan gle DDC will be 2 to the rect- 


— ADB. 


. 


biſected in the middle concourſe G (LEM. 4.) . But AB, equal to =P 
AF, is alſo biſected in C, therefore BC is equal to AG, viz. topl; 
and becauſe AB is equal to AF, BÞ will be equal to ED, and the 


4 ; : 1 * 
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I.. 


the right line AB fhall be harmonieally divided in D, . 


,- 
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Converſeſy, If a right line AB be biſected in C, and two points 
D, p, be aſſumed therein, one within, the other without in AB 


produced, and the rectangle PD C be equal to the rectangle Ap B, 

The ſame conſtruction remaining, becauſe the complements 10, 
PD, are equal, and the complement Pw is the fame with the rect- 
angle ADB, and is therefore equal to the rectangle DC, the 
rectangle IO will be equal to the rectangle DDC. But EO, one 


of the ſides under which the rectangle IO is contained, is equal to 


PD; therefore the other fide EI will be equal to DC. Alfo, for 
the ſame reaſon as in the preceding, E p is equal to DB, therefore 


the whole or the remainder pI, or its equal AG, will be equal to 


the whole or the remainder BC. But AB is biſected in C, there- 
fore AF, which is equal to A B, will alſo be biſected in G. Where- 
fore becauſe the four right lines AE, DE, BE, DE, meet in a 
common point E, and the right line AF parallel to one of them 
DE, is biſected in the middle concourſe G, theſe four right lines 
will be harmonicals (4. LzM. ), and AB falling. upon them in As 
D, B, p, will be harmanically divided (1. Cor. LEM. 40). 

Cor. 1. The diſtances of either harmonic point from either term 


of the right line and from the point of biſection are in the proportion 


of the diſtance of the fame t term from the other harmonie point to 
half the line. 

The ſame things remaining, 1 i that Ap is to Cp as AD is 
to AN or that Bo is to CD as BD is to BC. For the rectangle 
Ap B being equal to the rectangle Op D, Ap is to Co as Dy is to- 
pB. Wherefore dividendo, Ab is to Co as AD is to BC or AC. 
—Alſo becauſe By is to CD as Dp is to AD, therefore dividendo,. 
By is to CD as BD is to AC or BC. 


Cox. 2. If a right line be harmonically divided, and alſo biſected, 


half the line ſhall be a mean proportional between the diſtances of 


the point of biſection from the harmonic points. ä 
The fame things remaining, I ſay, that AC or BC Gall 15 a 


mean proportional between CD, C2 
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By che preceding Cor. Ap is to A Da CD is to AC; and 4110 
Av is to AD as BC or AC is to CD. Therefore « ex æ quo, e 
is to AC as AC is to C D. 7 | 4 
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If a Light line be Earmadsg divided; volt ö 


; the terms of the right line two right lines be inflected 


to a point without the ſame, at right angles to each 


other, the right lines inflected from the two harmo- 


nic points to the ſame point without, ſhall make 
equal angles Wane each of the lines infleted at right 


angie. oo? 


And converſely, if Irons the terms of a n line 
two right lines be infected to(a point without, at 


right angles to each orher, and from two points aſ- 
ſumed in the right line, one within, the other without 
in the right line produced, if two right lines be inflected 

to the ſame point as the former, and make equal 


angles with them, the right line ſhall be harmonically 
divided 3 in the two > alſumed points. 8 


Let A be Bae divided i in D, p, and From A, B, We 


inflected AE, BE to a point E at right angles to each others I fay, 
that DE, DE, being joined, ſhall make equal angles with AE, BE. 

Through B draw F BG parallel to AE, and meeting DE, DE, 
in F, G. . Becauſe AE is perpendicular to BE, FG will alſo be 


be” 


perpendicular te BE. And AB being harmonically divided in | + # "oh 
AE, DE, BE, DE, are harmonicals, and therefore FG, which is 


parallel to AE, will be biſected in B (4. LEM.) . Wherefore FB 
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＋ 100 being equal to. B G, BE common, and the angles at B each right, 


3 


the angle FEB. will be equal to the angle GEB, and the angle 


EFB to the angle EGB (4. E. 1.) ; viz. becauſe of the parallels, 
the angle FEA is equal to the angle GEH. Therefore DE, p E, 


make equal angles, internally with BE, and externally with AE. 
And converſely, if in a-right line- AR two points D, p, be aſ- 
ſumed, the one D within, the other p without in AB” Produced, 


and fuch, that AE, BE, being inflected to a point E at right 
angles to. each other, if DE, DE, inflected to the ſame point E 
make equal angles with AE, Rd: I lay, that AP hal be harmo-" 


4 


. divided. in Do. | 
Becauſe DE, DE, make * Rs internally with one, and 


externally with the other of. the two right lines BE, AE, therefore 
Bp is to Bp as. DE is to DE, and AD. is to AD as DE is to PE, 


(3. e. G.). Wherefore ex æquo, AD is to Ap as BD is to > By, 


viz. Ag is barmonically divided in D, D. 


Cook. 1. Alſo converſely, if a right line AB be Wachs 
dividedin Dp; and AE, DE, BE; p E, being inflected to a point E, 
if DE, DE, make equal angles with either AE, or BE; I Ln that. 
AE, BE, ſhall, be, ax right angles to each other. | 

'Let DE, DE wake equal angles with BE.” Therefore DE ; is 


to DE (as BD. is to By-(3. e. 6. ) VIZ. on account of the harmonic 
ſection of AB) as AD is to Ab. Wherefore DE, dE, make 
equal angles. alſo with AE (3. e. 6. ) and e the angle 
AEB is a right angle. 


6 4 p 3 - K 


Cor. 2. If from two given 1 as D, p, be infleted: two 


right lines DE, DE, to a point. E, and in a given ratio, which is 


not that of equality, the Locus of the point E. (hall be SOURCES 
given in poſition and magnitude.. 

Join Do, and ſince the ratio is not that 3 ch find two 
points therein, viz. A, B, ſuch that. AN may be to AD, and BD: 
be to Bh in the given ratio (LN. 3 „) Join AE, BE. Then 
AB is harmonically divided in D, p, — AE, DE, BE, DE, are 
harmonicals. Alſo becauſe BD. is to. By, as DE is ©.DE, the 


T g 


right. 
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right lines DE, DE make equal angles with BE, and conſequently F 1 4 


AE, BE are at right angles to each other (by the preceding Cok. ), 
and the point E is in a ſemicirele whoſe diameter is AB (Con- 


VERSE. 31e 3.) . But becauſe the points D, p, and the ratio f 


BD. to BD, and of AD to Ap, are given, the points A, B, and 


the circle, which is the locus of the point E, will be given. 


Co. 3. Hence if AB the diameter of a cirele be harmonically 


divided.i in D, p, and from D, p, be infected DE, p E, to any point 
E in the circumference, DE ſhall be to D-E in: the conſtant. ratio 


of BD to By, or of AD to AD. 


For by the preceding Cok. the locus: of every point E, whoſe 
property is that DE is to DE, as BD is to Bo, and as AD = to 


AD, 1s the circumference of a circle, whoſe diameter is AB. But 


E is in the circumference of this circle, therefore DE is to DE as 


BD is to 11 15 or AD to Ap. 5 


\ 
L E M. 2 7 3 


A diameter of a circle perpendicular to a right line 
in the ſame biſects each circumference ſubtended 
the right line. And converſely, if the circumferenc 
| ſubtended by a e in the ſame be biſected by 


diameter, the right ſine and the. diameter mall be at 


right angles to cach other. 0 


Ler ADE be a Auel DE a right Fine" in the FIG and | AB | 
the diameter perpendicular to D N fay, that the circumference | 


EAD! is bifected in A, and the circumference EBD I in B. 


Let AB meet ED in F, and join AD, AE. Becauſe AB ig 


perpendicular to DE, DF will be equal to FE (3. ©. 3.), what 


AF is common, and the angles at F are equal, becauſe each right, | 
therefore the angle DAP is equal to the abgle SE (4. e. 1.) 
33 
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LEMMATA T 0 11 | Le. 8. 
viz. the angle DAB: is equal to the angle EA B, and conſequently 


the circumference D is equal to the circumference EB (26. e. 3.). 


And in the ſame manner it may be ſhewn that the e : 


AD is equal to the circumference AE, 


And converſely, if the diameter AB biſe& the circumferences 
DAE, DBE, then ſhall AB be perpendicular to DE, 


The ſame things remaining, becauſe of the equal circumferences 


BD, BE, and AD, AE, the angle BAD is equal to the angle 


BAE, and the angle ADE to. the angle AED (27. e. 3.), VIZ. 


the angle DAF is equal to the angle EA F, and the angle ADE 
to the angle AEF. Wherefore the fide AF being common, the 


fide DF ſhall be equal to the fide EF (26. e. 1. J, and e e 
AB be Inns to DE (3. e. 3.) 


La} <--. 


pf 


If two right lines touching a circle meet each other, 
they {hall be equal between themſelves, and the dia- 


meter drawn through their concourſe ſhall be perpen- 


| dicular to the right line | wing the points of contact. 


14 


Let the right lines DF, D ol touching a circle in the points F, G, 


meet each other in p; I ſay that p F ſhall be equal to p G, and that 


the diameter AB which paſſes through the concourſe D ſhall be, 


perpendicular to FG, which joins the points of contact. 

From the centre C draw CF, CG. . Becauſe the ſides 8 
are reſpectively equal to the ſides CG, Cp, and the homologous 
angles CF p, C Gy are equal, being each right (18. e. 3.), the fide 
| DF ſhall be equal to the fide DG, and the angle FC be equal to 
the angle G Cp (26. e. 1.). Wherefore the circumference AF is 


equal to the circumference AG (26. e. 3.), and ; quently, AB 


I» i A to FG. (Lev, 7. * 
LEM. 
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oy » 0 In . 
; L E M. 9. 
7 If two right lines touching a circle meet each other, F I G. 
: every right line drawn through the concourſe to cut 
5 the circle ſhall be harmonically divided in the con- 
: courſe of the tangents, in its concourſe with the right 
1 line joining the points of contact, and in its two | 
£ | concouries with the circle. 


Cain 1. When the right 136 drawn is the d diameter itſelf. 15. 
The fame things remaining, I ſay that the diameter AB is has- 5 ng 
monically divided in D, vp. | « 
= . Join AF, BF, AG, BG. Becaufe the diameter AB paſſes __ 
8 through the copcourſe of the tangents, it is perpendicular to FG 
| {LzM.8.), and therefore biſects the circumferences FAG (Lem.7.). 

Wherefore the aygle AGF is equal to the angle AFG (27. e. 3.) 

But becauſe v K touches the circle, the angle AF p is equal to the 
angle AGF (32. e. 3.), therefore the angle AF is equal to the 
angle AFG. The two right lines v F, DF, do therefore make 

equal angles with AF, and AF, FB are at right angles to each other 
EY V and conſequently AB f divided in D, p. 

(LEM. 6.) 


entf 2. When the right line drawn is not a diameter. 
Let HI drawn through the concourſe p cut the circle in H, I 18. 
*and FG in E. I fay, that HI ſhall be harmonically divided in p, E. 
Every thing remaining the fame as in Case 1, join DH, DI. 
Becauſe AB is harmonically divided in p, D, and from theſe points 
are inflected p H, DH to a point H in the circle, H will be to 
DH as Ap to AD (3. Cor. Lem. 6.) . For the fame reaſon is DI 


” | hv to DI as AD to AD; z therefore ex æquo, v H is to DH as pI to 


1 


-H 
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F 1 8. Dl. <a by alternation, D H is topTas DH is to DI. Wherefore 


with the circle, 


DH, DI, make equal angles with DD (3. e. 6.), and ED, »D 
are at Tight angles to each other. The Tight line DE is therefore 
harmonically divided in p, H, E, I (Lau. 6.) 


Cor. 1. If a right line touching a circle meet a diameter of tlie 


ſame, and from the point of contact a right line be drawn perpen- 
dicular to the diameter, the touching line and the perpendicular 
line ſhall make equal angles with the right lines drawn from the 


f 


extremity! of the diameter to-the-pomt of contact. 
For 5 being drawn as in the Prop. then FG being joined 
will be the ſame wich the perpendicular FD drawn from the powt 


of contact F to the diameter AB, and therefore the Cor. includes 


what has been demonſtrated in: the Prop. | 
Cor. 2. If a right line touching a circle meet a diameter, and 


| from the point of De be drawn a perpendicular to the ſame dia- 


meter, the diameter ſhall be harmonically divided in the two points 
of concourſe with the touching line and the perpendicular. 


By the fame illuſtration as in the * preceding £ Cor. 1 will appear 
28 be the ſame as the Prop. itſelf. 


— 


If a right line cutting a circle pe harmonically di- 


vided, and through either harmonic point a perpen- 
dicular line be drawn to the diameter paſſing through 
the other harmonic point, every right line drawn 
through this other, point to cut the circle ſhall be 
harmonically divided in the ſame point, in its con- 
courſe with the perpendicular, and i in its concourſes 


„„ “ 
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of the circle. 16983 2 F _ 


CASE 1, When the right line harmonically divided 1 is a a diameter F. 5 6. 


Let AB bea A * a circle . divided i in , , 18, 19. 


| * HI a right line which drawn through either harmonic: point p, 


and cutting the circle in H, I, meets in E a perpendicular to AB 
drawn through the ather. harmonic . D; ;.1 #9: agg HE hal 
be harmonically divided in H, I, b, Ea Ho. 


The demonſtration of this is the fame as in np 2. of the pre- 


_—_— mne 1 ei oft 2d e e >: Yo ono 1 


1 


CAsR 2. When the right line banmoncll Sa is not . 


diameter. 


Let HI, not — cut * Sie in HI. I. r be Ferne 
nically. divided in p, E. Through either point D draw the diame- 


ter AB, cutting the circle in A, B, «and meeting in D a perpendi- 
cular to AB drawn through the other harmonic point E.—I ſay, 
firſt, that AB ſhall be harmonically divided in D, o. Join DI, 


DH, draw H G parallel to ED, meeting DI in G, AB in L, and 


20, 21. 


join AG, AH, AI, BI. Becauſe DE, DI, DÞ, DH, are 


harmonicals, and H G is parallel to DE; GH will be biſected in 


L (Urn. 4.) But the point H is in the circle, and the diameter 


AB is perpendicular to HG, therefore the point G is in the circle 


alſo (3. e. 3: ), and conſequently the circumference HBG-will, be 
biſected in B (LM. 7.) The angle BIG or BID is. therefore 
equal to fhe angle BAH (27. e. 3.) and the angle BI p is equal 
to the angle BAH (21 & 22. e. 3.) Wherefore the angle BID is 
equal to the angle BID, and the angle AI B is right (31. e. 3.7). 


and conſequently AB is harmonically divided in D, b (LM. 64). 


Again, Let any right line PO be drawn through p, cutting the 
citele in P, O, and meeting in R a perpendicular to AB drawn 


i through the other harmonic. point E. 1 lay, that if HA be har- 
monically divided in p, E, PC ſhall be harmonically divided in 'D, - 


R. By the preceding caſe, A B is harmonically divided in o, D; 


therefore 5 he firſt caſe, PO wall be barmonically divided in 


D, R. f * : 
: D | | Fry Cor. 


22, 23. 
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Cox. 1. If two right lines cutting a 'circle meet each other, 


and each being harmonically divided, if their concourſe be one of 
the harmonic points, the right line j joining the two other harmonic 


points ſhall be perpendicular to the diameter paſſing through the 


concourſe; and therefore every right line drawn through the con- 


courſe to meet the right line joining the other harmonic points, 


and cut the circle, ſhall be harmonically divided in its convourſes- | 


with the circle. , 
Firſt, let one of the right lines be the diameter itſelf. 


Let a right line HI cutting a circle and harmonically divided in | 
vp, E, meet in the point p the diameter AB, which is harmonically 
divided in p, D. I fay, that ED being joined ſhall be perpendi- 


cular to AB.—If not, draw a right line from D perpendicular to 
AB, and meeting HI in ſome other point than E, then in that 


other point and Þ would H I be again harmonically divided, which 


is abſurd (4. Cox. LEM. z.) ene the perpendicular to AB 
at the point P paſſes through E. 


Secondly, when neither of the fight l. lines is a diameter. 0 


Po, cutting a circle in H, I, and P, O, and harmonically 
divided, the one in D, E, the other in o, R, meet each other in 


p; I fay that ER being joined ſhall be perpendicular to the dia- 
meter AB paſſing through D. If not, let a perpendicular to AB 
_ drawn from E paſs through ſome other point than R, then in that 


other point and p would PO be again harmonically divided, which 


is abſurd. Therefore the perpendicular to AB drawn from E muſt 
paſs through. R. Wherefore becauſe DE or RE is perpendicular | 


' to'the diameter drawn through p, every right line drawn through 


D to cut the circle and meet DE or RE, will, by this Prop. be 


harmonically divided in p, ſupple, in its concourſes with the circle, 
and in its concourſe with DE or RE. | 


Cor. 2. Ifa right line cutting a circle be harmanicelly FI 


and in the exterior harmonic point meet a right line touching the 


circle, the interior harmonig point and the point of contact ſhall be 


ns eee deny | 


* 
£5 
F 
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— 


9 


in a right line perpendicular to the La NOD: thronghs the F 1 0. 


point of concourſe. 


itſelf. fi $I HED 3 
Let the e AB baits divided 10 D, D, meet in he 


exterior point the right line pF touching the circle in F. 
| fay, that DF, being joined, ſhall-be perpendicular to AB. If won | 


yet if a right line be drawn from F at right angles to AB, AB ſhall 


be harmonically-divided in the concourſe and in 9 (2. Cok. LEM. 
9.) while it is alſo harmonically divided in D, b, which is abſurd 
(4. Cox. LENM. 3.) Therefore a pes 4 line dran n F at right: 
angles to AB ps through D. 9951 118 1 


Secondly, let the right line not os the oy 1 jr 


- Let HI harmonically divided in E, b, meet in the exterior ** | 
monic point p the right line pF touching the circle in F, and the 
diameter AB p be drawn. I ſay that FE ſhall be perpendicular to 
AB. Draw ED perpendicular to AB, then AB is harmenically 
divided in D, p (by this LEM.) and therefore FD, being joined, 
will be perpendicular to AB (by the firſt part of this Cox.) Where 


fore the zoos F, E, are in 0 —_— en line r to 
AB. AY n ausn: 


Firſt, let the right, line barmoniclly divided be the diameter 5 2 


Cook. 31 Kokbos if any ——— f riglit lines Ging a cl Fe 5 
harmonieally divided meet each other in a common harmonic point, 


id in the ſame point meet one or two right lines touching the ſame 
= circle, the interior harmonie points in each and the points of con- 


tact ſhall be in a right line at right ne to the Ken en, 


paſſes through the point of concourſe. | Sto bi Agon: 
Cor. 4. If ABI be a circle, D a noing in the oaks of the 4 22, 23 | 
| but being neither the centre, nor in the circumference, MN a right 


line in the ſame plane, which is not perpendicular to the diame- 


ter drawn through p; then if a right line HI drawn through o 
cut the circle in H, I, and meet MN in E, and be harmonically- 


divided in p, E; I ſay, that no other right line can be drawn 


through p to cut the circle, and be harmonically divided 3 in D, and 
in its concourſe with MN _ OE 2 


5 


i 


Q 
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1G. S Af OY let GK: cutting the circle in G, K, MN in L, and 
paſſing through p, be harmonically divided in p, L. Through D 
draw the diameter AB, and draw ED, LQ perpendicular to AB. 
Then AB is harmonically divided in Dp, D, and alfo in p, Q, which 
is abſurd (4. Cox. LENI. 3.) Therefore no right line Dean 
be drawn through p to cnt the circle, "which ſhall be rage | — 
divided in v and in its concourſe with MN. 33 5 
Cok. 5. If two right lines touching a circle meet wich whe; 
and through the concourſe be drawn any right line to meet the right 
line joining the points of contact; the diameter perpendicular to 
the right line drawn ſhall be harmonically divided in its concourſe 
therewith, and in its nente with * right! line ne the points: 
of contact. 


Let the fade nes II., HL, b «rate in the points. 4 5 
H, meet each other in L, and IH being joined, 
1 24, Firſt, let the right line drawn from L fall without the ande viz. 
let LE meet in the point E without the circle. I ſay, that the dia- 
meter AB perpendicular to LE) and meeting LE, IH in D, o, 
ſhall be harmonically divided in D, D. | 
Join CI. Becauſe the angles LDC, LIC are right, and FAY 
angle CLD is greater than the angle CLI, the angle LCD will 
be leſs than the angle LCI, and therefore CD will meet IH be- 
tween the terms I, H; viz. the point D will be within the circle. 
Join LD, meeting the circle in P, O. Po is harmonically divided 
in L, D (LEM. 9.) Wherefore LE being drawn through one of 
the harmonie points L, perpendicular to the diameter AB drawn 
through the other harmonic point v, ASA will by this nn be; | , 
«harmonically divided in DO, op. 8 
Secondly, let the right line drawn 4 * meet IH ; in a 2040 D 
within the circle; I ay, that the diameter KG perpendicular to- 
Lp, and meeting LD in R, IH in E, ſhall be harmonically di- 
vided in R, E. Join CL meeting IH in Q alſo LE, and CD 8 
meeting the circle i in A, B, and LE in D. Becauſe E Lis perpen- 
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dicular to Cli{keM,8 >: and-- LR þyconſtthdtiovis/perpendions: FJ Gy 


lar to CE, therefore :C'D:which:is'draxan through th concourſe af} 
EQ. LR, will be perpendicular ta LR (Lagos): Wherefore, by 


this Prop. IH will be harmonically divided in E, D. e 
= e KG La -berharinonically divided in E, Reo 150, 


F 
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1 fa caightd] — ruling: 3 . — FEE, a 
vided, and: do a je 3 che end ene dee, 


given in 1 pen viz. in Ike che fine drawn. EI, 0 


one of the harmonic points at right angles to the dia- 


meter drawn through the other hartenie Point. 


„li tuo aui zonal. 1691 503 bog 22 


8 25" ur, not pally through the ce tr 20 wk W citele in 8 f | 
and be harmohically divided .1 in 5, E . 2 raw HL; 115 tobchin Hs 
the circle in H, I, and ren Þ each other 1751 3 1 Wee 10 , that 3h 


point L Thall be in a right line rawn through either of 15 1 20; 1 


nic points v, E, at right angles to N. diameter drawn through, the 


24 af i w# © 


other harmonic point. | 
Join LE, and p being the i inner harmonic point, draw E 


meeting the circle in P, O; alſo join the diameters SE, C b. CL, 


meeting LD in R, LE in D, and HI in Q. Then PO is har- 


monically divided in L, D (LIM. g.), and by hypotheſis HI is 


harmonically divided in E, p; therefore LE is perpendicular to 


Ep (1, Cor. LEX. g.), and L 18 perpendicular to to HI (LENI. 
= Wherefore in his triangle LDE, becauſe DD, LO drawn 


from the angles p, L, perpendicular to the oppolite ſides LE, ED, 
meet in C e right line EC joining the remaining angle E and 
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(Ermve:o> The point /L therefore in which the tangents) HL, 
EE, meet; is / in (the 1right line LE drawn through the .harmonic. 
Point Eb at right angles to the diameter Cp drawn through the 
other harmagic point D, atid it is alſo in the right line Lo drawn 
through the harmonic point Þ at right angles to the diameter drawn 
through the other harmonic point E. 5 
Cos. 1. If a right line cutting a circle be harmonically divided, 
the two right lines touching the circle in the points in which the 
right line cuts it, and the right lines drawn through each harmonic 
polat 4 Agb anRNN t alle Aiatneter dra bw“ Through ad alternate 
batmenig point, ſhalb verge to one common cp ... 
A When the. right bps ,cufting che cirgle. is not a. 1 this i is 
the Prop. 1 7 7 and N it is a diameter, the four right lines 
ate each perpendi cular to the dlamicters, and therefore b being Parallel 
IG uReinlchb te, Hey verge to ohe comon Concoutte. e. 
Won Ife tig night lines uutting a circle be harmonic atyſais 
vided, and meet gebot r in an inner barmonic point common to 


each, and the right lines drawn from the remaining harmonic point 

5 in one of. them, to the po points. in which the other cups, the circle:do 

couch th the Cixgle, the richt lines drawn f from the remaining harmo- 

mie; po int ur in. the er to, the points, in Which the alternate har- 

31 IH L AI TE 1 

015 pag. cuts the.c circle al allo Touch the. circle. TY 5 
. e fame things remaining, e touch Nh 


HS ; 15 that PE, "Or, ſhall alſo touch the circle. For be- 
cauſe I HI, PO, harmonically « divided i in P, E, and D, * meet in 
dhe common' harmonic point v, 'EL will be. perpendicular to. Cy. 
(., „Con, Lr, 10.) and becauſe LH, LIftouch the circle, ; 8 

will be perpendiculah , to HI (Lam. 8. * Wherefore as in the 

Lem. OE 1s perpendicular te to EO, and -opſequeptly the right lines 
touching the circle in P, O,, ſhall verge. to E, the concourſe of LE, 
CE bob: er viz PE, O. touch the circle. 
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If two o night Ry inſcribed ande either touch F I G. 
or cut the circle, a point of eontact being conſi- 
dered as a double point, and from two of their terms, 
one in each, be infleQed two Tight lines to 2 point 
in the circle, and from the remaining terms be in- 


flected two other right lines to any other point in the 


circle, the right line joining the interſections of the 


inflected right lines, viz. of one of each pair with 


the alternate one of the other x pair, ſhall verge to the 
concourſe of the inſcribed right lines; that i is, it ſhall 
be parallel to them, if they be parallel between them- 
ſelves, or it ſhall en ein er: n 15 
they do meet. 1 4 a. 


7 1 
4 F 


Let AB, C D, klribed in a circle, either both touch, atk 25, 26. 
cut, or the one touch and the other cut the circle, and confidering 27, 28. 


a point of contact as a double point, if from the terms A, C, one 29, 30- 


in each, be inflected AE, CE, to a point E i in the circle, and from 
the remaining terms B, D, be inflected BF, DF, to any other 


point F in the circle, and G be the interſection of AE, DF, 


and H of the remaining inflected lines CE, BF; I'fay, that GH, 

being joined, ſhall verge to the concourſe of AB, CD. 5 
Draw HL parallel to DF, meeting CD in L, and LI pa- 

rallel to AD, meeting AB in I, alſo join AD, BC, IH. Be- 


cauſe of the parallels, the angle IL H is equal to the angle ADE, 
and on account of the circle, the angle IBH is either ple to the 


angle ADF, or together with ADF i 1s equal to two right angles. | 
| Therefore 


lt 


- 


E NMN AT Ad Out EN. 14. 


FIG. Therefore the angles ILH, IBH are either equal between them- 


ſelves, or together are equal to two right angles, and conſequently 


the four points I, L, B, H are in a circle (21. & 22. e. 3.). Again, 
on account of the parallels, the angle CLH is equal to the angle 


CDF, and the angle CBH is the fame with the angle CBF; 

therefore "the angles 23.91, CBH, are together equal to the 
aũgles CPF, DBF. ichut on account of the. circle tlie angles 
SPF, CBF, are together £qual to two right angles, or are equal 
bergen themſelves, and eonſeg uentiy the four Points 72 L., B, .C 
are alfo in a a circle. 3 Wherefore the five points I, L,. * „H. are 
in the "ſame eilcle, nd the angles BIH and BCH or BCE are 
_ Eithier'e equal between theinſelves, of are together equal to two right 
angles But on acconnt of the circle the, angles BAE, BCE, are 
alſo equal between themſelves, or. together equal to two rightran+ 
Sles, therefore the angle B IH is equal to the angle BAE, and 

conſequently 1H is parallel, to AE (28. ar. Hh each caſe 


25, 26. therefore the triangles 1.4, AD are equiangular, andif AB 


be parallel to CP, becauſe then AD is equal to IL, HL: will be 
equal to GD, and being alſo parallel to G D., HG will be parallel 
to LD or CB (33. e. 1.), viz. it will verge to the. concourſe of 


28, 29. AB, CD.—But if AB, CD meet, let them meet in R. Becauſe 


. the triangles A D G, ILH are equiangular, GD is to HL (as AD 
is to IL, viz. on account of the parallels,) as RD is to RL, 
| Wherefore RG, RH, are in one ſtrait line 32. e. 6. ) or GH | 
R to the concourſe of AB, ED. 5; | 
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A right "x ning; en. in * Long and a int 
hct it, through which a right line is drawn, it 
is required to find in this latter line a point, ſuch that 
its perpendicular, diſtance : from the Fight line given 

in 
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in poſition may be to the diſtance of the ſame from 


4. 
0 1 
” * * 5 


the: yon youn ma nn, ratio. if 


» Lek AB be a i line dn W F 1 800 given ene 
it, and FE a right line paſſing through F, in which line FE ſuppoſe 


D to be the point required; viz. ſuch that if DB be drawn per- 


pendicular to AB, DB ſhall be t& D E in a given ratio. 


Draw FA perpendicular to Fl B, (and let Z be a right u to 


| which AF is in the given ratio. - Becauſe FA is given in magni- 


tude, Z will be given in magnitude alſo. - Now FE is either pa- 


rlallel to AB, or meets it. If it be parallel, DB will be equal to 


EA. wherefore becauſe DB is to DF as FA is to Z, DF will be 
. equal to Z, and conſgquently will be given in magnitude. But 


FE is given in Pon mY the _ F 1s ws: therefore the 


point D is given. 
If FE be not parallel to „AB, lef it meet it in TY e DB 


is to DF as FA is to Z, and on account of the parallels, BD is 


to ED as FA is to EF; therefore ex æquo, ED is to DF as EF 
is to Z. But EF, AB, being given in poſition, and the point F 
being given, EF is given in magnitude (28. DATA.) . Wherefore 


E is to DF in a given proportion, and conſequently EF being 


given in poſition and magnitude, the point D i 7 gwen , 
LIMITS. If FE be parallel to AB, then ſince it is only re- 


Auired that F D be equal to Z, two points D, p, in the right line 


31. 


_ | 


FE, whoſe diſtances from F are each equal to Z, will anſwer f bs 


the conditions: of the problem. The. problem: therefore in this 
caſe always admits of two ſolutions, and the points D, p, are to- 
wards different parts, of By 4 hot towards 'the ſame parks. of: $8 
with F.,. | 

If FE meet AB, lot the limite hs enquired into, bas FA. 1s 
ory to, greater, or jeſs than Z. 

Firſt, if FE meet AB in A, then becauſe ED or. ADi is to DF 
in the given ratio of E F or AF to Z, the problem will in this 
| £aſe be the fame as in ee 3˙ and therefore accordingly as * 
E | is 


37, 38. | 


Fi. 


32, 33+ 
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18 greater or leſs than 2, chere will be two points D, b, in eg 


towards the ſame or different parts of A that F is, viz. on the 


ſame ſide of AB with F, or on different ſides, which will anſwer 
the conditions of the problem; but if AF be equal to Z, only one 
point D, which is the biſection wy AF, anſwers the conditions 
11. Cor. LEM. 3.). 


But if FE meet AB in any point E, ether than A, liner 


| FA be equal to or greater than Z, yet in this caſe, becauſe FE is 
greater than FA, it will be greater than Z, and therefore ED 


will be to DF in the ratio of a greater to a lefs, and the concluſion 
will be the ſame as in the laſt, viz. two points D, p, will anſwer 


to the conditions, and theſe will be in FE towards different parts 


of F, but towards the ſame parts of A B with F (I. CoR. LEM. 3.) 


34. 


35 


When FA in this inclination of FE is leſs than Z, a cirele 
deſcribed round F with a diſtance equal to Z, will meet AB in 
two points. Let this circle be deſcribed meeting AB in C, c, and 
join FC, Fc. If FE fall without the angle CFe, EF will be 
greater than FC, viz. than Z, and therefore ED being to DF 
in the ratio of E F to Z, that is, of a greater to a leſs, two points 
D, p, will anſwer the conditions, and every e l will | be the 
ſame as in the preceding. 2 


If FE fall-within the angle CPe, FE will be lefs than FC or 


Z, and ED being to DF in the ratio of FE to Z, or of a leſs to 


- Freater, two points D, D, will anſwer the conditions of the pro- 


blem, but theſe two points will now be in FE, towards different 


parts of E, and on the fame ſide of F (1. Cor. LEM. 3 The 


problem therefore in this caſe alſo admits of two ſolutions, but the 


two points D, b, will be towards the ſame parts of F, and one will 


be on the part of AB oppoſite to F, the other on the fame fide 
with F 


5 al If FE ata; with Fe or Fe, and therefore the 


point E with C or c, and FE become equal to FC or Z, then 


E being to D in the ratio of E F to Z, viz. of equality, there 


will be only one 1 D, which can anſwer” to the conditions of 


© 2 | . the 


{ 
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the problem, and this peint will be that- Pi EF is. biſected 
(. Cor. LEM. 3.) . The, problem thereſoro i in this caſe admits 
only of one ſolution, and the -lingle-point D wall be between F and 
B, and therefore vn the ſame erty of AB with F. 


n 


- - 


right line Z, SEGA FA may. be. to 4 in the given. ratio. as 
CASE _ When PE: i is abi to AB lp FE take FD, Fo, 
Bat. each. part of F and each; equal to 2. 1. lay, that the 


— —.— 


ddl W DB is to DF as FA is to Z. And by s ns 
ant is t ſhewn, at D is od DF BE hin to Z. 


5 
6 £5 Ye: ef 


$2.7 


CASE 2. "Mikey hk not parallel to AB Fatt, . ib c 


AB in A. In AF find a point D, ſuch that AD may, be to DF 


Ks © SE {0 


in the given ratio of AF to Z (LEM. 3.)...If AF be either greater 


or leſs than Z, two points D, D, will. be found to anſwer, the gan- 
ditions, and they will accordingly be on the ſame or different parts 


of A, viz. of AB, that the point A is. But if AF be equal to 


CourosiTION., Ys F A — to AB, and find the 2 


—— 
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31. 


points D, p, thall each anſwer to the conditions — the problem. 5 
Draw DB, D By perpendicular to AB. PB is a to AF, and 


37, 38. 


Z, only one point D, which is the biſeQion of AF, can anfwer 5 


the conditions (1. Cor. LEM. 3. ) 


Secondly, let AF meet AB in any point E — thay A, and 
when FA is leſs than Z, round F with a diſtance equal, to Z de- 


| ſcribe a circle meeting AB in C, c, and join FC, Fe. In EF 
find a point D, ſuch that ED may be to DF in the given ratio ef 
EF to Z (LEM. 3.) . Alſo if AF be equal to or greater than Z, 
then EF being greater than AF will be greater than Z, and there- 


fore two points D, D, both on the parts of E towards F, will be 


found to anſwer the condition (1. Cox. LEM. 3.) But when AF = 
is leſs than Z, if FE fall without the re C Fc, EF will be 
| greater. than F ©, viz, than Z, and therefore the concluſion will 


34,35. 
36. 


325 33. 


34. 


28 1 

F I G. 
35. 
v1, 
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35. 
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be the eien m hs laſt ilſtande If FE ll within" thi angle 
CFc, then EF will be leſs than Fc, viz. than Z, and thereſore 
two points D, p, will alſo anſwer the condition, but theſe two' 


points will be in EF towards different parts of E (L“ Cor. 


| LEM. 3-). Laſtly, if FE coincide with FC, or Fc, viz. if the 
point E fall in C or c, and EF become equal to FC or Z, then 
the ratio of ED to DF being that of equality, only one point D, 


which is the biſection of EF, will anſwer the condition. 
In each caſe, on account of* the Parallels, ED i is to DB as EF 


464 to FA, and alſo by conſtruCtion, ED is to DF as EF is to'Z. 
Therefore, ex æquo, DB. is to DF as FA is to Z, viz. in the 


given ratio. And by n ſame realoning' it FIR even that DB is te 
v F in the {xa ratio. 5 „ 18 


1 


Cor. 5 If FE be. parallel © AB, two bling D, b. towards 


_ oppoſite parts of F, will univerſally be found to anſwer the condi- 


tions of the problem, whether the given ratio 7 that of a mer 
to a leſs,” of a leſs to a greater; or of equality. 41 

Cok. 2. If F E meet AE, and the oe ratio be that of a 
greater to a leſs, or, being that ef a leſs to a greater, if it fall 
Withdüt the angle C Fc, or being that of equality, if it meet Ah 


32. in any other inclination than of *! E right angle two points Will alfo 
anſwer to the-conditions, and theſe tro points; will be on the ſame 


fide of AB with F, bat will * in © E towards N * 


pe . "4 of 245 
of F. 444544 N 255 


Con. 13171 ne FE meet / AB. and fall within EW wa ce, 


when the given ratio is that of alefs to a greater, there in ſtill be 
two points which anſwer to the conditions, but theſe two points | 
will in this cafe be on dickeren fides of AB, and in 13 K Will be 


towards the ſame parts 0 F. 


| : Cor: 4. If PE coincide with FC or Fog b the deb ratio 
is tliat of a leſs to a greater, or meet AB at right angles when the 
given ratio is that of equality, only one point will anfver the con- 
wy md and that — wil vo the biſeQion of F E or F A: 
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EEgM: 14. 
„ LE 
N cha be two cls; whoſe. ſemidiameters are 
3 855 proportional to the perpendicular diſtances of their 
=_ - centres from a right line given in poſition, and from 
the centres any two parallels be drawn to meet the 
5 light line given in poſition, the rectangles under the 
= ſegments of the parallels, intercepted between the 
right line and the circumference of each circle, ſhalkt _ 4 
2 be to each A as the W of the eee | 
1 % adult, * IS 
EK | Let ADE, ADE, 1 two circles, whoſe centres are 8, s, and 40, 41. 
= = PR a right line, on which are drawn the perpendiculars SR, sR, 42. 
 þ and alſo from 8, s, are drawn the parallels SP, sp, meeting RP, 
= E and the circumferences in D, E, and p, E. Then 
: if SD be to SR as 5D is to sR; I fay, that the rectangle DPE 
MM. EO (hall be to the rectangle DPE as the {quare of -. 8D is to the 
2 oy ſquare or 
On account of the ſimilar triangles SPR, $PR, 8P i is to 87 as 5 
SR is to s R, and, by hypothefis, SD is to sp as SR is to sR; . 5 
therefore ex æquo, SP is to s as SD is to sp. Whereſore SD, | 
| SD, are proportionally cut 1. a P, and becauſe DE, DE, are 
biſected in 8, s, they are alſo proportionally cut in E, E. PD is 
: therefore to PD as SD is to s p, and PE is to PE as SD is to SD, 


and compounding theſe ratios, the rectangle DPE i is to the reck- 
angle PPE as the ſquare of SD is to the {quare of sp. Fe . 


Conn, The rectangles DPE, Drs, are alſo as the ure 
$P, SP, becauſe SP, sp, are proportional to SD, S. 

Cor, 2. The rectangles under the ſegments of any two right 
lines drawn from the points P, r, to cut the circles, or the ſquares | CES: 
l | L 8 | 
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of the right lines drawn from P, v, to touch the circles, are as 
the ſquares of SP, s, or SD, 8s D. | 


For theſe rectangles or theſe ſquares a are © equal. to the veg. | 


DPE, DPE. 


If from a point I without a circle ADB, whoſe centre is C, 
be drawn the diameter IAB, and alſo: ID to meet the circum- 
ference in D; and from D be drawn DF perpendicular to AB, 
the rectangle AI B together with the ſquare of DI ſhall be equal 


to twice the rectangle FIC. 


Draw CE. perpendicular to ID, and in IE produced, cownkily 
the parts of E oppoſite to I make E I equal to EI. Then II is 


double to EI, and the rectangle 11D is equal to twice the rectangle 
EID. But the rectangle 11D is equal to the rectangle 1DI to- 
gether with the ſquare of DI (3. e..2.) ; therefore the rectangle | 


4D] together with the ſquare of DI is equal to twice the rect- 
angle EID. Let ID meet the circle again in p. Becauſe E! 


is equal to EI, and ED to Ep (3. e. 3.), the remainder or the 


whole 1D ſhall be equal to the remainder or the whole ID, and 
the rectangle 1 DI be equal to the. rectangle DID. Therefore the 
rectangle DID together with the ſquare of DI is equal to twice 
the rectangle EID. But becauſe the angles at. E, F, are right, 
the four points C, E, D, F, are in a circle, and the rectangle FIC 
is equal to the rectangle E ID; alſo the rectangle AI B is equal to 


the rectangle DID (Cox. 36. e. 3.). Wherefore the rectangle 
AIB together with che 1 of DI is _ to twice the rect. 


angle FIC. — 

Cox. If ID touch the circle, in n which caſe as points D, E, D, 
fall into one, the demonſtration is the ſame, _ =: n. 
the ſame. cf © 4g TDs 
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1 . a point I within a circle a right line DID be drawn 44. 
meeting the circumference in D, p, and other things remain the 
ſame as in the preceding, the ſquare of the greater ſegment DI 
ſhall exceed the rectangle AI B by twice the rectangle FIC; but 
the ſquare of the leſs ſegment D ſhall be leſs than the rectangle. 
AIB by twice the rectangle FIC. | 
The ſquare of DI is equal to the rectangle 1DI together with 
the rectangle 11D (2. e. 2.). But for the ſame reaſon as in the 
preceding, the rectangle 1DI is equal to the rectangle DID, viz.. 
to the rectangle AIB, and the rectangle 11D is equal to twice 
the rectangle EID, viz. to twice the rectangle FIC. Therefore 
the ſquare of DI is equal to the rectangle Al . with 
twice the rectangle FIC. 

But in the caſe of the ſegment pI, the "TRA of pI 8 
with the rectangle 11 p is equal to the rectangle 191 (3. e. 2. ), 
while for the ſame reaſon as above the rectangle 121 is equal to 
the rectangle DID, viz. to the rectangle AIB, and the rectangle 
11 ein] to twice the rectangle EI D, viz. to twice the rect- 

ngle FIC. Therefore the ſquare of 1 — with twice the 
eg FIC is equal to the rectangle AIB. 
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. a right line XX be given in poſition, the point F be given 


without it, and Z be a right line given in magnitudt; and 
FI being drawn perpendicular to X X, if a ruler FA revolve about 


the point F, and in every poſition a point A be aſſumed therein, 


ſuch. that the perpendicular. diſtance of each point from XX be to 


FIG, 
1, 2, 3. 


the diſtance of the ſame point from F in the conſtant ratio of FI 


to Z; the line deſcribed by the motion of this point A throughout 
the revolution of the ruler FA, is called a Conic SECTION. 

2. As Z is equal to, leſs; or greater than FI, the ſection i is called 
a PARABOLA, ELL1PsE, or HYPERBOLA. 5 


3 The immoveable right line XX is called. the Din BT RIZ. 
4. The fixed point F the Focus. 


K right line paſſing through the foeus, 2 2 WEL to 


XX, viz. whoſe pofition is the ſame wir FI, is called the Afr 


of the parabola, the TANSVRR SU As of the ellipſe and hyper- 
| F | hola, 


F 16. 


1 


2 1 


1 
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bola, the MaJos Ax1s of the r or without diſt 


CONIC SECTIONS. Pror. 1. 
Aion the 


28 — — — 


Focal. VVT 

6. The right line Z is called yn — EC Tux, or 
SR MI-PARAME TER of the focal axis, or the PRINCIPAL SEMI- 
PARAMETER. 


7. A point is ſuidito be IN} the ſechon, South? which) the ſec- 


tion paſles ; WITHIN the ſection, when every right line drawn 


through it meets the ſeftion ; but wiTHouT the ſection, when a 
right line may be drawn through it, _ + axed extended, does 
not tweet the ſeftion. + * | 
8. A right line is ſaid to Tovcn a conic ſection which meets it, 
but however produced towards both parts of the Foncourle, falls in 
every other point without the ſection. | | 
9. Two conic ſections, or any two curve lines, are ſaid to 


rock each other, when the ſame right line touches them both in 


the common point in which they meet each other. 
Nor. The ſenſe of the terms in, within, without, in the 
7. Dr. is applied to the circle. Thus if a point be ſaid to be in 


a circle, it is underſtood that it is in the circumference. Euclid by 


tlie term cirele means the ſpace comprehended by the circumfe- 


rence; but geometric language would have been fimpler, if in the 


ſame manner as in the ellipſe, the term of circle had been ap- 


plied only to the line which bounds the ſpace. Pure geometry 
ee SAO little, i at * with * "_ * 1 curve 
lines. - 
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If from any point in a conic „ Goh and from the 
focus two parallel right lines be drawn to meet the 


directrix i in any angles, the parallel drawn from the 
"moo in the ſection ſhall be to the focal diſtance of 


the 
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the point, as the parallel drawn from the focus 18 to F IG. 


the ſemi-latus rectum of the axis. | 
And converſely, if there be a point. in the plane of 


a conic ſection, from which and from the focus are 


drawn two parallels to meet the directrix in any 


angles; then, if the parallel from the point be to the 
focal diſtance of the point, as the parallel from the 


focus is to the ſemi- parameter of the axis, the point 


hall be in the eden 1 AY 


Let A be any point in a conic ſection, whoſe focus is F. di- I, a, 3. 


reckrix XX, and principal ſemi- parameter Z. Then firſt, let the 
parallels drawn from A, F, viz. AD, PI, be *perpendicutar to - 


AX, and AF be joined. I fay, that AD ſhall be to AF as FI 


is to Z. For AF is one poſition of the revolving ruler, and there- 


| fore, A being a point in the ſection, is one of the points aſſumed in 
-._ "Ws 1. D#y., and conſequently, AD is to AF as Fl is to 2. 


Now let the right lines AP, FR, parallel to each other, meet 
the directrix i in my angles; 1 * that AP ſhall be. to AF as FR 
Is to Z. 

For, the ſame things remaining, dis of the MET AD is 
to AP as Fl is to FR; .and it has been ſhewn that AD is to 


AF as Fl is to Z; Wr ex e AP ſhall: be to A as 
FR . 


Converſely, if from a point A in the plane of tie ſection be 


drawn AD perpendicular to the directrix, or AP any how to meet 


it, and FI, FR, accordingly parallel to AD, AP, and AF be 
joined ; I fay, that if AD be to AF as FI is to Z, or if AP be 
to AF as FR is to Z, the point A ſhall be i in the ſection. 

Firſt, becauſe AF is one poſition of the deſcribing ruler, and 


AD is to AF as FI is to Z, therefore A is one of the points 
through which, according to the I. DzF. the ſection paſſes ; viz. | 
8 the point A is the ſection 


F OY 85 Again, 


7 . 
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ſhall be to KF as AP is to AF. For AP is to AF as FR 3 
to Z, and KL is to KF as F. * is to Z; therefore, EX VWs KL 
is to KF as AP is to AF. | 


tion alſo. Draw FR parallel to KL. or AP, meeting the directrix 


ſection. 


meet the directrix, the ſegment intercepted between each point and 


paint in one and the ſame ratio, and one of the points be in che 


cone SECTIONS. Pros..r | 


Again, if AP be te AP as FR is to Z, the point A ſhall be 
in the ſection.— For, the fame things remaining, becauſe of the | 


parallels, AP is alſo to AD as FR is to FI; wheretore, ex 2quo, 
AD is to AF 97 FI is P, Z, and 1 che Teint A is in 
the ſeftion. 

Cok. 1. H from two [points n the plane of à conic ſection be 
drawn two parallels 10 meet the directrix, and the parallel from _ 
_ each paint be to the focal diſtance of each in the fame ratio; then 
if one of the points be i in the ſection, the other ſhall be in the ſec- 
tion alſo. 


Converſely, if each 720 be in the ſection, the parallels from thi: 
' MY ſhall be-to the focal diſtances of the points in the fame ratio. 

Let KL, AP, parallel to each other, meet the directrix in L, 
. and KF, AF be joined. If KL be to KF as AP is to AF, 
and the point K be jo the ſection, the point A ſhall be in the ſec⸗ 


in R. LK is to KF as FR is to Z; therefore ex quo, AP is 
to AF as FR is to 255 A conſequently. the * A is in the 


1 if both the points K A ; in "os ſeQtion, KL | 


Cor. 2. If a right line, —— a conic 3 in two points, 


the direQrix- ſhall be to the focal diſtance of cagh point in one and 
the ſame mtio.—And converſely, if the ſegment intercepted be- 
twWeen each point and the directrix be to the focal diſtance of each 


ſection, the other point ſhall be in the ſection alſo. 

This is only a particular caſe of the preceding corollary. 
Con. 3. If a right line drawn from the focus to the directrix, 
meet a conig ſection. in two, points, it ſhall be harrpanically Ae 

in its concourſes with the ſection. 
3% Converkly, 


— 


IS 


Cox. . CON SECTIONS. 


Converſely, if the right line be harmonically divided, a one of 
ns harmonic points be in the ſeQinn, the other harmonic. Po 
.thall be in the ſection allo. - * | 
Tbus if FR drawyg from the * F meet 2 A in R. 
and the ſection in E, G; then as a caſe of the 1. Cor. GR is to 
FG as ER is to EF, viz. FR is harmonically divided in E, G. 


And converſely, if FR be harmonically divided in E, G, and a 


one of theſe points, as E, be in the lain. the other baer G hal 
Un in the ſection alſo. 


For becauſe of the bamipaic divifion, GR 1s to F G as ER i is 


to EF, therefore the point E being in che ſectian, the Neint G * 
A in it alſo (2. Cor.) | 

Con. 4. If a right line parallel to the Aeli meet a conic 
ſecdion i in two points, the diſtances af the Auen 4 A the focus 
mall be equal between themſelves, 

Converſely, if the focal diſtances of * noints, i in a Be Xn line 


parallel to the directriæx be equal between themſelves, and Pome 


hs points be in the ſection, the other ſhall be in it alſo. 


"A 


F G. 


= 


Q 


1 2 


Let AA parallel to the directrix meet a conic ſection in . ho 6. 


2 to the focus F be drawn AF, AF. I ſay that . wall be 


equal to A F. 
Draw AB, AB, perpandienkie to the directrix. AB Py to AF 


as AB is to AF (1. Cor.) ; but an arcepnt of the parallels, AB 


is equal to AB, therefore AF 1s equal to AF. 


And converſely, AA being parallel to the directrix, if AF be 


egal to AF, and the point A be in the ſection, the point A ſhall 
be in it alſo.— For AA being parallel to the directriæ, A is equal 
to AB, and AB is to AF as AB is to AP. * 


A ſhall be in the ſection (1. Cor.) . 
Con. 5j. If through the focus of a conic {ion be drawn. a 


parallel to the directrix, either ſegment intercepted between the 5 


focus and the ſection ſhall be equal to the ſemi- parameter of the 


focal axis, and therefore the whole PO be * to the Whole 


par ameter . 


q Through 


4 
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11 6. 
6, ing the ſection in H, n, and draw HL, nr, FI, perpendicular to 


5 


dorf SECTIONS. Prop. 2. 


Through the focus F draw HPF parallel to the direQrix, meet- 


the directrix, alſo let Z be the ſemi- parameter of the focal axis. 


HL is to HF as FI is to Z. But, becauſe of the parallels, HI. 


is equal to FI, therefore HF is equal to Z. For the fame reaſon 


is HF equal to Z, therefore the whole HF is double to Z, viz. 


is equal to the whole parameter. 
Cor. 6. In the parabola, the wits: e of any 
point in the ſection is equal to the focal diſtance of the point. 
For the perpendicular diſtance is to the focal diſtance in the ratio 
of FT to Z, viz. in the ratio of equality (2. Dr.). 


Cok. 7. In the parabola, the portion of the axis intercepted be- 
tween the focus and directrix is biſected in the vertex, and each : 


ſegment is equal to a fourth part of the latus rectum. 


Let the axis of the parabola meet the ſection in E. the direQtriz: 
in I; I fay, that FI ſhall be biſected in E, and FE, EI ſhall 


each be equal to a fourth part of the latus rectum, or to the half of 


Z. For FE is equal to EI (6. Cok. ), and the whole FI is equal 
to Z; therefore FE, EI, are each equal to the half of * viz, to 


a fourth part of the latus rectumæ 


| | The parabola and ellipſe are ſituated wholly towards 
the ſame parts of the directrix with the focus; but 
the hyperbola conſiſts of two parts, one towards the 


ſame parts of the directrix with the focus, the other 
towards the oppoſite ; ; and theſe two parts of the 


hyperbola are called the orrostrE HYPERBOLAS or 


SECTIONS, 
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Prop. z. C ONICGC SECTIONS. 


39. 


In the parabola and ellipſe, becauſe the given ratio is either that FI G. 


of equality or of a greater to a leſs, the points in the deſcribing. 
' ruler, whoſe perpendicular diſtances from the directrix are to their 
focal diſtances in the given ratio, will always be towards the ſame, 
parts of the directrix with the focus (2. Cor. LEM. 13.) There- | 
fore the parabola and ellipſe are ſituated wholly towards the ſame 


parts of the directrix with the focus. * 
But in the hyperbola, becauſe the given ratio is ; that of a leſs to 


a greater (2. DEr. ), viz. becauſe Z is greater than FI, therefore 
a circle deſcribed round the centre F with the diſtance Z will cut 
the directrix in two points K, k. Then in every poſition in which 
the deſcribing focal ruler falls within the angle K Bk, there will, 
as in the ellipfe, be two points therein, whoſe perpendicular diſ- 


tances from the directrix are to their focal diſtances as FI to Z, 


but only one of theſe points will be towards the ſame parts of the 


directtrix with the focus, while the other will be towards the op- 
poſite parts (3. Cor. LEM. 13.) Wherefore while the deſcribing 
ruler moves within the angle K Fk, one of the points is deſcribing. 
an hyperbola on the oppoſite ſide of the directrix, and the other an 
hyperbola on the ſame ſide with the focus. | 
When the deſcribing ruler paſſes into the ſituation of F k or FE 


the point towards the oppoſite parts of the directrix vaniſhes, and 
the point on the ſame ſide of the directrix with the focus, and 
which then alone anſwers to the conditions, falls in the biſection of 


FK or Fx (4. Cox. LIM. 13.) . In this moment therefore the 


ſection on the oppoſite ſide of the directrix vaniſhes, but the other 


proceeds and paſſes through the biſection of FK or Fx. 


When the deſcribing ruler proceeding in its motion falls without 
the angle K Fk, then two points again commence, which anſwer 
the conditions, but theſe two points are now both towards the ſame 


| parts of the directrix with the focus (2. Cor. LEM. 13.), viz. 
they are in the ſection ſituated on the ſame fide with the focus. 
Wherefore the deſcribing ruler in the whole of its motion without 


x. 1 ; the 


eo $RCTIONS. | 5 1 
FIG. the angle KF x continues the deſeription of the hype! 


fituated towards the fame parts of the directrix with e Nur. 


Con. 1. The axis of the parabola meets the ſection in one point 


only, and the portion thereof intercepted between the focus and 
directrix is biſected in that point, viz. in the vertex: (4. Cox. 


EExr. rg.). This follows allo from the equality: of the en, n 5 


as appeared i in the 7. Cor. I. 
Con. 2. In the hyperbola, every right line draws chroogh the 


| focus, and falling within- the angle KF x, meets the oppoſite ſfec- 
tions, each in one point; the one, between the: focus and di- 


rectrix, the other, in a point towards the oppoſite parts of the di- 
rectrix. But the right lines FK, Fx, meet each that ſection alone, 
which is fituated on the ſame ſide of the directrix with the focus, 
and each in one point only, and are each biſected in that point., 
Cor. 3. Im the parabola, every right line drawn through 'the- 


focus, except the axis; in the hyperbola, every right line falling 


without the angle KF RE; in the ellipſe every right line Whatever 
paſſing through the focus; meets the ſame ſection in two points, 
towards different parts of the focus. The parabola and hyperbolk 


therefore are concave towards the focus; but Have no- exiſtence to- 
wards one part of it, while the ellipſe is concave towards the focus 


on all fides, ſurrounds it, and encloſes: a ſpace. Vide LENA. 13. 

Cor. 4. The right line FK or FR, the ſemidiameter of the 
circle deſeribed round the focus of the A is W to "wy 
principal 1 5g | 


DEFINITIONS. 


r 


100. In the ellipſe and hyperbe ln, if the portion of the focal axis, | 


intercepted? by the ſection or ſections be biſrcted; the point of bi- 
ſotiva. is called: the CENTRE. 
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Prop, „ c oN s ECTIONS. 


11. Every right line drawn through the centre of the ellipſe NEY FI 4G: 
hyperbola, and every right line perpendicular to the direckrir of 


the parabola, is called a DIAMETER of the ſection. 
12. The diameter of the ellipſe and hyperbola parallel to the di- 


rectrix, or perpendicular to the focal axis, is called the Axis * 


cox pus, or the MinoR Axis of the ellipſe. 11 
13. The point in which a diameter meets a conic. feftion, is 
called a VER TEx of that diameter. 
14. Two right lines CM, CM, drawn 3 the coanind an 


_ hyperbola, parallel to F K. F k, are called. She, Ae en ee of 


the hyperbolas. 
15. Every diameter of the hyperbolas, falling vichin thoſe. two 


vertical angles of the aſſymptotes, which comprehend the oppoſite 
hyperbolas, is called a TRANSVERSE DIAMETER ;, but a diameter 
falling within the adjacent vertical angles, is called a DIL AMGADSA 

| SECUNDA., 


Nor z. This and the 12. e regard only the . af the 


diameters, but. if the 1e- magnitude of a diameter be conſidered, then 


by every diametet of ü the ellipſe, and every tranſverſe diameter of the 
hyperbola, is underſtood that portion which is nden * wo 


ſection or ſeEtions. 

But in the caſe of a diameter fcunds of the e as pop, 
ſuppoſe a right line EG, parallel to Dp, to touch either ſection 
in E, and meet an aſſymptote in G; make CD, Cp, towards 


each part of the centre C, equal to EG; then by the magnitude 


of the diameter ſecunda D Cp, is underſtood the portion DD. 
16. A circle deſcribed round any point in the plane of a conic 


ſection, whoſe ſemidiameter is to the diſtance of its centre from the 
directrix as the ſemi- parameter of the focal axis is to the diſtance 
of the focus from the direQrix, is called a GENERATING CIRCLE. 


NoTE. It is the ſame, whether the diſtances be meaſured per- 
pendicularly, or by any two nn drawn from the centre and 
ſocus to the directrix. | 
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CONC SECTIONS. PROP. 2. 


| 17. wo right lines, the one drawn from the focus; the other from 
— point in the plane of a conic ſection, and either both meeting 
the directrix in the ſame point, or both parallel to the directrix, 
are called RESPONDPENT INES, or ſimply RS PONDENTS ; and 
the one drawn from tlie focus is called the Foc ar „Seen ert 
the other the Cox ic RESPONDENr. 
18. Two right lines parallel to two refpondents, and either both 
meeting the directrix in the ſame point, if the reſpondents meet the 
rectrix, or parallel to the ditectrix, if the reſpondents be parallel 
thereto, and in that caſe having their diſtances from the directrix 
proportional to the diſtances of the reſpondents from the directrix, 
whether theſe diſtances be meaſured perpendicularly or by any two 
Parallel lines, are called CokRESTONDENTS; and they are diſtin- 
guiſhed as Focar or Co ic CORRESPONDENT, OY to the 
reſp6hdent to which each is parallel. 
19. If there-be two reſpondents, and two parallels be drawn, 

one from the focus to meet the conic reſpondent, the other from 
— pbitit ih the conic correſpondent to meet the focal reſpondent, 
| the two points of <oncovurfe are called RrsrONVDENT PolnTS. = 

20. If there be two refpotidents; and any two right lines corre- 
ſpondent to them, and two parallels be drawn, one from the focus 
to meet the conic reſpöndent, the other from any point in the 
conic correſpondent fo meet the focal correſpondent, t the two | eng 
of concourſe are called CorREsPoNDENT: 1 

21. If round any point in a conic reſpondent or conic Seren 

* the generating circle be deſcribed, the two reſpondents or two 
correſpondents are ſaid to pertain to the generating ones or to be 
e or r ure in 1 eirele. Pty) 504 


conolLanfEs from the DEFINITIONS. 
! 


1. If from the centre of a Same e n es point 
in a conic ſection two right lines parallel to each other be drawn to 


„„ | | meet 


* 
Ly 
T: 
5 
= 
2 
* * 
+ 
SD 
. 
3 
93 
2 
3 
2 
I 
yy 
Yap 
1:2 
9 
Ya 
45A 
£23 2 
l 
A 
<P 
7 5 
5 
— 3 
1 
2 
7 
1 
45 
:> 
2 
i: 
A 
2 F 
'F 1 
N 
5 
"I 
3 
cp 
1 
9 
22 
T3 
"Sg 
* 
* 25 
BAD: 
os 
LY 
ILY 
9 
. 
9 
3 
7 
3 
3 
538 
Fs 
2 
5 
© 
28 
Ip 
935 
* 
WE.” 
a 
= "Ip 
(S238 
Ra 
Bo. 
*Y 258 
LE A 
8 = 
©3238 
3 
5 3 
87 
5 
Fm, 
<a 
2 
Fa 
4 
5, 


PROP, 2.  E£EONIC SECTIONS. | 
meet the directrix, the ſemidiameter of the circle ſhall. be to the 

parallel drawn from the centre as the focal diſtance of the point is 
to the parallel drawn from the ſame point. For, drawing a — 1 
alſo from the focus to meet the directrix, the ſemidiameter is to the 5 
parallel drawn from the centre as the principal ſemi - paramęter is 


to the focal parallel (16. Dzr+),, and the focal diſtance of the 


point is to the parallel drawn from the point in the * ratio 0 0 
therefore the Cox. immediately follows. 

2. If a right line drawn through the focus, and ben RR Ge- 
tion or oppoſite ſections in two points, be biſected; the generat- 
ing circle deſcribed round the point of biſection ſhall paſs through 
the two points in which the right line meets the ſection or ſections; 
that is, the ſemidiameter of ihe generating Sirole- ſhall be "ou tp 
half the focal line. 

Let GE drawn thfough the focus F uy a * ſection auen he 
ſection in G, E, and be biſected in O. I ſay, that the generating 


_ circle. deſcribed round O paſſes through G, E. Firſt, let GE 


meet the directrix in R. Becauſe GE is harmonically divided in 


F, R (3. Con. 1. ), and biſected in O, OE will be to OR as FE 


3s to ER (1. Cor. LENI. 5. ), and therefore O E or OG is equal 


to the ſemidiameter * the nee, iel rb FPS: O ; 


(2. Con. ). 

If Hu parallel to the directrix 2 through the fan p. and 
meet the ſection in H, H. Then Hu is biſected in F, and HF 
or UHF is equal to the principal ſemi-latus rectum (5. Cox. 1.) 
Therefore IF or HF is to FI as the principal ſemi- parameter is 
to FI, and conſequently HF or HF is equal to the megan 
of the generating circle deſcribed round F. 

3. Hence it appears that the mie of the generating angle 
Kune to the focus, is equal to the principal ſemi- latus rectum. 

4. Hence alſo it appears, that the ſemidiameter of the generat- 


ing circle pertaining to the centre of the ellipſe and byperbola is 
equal to the ſemi-axis tranſverſe, 


Ga. | 5. The 


1 


CONIC SECTIONS. PROP: 25 
1 The generating circle pertaining to a point in a conic ſection 


out diftance of the point. 


From a point A in a conic ſection draw AF to „the Wee ad 


AD perpendicular to the directrix. Then AF is to AD as Z is 


to FI (T.), therefore AF is equal to the ſemidiameter of the ge- 
nerating circle . deſcribed round A (16. Dey. ). viz. the circle 


2 through F. 

6. The directrix touches every generating circle pertaining to- 
the parabola. 

For the principal Gindighn/meriohes being in the caſe of the para- 
bola equal to the perpendicular diſtance of the focus from the 


directrix (2. Dex.), the ſemidiameter of every generating circle is 
equal to the perpendicular diſtance of the centre from the directrix 


(16. DeF.), and therefore the generating circle deſcribed round. 
any point pertaining to the parabola, touches the direftrie. | 

7. Every generating circle of the ellipſe falls entirely without 
the directrix, but of the n meets the directrix in two 
points. 


Becauſe In' the ellipſe Z is leſs than FI (0 Dzs. ), therefore 


the ſemidiamer of every generating circle pertaining to this ſection 


is leſs than the perpendicular diſtance of its centre from the direc- 


trix (16. Dr.), and conſequently, the circle falls entirely without 
the directrix.— But in the hyperbola, Z is greater than FI, and 


therefore the ſemidiameter being greater than the perpendicular 


diſtance of the centre from the directrix (16. Dey. ), the circle 


cuts the directrix in two points. | 


8. If from any point in the plane of an pert a right line 


_ Paſſes though the focus, viz. the ſemidiameter is equal to the 35 


” 


parallel to either aſſymptote be drawn, and meet the directrix, the 


right line ſo drawn ſhall be a ſemidiameter of the generating circle 
-pertaining to that point; and therefore right lines drawn from the 
centre of any generating circle of the hyperbola to the two points 
in 1 which the circle meets the directrix are * parallel to the aſſymp- 


totes, 


I 


PROP, 2. CONIC SECTIONS. + | 45 
*totes, and conſequently: parallel to the right lines een in like F 1: G. 
manner from the centre of any other generating circle. 
The ſame things remaining as in Pro. 2., from any point 8 7. 
draw SO, So, parallel to the aſſymptotes CM, Cn, and meeting 
the directrix in O, o. The ſemidiameter of the generating circle 
round 8 is to- SO or So, as 2 is to FK or Fk (16. DEr.) . But 
FK or Fk is equal to Z (4. Cox. 2.) Therefore 8 O, or So-, . 
is the ſemidiameter of the generating circle. deſcribed round 8, and 
therefore $O, So, drawn from the centre 8 of a generating circle 
to the points“ O, o, in which the circle meets the directrix are 
parallel to the afſymptotes:/ In like manner will it appear, that 
the right lines AP, AP, drawn from the centre A of any other 
generating circle are parallel to the ut OG and- Mee 
Te- wiSO7F 86.5 . 
9. Hence the generating cireds pertaining” to och: centre w"_ am 57 
pyperbola paſſes through the concourſes of the aſſymptotes with 
the directrix, and therefore the ſegment of each aſſymptote inter- 
cepted between the centre and the ner. 1s I to * Re . 
tranſverfe. 22 
By the preceding Cox. hes generarliy bels deſerided — 
centre C paffes through M, M, and by the 4. Cok. it paſſes alſo 
N E, H; therefore CM or CM is equal to CE or H. 
If a orbelallts to one of two reſpondents: be drawn, 
Fay one right line can be correſpondent to the other reſpondent. 
For the correfpondents are either drawn through one and the 
ſame point in the directrix parallel to the ſame right lines; or if 5 
from the paralleliſm of the reſpondents to the directrix, they muſſt 
themſelves alſo be parallel to the directrix, yet their diſtances from 
the directrix are proportional to the diſtances of the reſpondents. 
Therefore the refpondents and one correſpondent Ae Nas any 
one right line can be the other eorreſpondent. | 
11. KH. two reſpondents and their correſpondents meet this dis 
rectrix, any two parallel right lines falling upon each pair and the 
erer ſhall be divided in the flame ratio; but if they be all pa- 
rallel. 


46 | 
FI . 


| and SP, AP, correſpondent to them meet the directrix in 2. I fay, 
that any two parallels G H, n, meeting them and the directrix 


| bowre SECTION PROP, 2. 


rallel to the directtix, then any tw right lines, whether parallel 
or not, falling upon che and 4 direcrix, thall, be divided in the 


fame ratio. 
Let AP, FP als 40 ſs other gneet 3 Giochi in P, 


in G, A, H; and G, A, H, ſhall be divided in the ſame ratio. For, 


becauſe of the l AH is nl 81 (as AP is in, viz.). as 


_ is to S8. 

But, if AP, FP, 55 EE SP, Rog be nantlet 
— the directrix, then whether G H, Gn e nh ar not. they 
hall be divided in the ſame ratio. | 

Fer AH, G H. are in the proportion of the perpendiculars * 
from A, G, to the directrix, and Sn, GH, are in the proportion 


of the perpendiculars drawn from 8, G, to the directrix. But 


20, Xii, I. 


theſe perpendiculars are in the Ame ratio w Ng. chess are 
AH is to G H as Su is to Gn. 


12. If the ee pertaining to em en : 
be given, the right line drawn from the centre of the circle to | 


meet it in the directrix, or parallel to the directrix, accordingly as 
itſelf meets or is parallel to *. directrix, hall be e conic cor- 
reſpondent. LEG] 

13. If two benic ee 3 parallel Shes Wo 
but not parallel to the directrix, any two focal correſpondents to 
them, - pertaining to a * a Wall meet in the directrix. 
And converſely. 

Let AP. BR. the. conie pers wing hoſe oral, 9 


are FP, FR, be parallel to each other, and meet the directrix in 


P, R then, in any generating circle whoſe centre is 8, the right 
line, Sp parallel to AP or BR, will be the conic correſpondent to 
each of them. There ſore Pa, PR, drawn from the ſame point x 


in the ene and e rl. * ral be nee. 


* 


54 ; . CI , *- 
Converſely, 


PROP. 2. CONIC SECTTONS. N 47 
Converſely, If two focal correſpondents PA, PB, pertaining to FI G. 
the circle meet the directrix in the ſame point 8 their en 
AP, BR fhall be Parallel between themſelves. 
For, every thing remaining the fame, Join 8b, F P, ER. Then | 
it appears, that AP, BR, arc patallel to the fame Nah line Ts | 
and therefote are parallel between themſelves. 
14. If two conie reſpondents meet each other in the Areckkür, 
| their: focal correſpondents Bau to a ern cirele ſhall be / 
parallel between themſelves. 
Let AP; BP, which are conie zelpöndknte to the common focal 20, 11, 2- 
| —_— Fp, meet the directrix and each other in the point P; 
I fay, that their focal correſpondents ane to a IRENE 
circle, ſhall be parallel between themſelves. © 
From 8 the centre of any fuch circle draw Sy, Sx, parallel to 
AP, AR, meeting the directrix in P, k. Then PA, RB, the 
focal correſpondents to AP, BR, muſt be parallel to the fame r 
line FP, and therefore parallel between themſelves. \ 
15. The focus, directrix, and principal ſemi- parameter of a 
conic ſection, or the foeus, directrix and any point in the ſection, 
being given; the "Ay circle round any 2 point They be 
-deferibed. : 
Let F be che focus, XX the direArix; Z the principal en- = 
parameter, A any point in a conic ſection, and 8 be a point round 
which it is required to deſeribe the generating circle. Draw in 
any direction the parallels FK, AP, SO, meeting the directrix, 
and join AF. Aſſume a fourth proportional to FK, _ SO, or 
to AP, AF, SO; the circle deſoribed round 8 with the diſtance 
af this fourth proportional ſhall be the ee circle ' requi ired. 
- (46; Der! & f COR): MG 2 OO 
16. Two reſpondents being given, Qibir correſpondents pet. 
ing to a given generating circle may be drawn. And vonverſely. 
If the given reſpondents N meet the directrix in P, 9. 
from 8 the centre of the given generating circle draw 8 5 parallel 
to the conic reſpondent AP, a the NN in rr and * 


oh; 
AP in A, F in G, and the directrix in H; alſo draw Su to the 
directrix. In Sn find the point 6, ſuch that A H may be to G H 


at 


| 4, 


dont SECTIONS. Prov. 


rA parallel to FFP. 8, ar, will be correſpondent to AP, FP 


(18, Px.) 
But, if AP, FP, be * to the directrix, deu AH meeting 


as SH is to GH (10. e. 6.), and draw GP parallel to the directrix. 


Then 8p, Gp, ſhall be the correſpondents to AP, FP, pertaining 
to the circle (18. DR. & 10. Car.).—The Converſe is obvious. 

17. The ſemiaxis tranſverſe of the ellipſe and hyperbola is a 
mean proportional between the diſtances of the centre from the 


directrix and focus. Alſo, the rectangle under the ſegments of the 
axis between, the vertices and direftrix is equal to the rectangle 


under the ſegments between the centre and directrix, the directrix 


and focus. And, the rectangle under the ſegments between the 
vertices and focus, is equal to the rectangle under the ſegments 
between the centre and focus, the focus and directrix. 
18. If the generating circle pertaining to the centre of the 
.cllipſe and hyperbola be deſcribed, and through the focus of the 
| ellipſe be drawn a parallel. to the directrix, meeting the circle in 


two points; then, in the ellipſe, right lines drawn from the con- 


courſe of the axis with the directrix to theſe two points, ſhall touch 
the circle; but, in the hyperbola, right lines drawn from the focus 
to the two points in 2 which, the circle cuts the directrix, ſhall touch 
the circle. 

19. Hence, in * hyperbola, the * lines drawn fm the 


focus to the concourſe of the aſſymptotes with the directrix, will 


be perpendicular to the. nee, and will each be equal to the 


ſemi- axis ſecundus. 


Every thing remaining as in PRor. 2. ; theſe three laſt 3 


ries follow from the harmonic diviſion of HE in the points I, Þ 


( 3-Cos.1 * and from the biſection of the axis HE in the centre C. 
haus if, in the ellipſe, MF be drawn parallel to the directrix, 
So: Nag the circle in M., Mu; and IM, IM be joined; but, in the 


hyperbola, if the generating circle meet f ae; cirectrix i in M, M * and 


ah Fm, be Joined, 
Then 


LIES 


© En 


generating cixele be deſcribed, the focal reſpondent or 


| e e en "— rouge E or H. 


Pace, x - GO-NLG-SECKSIGNS _- © 
Then in each ſection, becauſe of the harmonic: diviſion, and F I G. 


biſection of HE in C, CE or CH is a mean proportional between 
CI. CF; the rectangle HIE is equal to the rectangle CIF, and 


the rectangle HF E is equal to the eee C FI. —This i is the : 
17. Cox. . YE 


Again, becauſe 1 is dn 9 one of the. harmonic 


Points at right angles to the diameter of the circle; therefore IM, + 


Im, in the ellipſe, and FM, F My in the Arber touch the 
circle. This is the 18. Cor. 

Laſtly, becauſe in the hyperbola, FM, ; 8 251 the circle, 
they are perpendicular to the ſemidiameters CM, CN (Co. 16. | 
e. 3-), and are alſo each equal to the ſemiaxis ſecundus. Draw 
EG parallel to Dp the axis ſecundus, viz. perpendicular to EH, 


meeting either aſſymptote in G. Becauſe the triangles CMF, CE G, 


have a common angle at C, as alſo each a right angle at M, E, 
and the homologous ſides CM, CE are equal between themſelves; 


two other homologous ſides F M. EG will alſo be equal between 


themſelves (26. e. 1.). But EG is equal to the ſemiaxis ſecundus. 
(Nor E to 15. Dee.) &, therefore FM is alſo equal to the ſemiaxis 


ſecundus,—This is the 19. Cor. 


11 a right line meet a conic e ſefion; ind wot any 
point therein, or in a conic correſpondent. thereto a - 


1280 . 


focal correſpondent ſhall meet the circle in a HARON 


ent Tr ain Converſely. 


= 


* 3 f 2 5 2 . : - 


* Note. It will afterwards be proved that the Lat line e parall to DD and 


EX YT 2 nos 1. When 


".. A} CONIC SECTIONS. Pro. 3. Z 
FIG. 1. When the centre of the generating circle is in the right line 9 
10, 11. Let the right hae AP meet a conic ſection in the point A, and 3 
5 round any point S in AP a generating circle be deſcribed ; I fay, 
that FP the focal e to AP ſhall meet the circle in a 
point reſpondent to A. 

Let F be the focus, XX the directrix. and Z the principal ſemi- 

parameter of the ſection. Join FA, and parallel thereto draw 8 A, 

meeting FP in A. Then A is a point reſpondent to A (19. DeF.), 

but I fay alſo, that the point A is in the circle. To the directrix draw 
the parallels AD, SE, FI. Becauſe AP, FP, XX, either meet in 

one common point P, or are mutually parallel to each other, and 
from two points S, A, in AP are drawn the parallels 8 A, AF, to FP, | L 
and the parallels SE, AD, to XX; therefore 8 A will be to 8E 
as AF is to AD (LEM. 1.), and conſequently SA is equal to the 1 
ſemidiameter of the generating circle deſcribed round 8 (1. Cor. 1 
Dr.). Wherefore the point A is in the circle, viz. the focal x 
25 4 nant FP does meet the circle in a point a reſpondent to A. | 1 


Cat 2. When the centre of the generating circle i is in a conic = 
correſpondent to the right line. | | Y 
12,13. The ſaine things remaining, let Se, Ay, be any two correſpond- _ Y 
134. ents to AP, FP, of which latter the conic reſpondent AP meets L 
1 8 the ſection in A, and round any point S in SP, the conic corre- EN E 
| | ſpondent, let a. generating: circle. be deſcribed. I fay, that y A 3 
will meet this circle in a point reſpondent to A.—Join AS, and | f | 
draw FR reſpondent thereto, meeting PA in A, and join SA. =_ 
Then AS, FR, either meet the directrix in a common point R, = 
or are parallel to the directrix. Alſo AP, FP either meet the 

. direrix in a common point P, and conſequently SP, Ap, in a 

12, 14. point p, or they are each parallel to the directrix. When AP, 
Pp meet the directrix, becauſe SR, FR, XX, have either one 
common concourſe, or are mutually parallel to each other, and 
from two points r, P, in XX are drawn to SR the parallels v8, 
| PA, 
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Prop. 3 conic SECTIONS. 


PA, and to FR the parallels ya, PF, therefore PS will * to pA 
as PA is ts. FF. (Le. 1.). But, becauſe of the parallels, the 
angle SPA is equal to the angle APF; therefore the triangles 


51 
L O. 


a8, FAP, are equiangular (6. e. 6.) and Sy being parallel to 


AP. SA is parallel to AF (29, e. 1.),—But if AP, FP, and their 


13. 


correſpondents Sy, Ar, be parallel to the directrix, AS muſt in 
that caſe meet the directrix, becauſe falling upon the parallels AP, 


SP, it muſt meet XX which is parallel to them. A8, FR, there- 


fore meeting XX in R, let them meet Fe, Ay, in G, 6. Becauſe 
SP, AP, are correſpondent to AP, FP; SRis to AR (as Rs is 


to RG (18. Dxr. ), viz. becauſe of the parallels Ar, FP ) a8 AR 


is to FR, Wherefore in this caſe alſo, SA is parallel to AF, and 
conſequently 4 is the point reſpondent to A, in which FR the 
focal reſpondent to AS meets the circle. But A . paſſes through 
this point A, therefore pA the focal correſpondent docs meet the 


circle i in a point 4 reſpondent to A. 


Converſely. a I. f oval focal 1 AP moet 
the circle in A, AP ſhall meet the ſection in a point reſpondent 
. 
Every thing remaining as aboye, join 84, and draw FA parallel 


thereto, meeting AP in A. Becauſe SA is the ſemidiameter of 


the generating circle, SA is to SE as Z is to FI (16, Dr.). But 
by the ſame reaſoning as above, it is ſhewn that SA is to SE. as 
AF is to AD; therefore ex æquo, AF is to AD as Z is to 
FI, and conſequently the point A is in the ſection (1.). Where- 
fore AF being alſo parallel to Sa, the 8 A, A, are ü e 
(19. Der). 


Cask 2. If the centre 8 be j in the conic correſpondent "Ep and 


Ax the focal correſpondent meet the circle in a point A; I fay * 


that AP the conic reſpondent ſhall meet the vey in a point re- 
5 ſpondent to A. 


-- 


N 1 8 


105 Ih 


conic SECTIONS. Prop. 3. 


Join 845 Fa, and drawing SR the conic reſpondent to Fa or 

FR, let it meet AP in A, and join AF. Then by the ſame rea- 
ſoning, and in the fame words as in CasE 2. above, it may be 
ſhewn that AF is parallel to Sa. Therefore AR, FR, being re- 
ſpondent, and the centre S of the circle being in AR, the point A 
is that point in the ſection, which in CAsE 1. of the Converſe, is 
proved to be reſpondent to A, and therefore i in this point AP does 
meet the ſection. 
Conk. 1. If AP meet the ſection again in another point DF; then 
| 'M the ſame reaſoning it would be proved, that the reſpondent FP 
or focal correſpondent Ap meets the generating circle in another 
point B reſpondent to B. And Converſely, if FP or AP meet the 
circle in another point 8, the conic reſpondent. AP will meet t the 
ſection! in another point B reſpondent 1 to B. 

Cor. 2. If the right line j joining any two points in a conic ſection 
be drawn, the right line joinir g the reſpondent points in a gene- 
rating circle ſhall be the focal reſpondent or focal correſpondent of 
the former, accordingly as the centre of the circle is in the right 
line joining the points in the ſection, or not. And Converſely. 
| Cor. 3. If there be two reſpondents, and the conic correſpond- 
ent in a generating circle, which paſſes through the centre, be 
drawn; then if the conic refpondent meet the fection, the right 
line drawn through the reſpondent point in the. circle to meet the 
- conic correſpondent | in the directrix, or. parallel to the directrix, 
| accordingly as' the reſpondents: meet the directrix, or are parallel to 
it, ſhall be the focal correſpondent. And Converfely. 

For the focal correſpondent does paſs through the reſpondent 
point in the circle, and it alſo paſſes through the point in which 
the conic correſpondent meets the directrix, or it is parallel to the 
directrix. Both theſe attributes this right line poſſeſſes, and only 


one right line can poſſeſs them. 11 herefore the right line is the | 
focal correſpondents, | 


- 


Cox. 4. By the fame reaſoning, if the Jad ee per- 
" thining to a n circle be n, the right line draun from 


the 
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PROP. 3. CONIC SECTIONS. . 53 


L the centre of the circle to meet the focal correſpondent in the FIG. 
Y directrix, or parallel to the directrix, accordingly as the focal cor- — 
3 reſpondent meets or is yy to the 1 ſhall be be oonic 
3Z correſpondent. | Beis . 0 A 1) yo of 
I Cor. 5. A Ow line) cheeks a conic gain o or * e hy 
3 perbolas in not more than two points; becauſe if i in more, the 
3 reſpondent focal line would meet a e circle in MY than 
I two points, which is abſurd. = AH wo lAH eng 
Cox. 6. If raͤnnd any point in a 5ight line, which, meeting a 
= conic ſection, is parallel to the directrix, the generating circle be 
1 deſcribed ; the ſegment of the right line intercepted between the 
14 centre of the circle and the ſection ſhall be equal to the ſegment of 
1 : its focal reſpondent intercepted between the focus and the reſpondent 


point in the circle. | 
Let AB parallel to the directrix meet'a conic ſection in A, and rt. 

round any point 8 therein the generating circle be deſcribed. 
Draw FA the focal reſpondent to AB, which will meet the circle 

in a point A reſpondent to A, and join FA, S A. Becauſe AB is 

parallel to the directrix, FA will alſo be parallel thereto, and there- 

fore parallel to AB, alſo FA, SA, are parallel between themſelves 

(19. Dr.). Therefore AF AS is à parallelogram, and the oppo- 

"nn fide SA 1s equal to FA. 1 10 4 Nini Sr vSUIWORGEL AA : 

Con. 7. If round any ers in the diameter of A parahola he 

e circle be deſeribed, the rectangle under the latus rectum 
of the axis, and the abſciſs of the diameter, viz. intercepted be- 

tween the point and the vertex, is equal to the rectangle under 

the ſegments of _ right ine drawh through the focus to cut the 

circle. . £07 lei 4 IrreO23dq SIC, 111 203 18 5 

Let AH be a — of ther porebalhs ee. the directrix 41. 

in H, the ſection in A, and round any point 8 therein, viz. with 

the diſtance SH, deſcribe- the generating circle. Through the 

focus F draw HF meeting the circle again in A, and the, axis FI, 

meeting the directrix in I. Which produce to K, 10 that IK de a 
- equal ta FI. Then EK is ogy to the latus tectum of the agis 
Tn . (a. 


84 
F TG. 


At, 22. 


22. 


line XX. Then if two rulers AP, F | 
carrying their interſection P conſtantly in the right line XX, While 


CONIC SECTIONS. Ea 


ts: Dr.); and I ſay, that the _— under w_ * e 
to the rectangle HF. 

Jein HK, AF, and Sa, and tet BA meet "Pp axis in * The 
point A is reſpondent to A, by this ProP., and therefore AF is 
parallel to S A (19. Dr. ), and AF LS being a parallelogram, the 


oppoſite tides A8, FL, are equal between themſelves, Becauſe | 


Fl is equal to IK, HI common, and the angles at I are right, rhe 
angle HKI or HKL is equal (to the angle HFI (4. e. 1.), viz 

to the alternate angle a HS, viz.) to the angle HAS or HI. 
Wherefore the four points H, K, a, L, are in a circle, and the 


rectangle H Fa is equal {to the e g KF L. viz.) to the rect- 


. ee FK, AS. 


SCHOLIUM. Locus. 


If there be a circle, tt centre is 0 XX a ts tad 4. 


ſame plane, and F be any point, other than A, without the right 


two other rulers AB, FB, revolve alſo about A, F, and the one 
As following the interſection B of the ruler FP with the circum- 
ference of the circle, the other F B preſerves a. conſtant paralleliſm 
to AB ; the interſection B of this laſt ruler FB with the ruler AP, 
will by its motion deſcribe a conic "ROTO, whoſe focus 1s * and 
ditectrix x Xx. 

The point P paſſing to an | infinite diſtance, the rulers AP, FP, 
at the ſame time become parallel to XX. 

This Locus is demonſtrated in the preceding Prop., and for 


this reaſon, every circle thus related to a conic ſection, is in the 


36. DEx. called a GENERATING CIRCLE. 


As the right line XX touches, falls without, or within the 
circle ; or as the perpendicular diſtance of the centre of the circle 


from the directrix is is equal to, gronter, or leſs than, the ſemidia- 


meter | 


3 revolve about A, F, | 


2 3 ER 
a4 > % 

+ £20 
I 

p33; 


5 CONIC SECTIONS. 
meter of the circle, the ſion en a parabola, an are. 


or hyperbola. _ 
As the circle is divided. into two ſegments — the dect, in 
the caſe of the hyperbola,. if the centre of the circle be towards the 


IS 
＋ 1 G. 


parts of the directrix oppoſite to the focus, every interſection B in 


that ſegment, which is on the parts of the directrix oppoſite to the 


focus, contributes to the deſeription of the oppoſite hyperbola, while 


during the paſſage of the interſection A through that ſegment, which 
is on the ſame parts of the directrix with the focus, the hyperbola 


on the ſame ſide with the focus is deſcribed. And E contra, if the 


centre of the cirele be . the ſame parts of the directrix with 
the focus. 


PROP. 4. 


If two right lines, pertaining to à conic - ons 
meet each other in a point not in the ſection; their 


focal reſpondents | or focal correſpondents,” pertaining 
to a generating circle, ſhall meet each other i in 2 cor- 
benden Point. And e | 


SHITE 


OE TS. 


* 


Let AP, BR, two right lines pertaining to, FY conic e ſection, meet 


each other in a point Q, which is not in the ſection; and AP, 


BR, be their focal reſpondents. or focal correſpondents, pertaining 


15, 16. 


to a generating circle, whoſe centre is 8; I ſay, that An 


ſhall meet each other in a point correſpondent. to 2 
1. When AP, BR, both meet the directrix. 5 | 
Let them meet it in P, R, and therefore av, BR, meet it in. 

r, kx. Join FP, FR, Se, SR, Then SP, SR,. are the conic 

correſpondents to AP, BR (4. Cor. 3.) Becauſe PE, RF meet 


11 17 22 
1 
4 


| in F, Ap, BR, which are parallel to them, will meet. Let them. 


meet in Q and join 8 FQ. On account of the parallels, the 


triangles VOY QPR, ang QPR, OPR, are equiafigular. There- 


1 | | . | fore 


1 


o_ 


— 


— 
| 406; 
l _ = S 2g a 2 7 
© RT ——— . — — —́—ä—ʒ4j—ʃ ͥ r — 


—— ——U 
* 


| angular (6. e. 6. of and the homologous fides' FR, Qs, being pa- 


16. 


each other, and in the focal corteſpondent to one of them, pertain- 


| N 


17. 


CONGO s EOTTONs. Por. 4. 
bie E R is to * (as PR is to v, vig.) as QR is to 8 R. But 


FR. QR, are alſo parallel to QR, SR ; therefore the angle FRM 


is equal to the angle G8, and the triangles QF R, SR, are equi- 


rallel, the homologous fides FO. Sq, will alſo be parallel. Where- 
fore the point the concourſe of Ar, BR, is „ 
Q the*concourſe of AP, BR (20 Dy 92 S141 OF CNT GNING? F120 

"2 When one of the” Tonic nes, as AP, is — dl the 


i Wo : bY 7 | 
directx. 15 eu I a : 


Becauſe AP is parallel to the directrix, 1 $2, N are ao 
parallel thereto. Other things therefore” remaining the ſame, let 
BR meet FP in G, and SR meet Ar in 6. Becauſe Sy, Ar, 
are correſpondent to AP, FP, and each parallel to the directrix, 


QR is to Sk as GR is to GR (18. Dr.). But, becauſe of the 
parallels, the triangles FRG, QR, are equiangular; therefore 
FR is to QR, as GR is to GR; andex æquo, QR is to SR as 
FR is-to R. Wherefore, as in Cas E 1. FQ will be parallel 
to S d and the point Q the concourſe of A r, B R, will be corre- 
ſpondent to the point Q. the concourſe of AP, BR (20. DeF.). | 

Converſely. If two focal correſpondents AP, BR, meeting a 
point & their rejpondenite A AP, BR, fait t meet in a e ee n 


* * 


point. | ens 14125 
The ſame things remaining, the demonſtration will be the lame, 
and in the ſame „ Fr ons | 
Cor. 1. If two right "FR otidining-4 to a conic ſeQion, meet 


ing to a generating circle, the point be aſſumed, which is corre- 


ſpondent to the point of concourſe of the conio lines; the focal 


correſpondent to the other ot” nn this mp 


e . 


Let AB: AP, pertaining to a conic tion; meet in A, and in 


AP the focal correſpetiden to AP, and pertaining to a generating 


circle, whoſe centre is 8, let the point a be aſſumed correſpondent 


to A; 1 be ON that the Wit ö Ip AB ſhall e 
_ A. | 


If 
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correſpondent to AB. 


Bree. - cone: SECTIONS. — 


If not, aw ab the focal corteſpondent to AB, meeting AP F 1 G. 
in the point a, ſother than A, and Join 8a, Sa, AF. Becauſe 
A, A, are correſpondent points, SAi is parallel to- AF (20, Dee. ); 


and becauſe AP, AB, meet in A, and AP, 4 b, Wen focal corre- 


ſpondents meet in a, therefore by this Ee 8 @ ſhall be parallel 


alſo to AF. Wherefore 8A is parallel to 8 4; iz, two right lines, 
parallel to each other, meet in a point 8, Which is abfürd. "Where- 
fore no right line but that which paſſes er can be the focal 

IS GR f.3 £1 3f1 g Sd got A2 x jos 0 C8 ef 


Cor. 2. Right lines, joining Eorrblfadent points, are chem 


ſelves correſpondent. J +48 WOK 

= A, B, be two points in the right lines AP. BR 5 pettaining 17, 18. 
to a conic ſection, and A, 'B,*two correſpondeht 1 points 1 AP, BR, 
their focal correſpondents, pertaining to a generating arcte.” Thy, 


2 wal 4 


| that AB ſhall be the focal correſpondent to AB; 9 


For the focal correſpondent to AB palfes through each of the 
points A, B, by the HOI corolliry, and conſequently i is the 


anke AB - itſelf, OA 07 i FLA Aus 
a . ® 2 * + 5 5 0 1 en fs A p , 
2 . — — 151811 4 % 83 A. 3 7 4 8117 011 793 8 213 — ++ 4 4 = Is 
; 7 < l * wad ; 
; Ys |: - 3 # A i ; Kt A 
| C147 153&918-£: 2 A QT 288. $3 4 
4 
£ 8 7 * * Bag Ty | 1 9 Fa 
4 * f! £3 © : 4 CZ — L 2 4 4 2 p 
„ ; b ; 33 1 J. 2 -4} £47 14 2 8 18 7 3 I 1183 pla- OA 444148 et - 4413 r 


f 63 1 5d 14 1 21 0 2 3112 50.3 


11 rage a 19 5 5 the plane of a conic leddion and 


from the focus two right lines parallel to eachi other 


be drawn to meet the directrix; then as the e Parallel 
drawn from the ſaid Point ha has to. the fo cal diſtance of 
the point, the ſame ratio, a greater, 0 ora leſs than 
that, which the parallel drawn from the focus Has to 
the ſemi-latus rectum of the focal axis; the point 
ſhall be as | — or wirfoify the Neon. 80 
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21, 22, 23. 


conc SECTIONS. Pur. 


And converſely, as the point is in, within, or 


without the ſection, the ratio ſhall be the ſame, 


greater, or r leſs. 


The firſt part of the s kick declares oe point to be i in 
the ſection, if the ratio be the ſame, er with its converſe, is 
already demonſtrated i in PRoy. 1 

Let A then be a point in the plane of a conic e ſection, whoſe fo- 
cus is F, directrix XX, and ſemi-parameter of the focal axis Z. 
If from A, F, be drawn to the directrix any. two parallels AH, 
FG, and AF. be joined; I ſay, that as the ratio of AH to AF is 


is greater or leſs than that of FG to Z, the point A all be within 


21, 22. 


Circle. AH is to AO as FG is to 2 (16. Dzx.), and AH is 


„ 


or without the ſection. 
If the ratio be greater, the point ſhall be within, | | 
Round A deſcribe the generating circle (1 5. Cor. DeF.), þ vi 
any right line AP through A, and AO a ſemidiameter of the 


to AF in a greater ratio than FG is to Z; therefore ex æquo, 
AH has to AF a greater ratio than A H has to AO. Wherefore 


AF is leſs than AO (10. e. 5. J, Viz, the focus F 18 within the 
circle, and conſequently every right line drawn through F will meet 
the circle. Draw FP reſpondent to AP, meeting the circle in B, 
the conic correſpondent AP will meet the ſection in a point B re- 


ſpondent to B (3-), as for the fame reaſon, will every. right line 


Aron through A meet the Medion. The point A is therefore 
within the ſection (7. Pr.). 


"= the ratio be leſs, the point hall 12 B12: the 3 


be leſa than that of FG to Z; I fy the point A ſhall be without 


the ſection. For, as before, AH is to AQ as FG is to Zz; 


therefore ex æquo, AH has to AF a leſs ratio than A H has to 
AO, and conſequently AF is greater than AO (10. e. 5.), and 
the point F 1 is without the circle. Wherefore a right line may be 


15 * 2 0 ; ts | drawn 


Sther things remaining the ſame, let the ratio of AH to AF 


Pzxoy.6. CONIC SECTIONS. 


drawn through F, which ſhall fall entirely without the cirele. Let pr G. 


FP be ſo drawn, and AP reſpondent to it. Becauſe A H has to 
AF a leſs ratio than FG has to Z, the point A is not in the ſec- 
tion (1.). From any other point B in AP draw BF, and As 
parallel thereto, meeting FP in B, alſo draw BK parallel to AH 


or FG, meeting the directrix in K. Becauſe AP, FP, and the 
directrix either have one common concourſe in P, or are parallel 
each to each other (17. Dze.), and from two points A, B in AP 
are drawn to the directrix the parallels A H, BK, and to FP the 

parallels AB, BF, therefore BK will be to BF as AH is to AB 
(LEM. 1.). But as FP falls entirely without the circle, As will 


be greater than AO, and conſequently AH has to As a leſs ratio 
(than AH has. to AO, viz.) than FG has to Z (16. Dr.). 

Wherefore ex æquo, BK has to BF a leſs ratio than FG has to 
Z, and conſequently the point B is not in the ſection (1.). Nor 
for the ſame reaſon is any point whatever in AP in the ſection. 
Through the point A therefore ĩs drawn a right line AP, which, 
however extended, no where meets the _— and — 
the point A is without the ſection (7. Dzr. 9. 


Converſely. If the point A be within the 1 the ratio of 8 


AH to AF ſhall be greater than that of FG to Z. For it is ab- 
ſurd to ſay, that it is either the fame or leſs, as the point A would 


then be either in or without the ſection.— And if the point A be 


without the ſection, the ratio muſt be leſs, 'becdule if it were either 
the ſame or yoo! the S n, * en in or within the 

| ſection. | x. | Wits f 5 
Cok. I. A point in the plans: of a conic © lion's is in, within, or 


without the ſection, accordingly as its diſtance from the directrix 7 


has to its diſtance from the focus the fame ratio, à greater, f a leſs 
than that, which the diſtance of any point in the ſection from the 
directrix has to its focal diſtance, or which the diftarice of the centre 
of any Saane _ Ate berg _—_ has to thle ſeridiarneter 
of rn Dr wa MT. TO Ie GT 
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CONICBECTIONS Pao. 6: 
For. theſe ratios. are the, ſame with: that in the Pxor. , whoſe 
equality, exceſs or defect nne a mO_ to: ha in, vithia, or 


without the ſectio .. 


„Nor. The — „ee. direArin, in 3 ade manner as 
7 the 16. DR. are meaſured either . or by oF 


| parallels drawn from the points tothe direrix.'; 0 
Cox. 2. As As the centre of a generating circle is in, ea of rg 


out the Kan. e focus 4 45 n Within or without, the circle. : And 
cents. of xl er 18 in, eee or eee the eon. [em 
+ This appeared in the demonſtration.i/ ©: + 5 
Con. 3. As the ſemidiameter of a generating circle is math tos 
greater or leſs than, the focal diſtance of its centre, then centre is 
in, within, or without the ſection. And converſely. ar} 
The ſame things remaining as in the PRop., as AO is equal toz 


greater or leſs than AF, the ratio of A H to AF is equal to, greater 


or leſs than, that of A H to AO; and therefore accordingly the 


point A is in, within, or without the eco {ts Vos, 8 454d an 


like manner converſely. $0] 0 115 % on | : 


A right line parallel to the diameters of a parabola, 


or to an aſſymptote of an hyperbola, but towards the 


ſame parts of the aſſymptote with the hyperbola, 
meets either ſection 3 in one point only, and towards 


the parts below the concourle falls within the lection. | 


pc's by GE = a rub gs or 1 F the bee XX the di- 


red CM, Cm, the aſſymptotes of the hyperbola, meeting the 


directrix in M, *, and RP a parallel to the axis of the parabola, 
or to 1 aſſymptote CM of the 8 but towards the ſame 


8 © | | parts 
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Pros. 6. CONTI SECTIONS. 


parts of the ils with "A hyperbola _ "_ fag, that RP F 1 G. 


meets the ſection G E. 

: Let RP meet the directrix in P, and join PF. "Draw FD mak- 
ing with FP the angle PF equal to the angle FPR. In the 
parabola, becaufe PR is perpendicular to X X, the angle FPR is 18 
but a part of a right angle, and conſequently FPR, PF P, are to- 
gether leſs than two right angles. In tlie hyperbola, join FM 
meeting PR in H. Becauſe FM is perpendicular to CM (19. 
Cor. Dex.), viz. to PR, the angle FHP is a- right angle; 


Wherefore the angle FPR is leſs than a right angle; and therefore 


in the hyperbola alfo, the equal angles FPR, PFD, are together: 
tefs than two right angles. In both ſections therefore PR, FD; 


will meet (12. Dey. e. 1.), and in the! caſe of the hy perbola, 
towards the parts of the directrix with the ſectioh, towards 


which parts the angles are lefs. Let them meet in A.” Becauſe 
AP is equal to the ſemidiameter of tlie generating circle deſcribed 
round A (6. & 8. Cox. Dxr. ), and on account of the equal angles 
P FA, APF, AP is equal to AF, the point A will be in the ſee- 
tion (3. Cor. 5.) . Wherefore RP does meet the ſecxion- 

I fay farther, that below the concourſe A, viz. towards the parts 


6 A remote from the directrix, PR falls within the ſection. 8 


Let 8 be any point in PR below the concourſe A, Viz. on the | 


parts of A oppoſite to-P, round which point! S: deſctibe the gederat- 
ing circle, and draw SB parallel to A F, meeting PP. in B. Then 1 
AP being equal to AF, SP will be equal to 8 B, and becauſe SP 
is equa] to. the ſemidiameter of the generating circle deſcribed round 


S (6. & 8. Cor. DeF.), the circumference will pals through P, B. 
Wherefore the point A being between the terms P, 8, the point 


F will be between the terms P, B, viz. the focus-F is within the 


circle, and conſequently the centre 8 is within the ſection (B+ 


Cor. 5.). For the ſame reaſon is every. point. in PR, below-the 
concourſe A, within the ſection. 

In the ſame manner if a point s were an; in PR above the. 
concourſe A, viz. on the parts of A towards the directrix, and a 
| generating 
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coN I SECTIONS. Prop. 6. 


FIG. generating . were deſcribed round 8, it would * proved that 


7 


the focus F is without the circle, and ee that the point 
s is without the ſection. | 
The right line RP does 1 meet each Gon in one. you 


| only, and below the concourſe fall within the ſection. 
Cox. 1. If a right line touch the parabola or hyperbola, or meet 


either ſection in two points, or meet the oppoſite hyperbolas, the 
right line will meet the diameter of the parabola, or the aſſymp- 


totes of the hyperbola. 


For if not, the right line muſt be parallel to the Wee of the 
parabola, or to an aſſymptote of the hyperbola, and conſequently 


would. meet either ſection in one point only, and fall within i . 


which is contrary to the poſition. | 
Cor. 2. Hence it appears, that the parabola and "ad A con- 
tinually recede from the axis, and that every ſucceſſive point in 


each ſection is at a greater diſtance from the axis, or that a point 


remote from the vertex is at a greater diſtance from the Axis, than 
a point which is nearer to the vertex. | 
Cor. 3. From the demonſtration it appears, — if 3 any 


point in either of the oppoſite hyperbolas two right lines be drawn, 
one to the focus, the other parallel to an aſſymptote and meeting 


the directrix, theſe two right lines ſhall be equal between them- 
ſelves; and therefore, that the parabola and hyperbola agree in this, 
that a point in either ſection is equidiſtant from the focus and from 
the directrix; ſave that in the parabola the diſtance from the di- 
rectrix is meaſured by a perpendicular, in the pw oy a . 


to an Aae. 


SCHOLIUM LO cus. 


If a ruler SP move with its term P always in the fixed fi ohe 
line XX, preſerving a conſtant paralleliſm to itſelf in its firſt " 


tion, and from a fixed point F, without XX be conſtantly drawn 


N 


: * Xt 
3 


Prer. 7. CON IC SECTIONS. 


to SP the right line FA, ſo that FA be equal to AP, the line 


63 
FIG. 


deſcribed by the motion of the point A ſhall be a parabola or hy- 


perbola, accordingly as the angle SPX is right or oblique, of 
which ſection X X ſhall be the directrix, and the point F the focus. 


PROP. 7 


A toner diameter, or a TR line parallel to a 
tranſverſe diameter, meets each of the oppoſite hy- 


perbolas in one Paint uy; ans 7. within each 


ſection. 


Let DH be either a tranſverſe diameter, or parallel to a. tranſ- 


_ verſe diameter C O; I fay, that it meets each of the oppaſite hy- | 


perbolas i in one point only. 

Let CM, CM, be the aſſymptotes ndllis the directrĩx in M, 
M, and round any point 8 in DH deſcribe the generating circle, 
meeting the directrix in K, x. Join SK, Sx, which are parallel 


to CM, CM (8. Cox. Dr.). ' Becauſe DH is either a tranſverſe - 


diameter or parallel to one, it falls within the angle KS k (15. DEr.), 
viz. it meets the directrix in a point P between the terms K, Kk. 
Wherefore the focal reſpondent FP will meet each ſegment into 
which the circumference of the circle is divided by the directrix, 
as in the points A, Bz and the conic reſpondent DH will meet 
each hyperbola, the one in a point A reſpondent to A, the other 


in a paint reſpondent to the concourſe of FP with the alternate 


ſegment of the circle (1. CoR, 3.), an and it can meet ach in that 
one point only (5. Cor. 3.) 


It is farther aſſerted, that after each eie the a0 line | 


D H falls within each ſection. Around any point 8 therein, be- 
low either concourſe, as A, deſcribe the generating circle. The 
focal reſpondent. FP will meet this circle in a point à reſpondent 


R — 


27, 28. 
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F 1 G. to A (3. * and AF, As, being Joited will be parallel to each other 
_(19--Dus.).. But the point A being between the terms 8, P, the 
focus F will be between the terms A, P, viz. within the circle, 


CO NIC SECTIONS. Pore. 


becauſe the point P is itſelf within the circle. Wherefore the point 
S is within the ſection (2. Cos. 5.), as for the ſame reaſon | is every 
point in DH, below — concourſe A. 


_— « E 3 - % 


PROP, 8. 


— * wy —» " 
, . at * 
m_— +4 * - S # 


avi: righs line k FOES. vin a point within the 


ellipſe; every right line drawn through a point within 


the parabola, which 1s not parallel to the diameters ; 


eve ery =o Tine drawn through a point within the 


' hyperbola, which is neither parallel to an allymptote, 


10, 11. 


nor to a tranſverſe diameter, meets che ſeQion: in 
_ 1 LS: Tr ; | 1 1 114 2 2100 N 15111 | 55 * 


; 
o 


we 8b bel TREE Wwe a Pont 8 bm a conic bebe but 


not parallel to the diameters of a parabola, not to an aſſymptote nor 


to a tranſverſe diameter of an R ER; ; 1 * that 8 4 your meet 
abe ſection in two points. 

ound 8 deſcribe a generating cirele, * . FP > pst 
to SP. Becauſe 8 is within the ſection, the focus F will be within 
the circle (2. Cox. 5.) and therefore FP vill meet the circle in 
two" points A, B. But the points A, B, will be both on the ſame 
ſide of the directrix with 8; in the hyperbola, becauſe SP is pa- 
rallel to a diameter ſecunda; in the ellipſe, becauſe the generating 
circle falls wholly on the fame fide of the directrix with the ſection 


itſelf; and in the parabola, becauſe the circle meets the directrx 


in one Point only, through which point FP by ſuppoſition, does 


not paſs. Wherefore, FP meeting the circle in two points, both 


GI on 


Paor. 9, CONIC SECTIONS. 


on the ſame ſide of the directrix with 8, viz. with the ſection, SP FI G. 
will meet the ſection in two reſpondent points A, B (1, CoR. 3.) 


PROP. 9. 


If a right vil touch a conic ſection, and any gene- 
rating circle be deſcribed, then accordingly as the 
centre of the circle is in the touching line or not, the 


65 


focal reſpondent or focal correſpondent thall touch 


the circle in a reſpondent point. 


And converſely, if a right line, touch a generating 


circle, the conic reſpondent ſhall touch the ſectian! in 


the reſpondent point. 


Let AP touch a conic ſection in A, F . the oeus, « and XX 


the directrix of the ſection, And 
1. Let the generating circle be deſcribed abent the poi A it- 


ſelf. I fay, that FP, reſpondent to AP, ſhall touch the cirele.— 
For FP does meet the circle in the point F, reſpondent to A 
(3. or 2. Cor. 5. ), but I fay farther, that it touches the circle in 


F. Let G be any other point in FP, join AG, AP, draw FS 
parallel to AG meeting AP in 8, and AD, SE parallel to each 
other, meeting the directrix in D, E. Becauſe AP touches the 


ſection in A, the point S is without the ſection (8. Dxr.), and 


therefore SE is to SF in a leſs ratio than AD is to AF (1. Cor 


5.). But becauſe AP, FP, and the directrix have either one com- 


mon concourſe, or are parallel between themſelves, and from two 
points A, 8, in AP aredrawn to the directrix the parallels AD, 
SE, and to FP the parallels AG, SF, therefore SE is to SF as 


AD is to AG (Lzm. 1.). Wherefore ex æquo, AD has to AG 


a leſs ratio than AD has to AF, and conſequently AG is greater 
: 1 than 
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CONIC SECTIONS: PRor. 9. 


than AF Cap: e. 5), viz. the point G is without the circle. For 


the fame reaſon is every point in FP, unleſs the point F alone, 


without the circle ; that is, FP touches the circle in F. 


Converſely, if F P touch the circle in F, AP the reſpondent to 
FP ſhall touch the ſection in a point reſpondent to F. For it does 


meet the ſection in a point reſpondent to F (3.), and A being in 
the ſection, and the centre of the circle which paſſes through F, it 


is the point reſpondent to F. Wherefore let S be any other point 


in AP, and every thing be drawn as in the preceding. Becauſe 


FP touches the circle in F, the point G is without the circle, viz. 


AG is greater than AF, and therefore AD has to AG a leſs 


ratio than AD has to AF (8. e. 5.). But for the ſame reaſon 


as above, SE is to SF as AD is to AG, and therefore, ex 


æquo, SE has to SF a leſs ratio than AD has to AF. Where- 


fore the point 8 is without the ſection (1. Cor. 5.), as for the 


ſame reaſon is every point in AP, unleſs the point A alone; viz. 
AP touches the ſection in A. 
Let the generating circle be deſcribed about any other point in 


AP, viz. 8; I fay, that if AP touch the ſection in A, FP _—_— 


dent to AP ſhall touch the circle in a point reſpondent to A. 


For it does meet the circle in a reſpondent point (3.), which point 
let be a, and join SA, FA. Then, becauſe A, A, are reſpondent 
points, SA is parallel to AF (19. Dey.) ; but by the preceding, 


FP touches in F the generating circle deſcribed round A, and 


therefore is perpendicular to AF. Wherefore PF is alſo perpen- 
dicular to SA, and conſequently touches the circle I round 


8 in the point A. 


Converſely. If FP touch the circle in A, its e AP 
will touch the ſection in a point reſpondent to A. For it does meet 


the ſection in a reſpondent point, as A, and Sa, FA, being joined, 


will be parallel (19. Dr.). But, becauſe FP, touching the circle 


in A, is perpendicular to SA, therefore FP will alſo be perpendi-. 
cular to AF, and pas AP will touch rhe ſection f in A, by. 


the 1. CAsz of this.. 
w Let 
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Prop. 9. CONIC SECTIONS. 
3. Let the generating circle be deſcribed about any point 8, 


which is not in AP. If AP touch the ſection in A, the focal 


correſpondent ſhall touch the circle in a reſpondent point. 

Draw FP reſpondent to AP, and Se, AP, correſpondents to 
AP, FP. Then pA meets the circle in a point reſpondeft to A 
(3.), as A, and SA, FA, being joined, will be parallel (19. DzF.). 
But, becauſe AP touches the ſection in A, FP will be perpendi- 
cular to AF, by CAsE 1., therefore, on account of the parallels, 
PA will be perpendicular to SA, and e will touch the 
circle in A. 

Converſely. If the focal correſpondent vA touch the circle in 
A, the conic reſpondent AP ſhall touch the ſection in a . re- 
ſpondent to A. | 

For AP does meet bs boss in a reſpondent point, as A (3.) 
and every thing being drawn as before, becauſe y a touches the 
circle in A, it is perpendicular to SA. Therefore on account of 


the parallels, FP is alſo perpendicular to AF, and conſequent 
by Cask 1., AP touches the ſection in A. 


Cor. 1. If a right line touch a conic ſection, and meet | the di- 


rectrix, the right lines drawn to the focus from the point of con- 


tact and from the point of concourſe with the ane. ſhall be at 


right angles to each other. 


And converſely, if two right lines, meeting in the 88 be at 
right angles to each other, and one of them meet the ſection, the 


other the directrix, the right line joining the two points of con- 


courſe with the ſection and directrix, ſhall touch the ſection. 
Cor. 2. Only one right line can touch a conic ſection in the 
Ame point. For, if more, then more than one reſpondent line 


would touch a circle in the ſame reſpondent point, which is abſurd. 


| Cor. 3. A right line touching a conic ſection in the vertex of 
the focal axis itſelf, is parallel to the directrix. And if a right line, 


touching a conic ſection, be parallel to the . the point of 


contact ſhall be a vertex of the focal axis. 
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Zr. I fay, that AP is parallel to the directrix. Draw FP the focal re- 
ſpondent to AP; then, by the Proe., FP is perpendicular to FA, 
viz. is parallel to the directrix, and conſequently i its een AP 


CONIC SEC TIN. Per. 9. 
Let AP touch a conic ſection in a vertex A of the focal axis PA ; 


will alſo be parallel to the directrix. 
And converſely, if AP parallel to the directrix touch the {ion 
in A, the point A ſhall be a vertex of the focal axis,—For AP, be- 


ing paralle] to the directrix, muſt meet the axis, and meeting the 


ſection alſo, if it meet the axis in any other point than a vertex, it 
muſt meet it below the vertex, that is, it will fall within the ſec- 
tion, (by the fame reaſoning as in Prop. 6. ), which i is abſurd. "The 
point A is therefore the vertex itſelf. 

Cor. 4. Hence therefore a right line touching a conic ſection in 


any other point than a vertex of the focal axis, meets the directrix. 


ſection in theſe points ſhall have their concourſe in the directrix, 


Cor. 5. If a right line paſſing through the focus meet the ſame 
ſection or oppoſite ſections in two points, the right lines touching the 


and the right line joining their concourſe, and the focus ſhall be 


h 29, 30. 


meter, biſects the _— com 2 by the diameter and the, 


perpendicular to the right line cutting the ſection or ſections. 


Let AH paſſing through F the focus, meet the ſame ſection or 
the oppoſite ſections in A, H; I fay, that the tangents at A, oy 
ſhall have their concourſe in the directrix. 

Draw FP perpendicular to AH, meeting the directrix in ”, 
and join AP, HP. Then AP, HP, each touch the ſection 
(1. CoR. ), and by conſtruction, their concourſe P is in the direct- 
rix, and PF is perpendicular to AH. 

Cor. 6. If a right line paſſing chrogh the focus, and parallel 
to the directrix, meet a conic ſection in two points, the right lines 


touching the ſection in theſe points ſhall meet in n the pam of 
the focal axis with the directrix. 


6. 4 is only a caſe of the preceding ley. 
x. 7. A right line touching a parabola in the vertex of a aw 


right 
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Prop. 10. cCONIC SECTIONS. | 69 
right line drawn from the vertex to the focus, and is perpendicular FIG. 
to the right line which joins the focus and enn of . u. 
meter with the directrix. 

The ſame things remaining, let a Ames of TR ee paſy 
through the point of contact A, and join FB. Becauſe APP, 32. 
ABP, are each right angles, and AF is equal to AB, while AP is 
common, the fide FP. will be equal to the fide BP (47. e. 1. ), and 
conſequently the angle FA be equal to the angle BAP (8.e.1.). 
The right line AP therefore, which biſe&s the angle B AF of the 
iſoſceles triangle BAF, will alſo biſect the ban n, nn. by _ 
pendicular to it (4. e. 1.) E 

Cor. 8. Hence therefore, the ſegment of a Ml of this 
parabola, intercepted between the directrix and a right line drawn 
through the focus n to the — at . n is bileQed 
in the vertex. 5 

Draw FD parallel ob. dene As in-- D. j ene Pi- 32. 
parpendibalar to AP, it will alſo be perpendicular to FD. There- 
fore the angle BFD is in a ſemicirele, whoſe diameter is BD 
(31. e. 30, and conſequently AB being equal to AF, the centre 
of this ſemicircle will be in the CORY A. n the en 
3D an iT 0 11 4 00 
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The focus, the directrix, and a point not 1 24M 
the ſection being given, it is required to draw ea right 
line through 1 od Fa which ſhall rwe n 
ſection. 


1. When the point given is in the ſection c en eee 
Let the point given in the ſection be A, F be ths FP . 29, 30. 
xx be the directrix. Join AF, and draw PP perpendicular 
thereto, If A be the vertex of the focal axis, FP will be parallel 31. 
| | to 
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to the directrix, and AP parallel to FP will touch the ſection in A ; 


(3. Cor. g.). But if A be not a vertex of the axis, AF will not 


be the axis, and therefore FP perpendicular thereto will not be 


parallel to the directrix, but will meet it, as in . n AP, 
page will touch the ſection in A (1. CoR. .). 


2. When the point r is without the ſection, but is a point in 
5 Fl Fa | 

Let P be the point given in aha ned join P E, and draw 
FA perpendicular thereto, meeting the ſection in A 165. Dee. ) 
Join AP, which will touch the ſection (1. Cor. 9.) 


3. When the point yo is without the ſection, but not in the = 


directrix. 
Let S be the given point, round which: deſcribe the generating 


S Becauſe the point S is without the ſection, the focus F is 
without the circle (2. Cor. 5.). A right line therefore may be 
drawn from F to touch the circle (17. e. 3.); let FP be fo drawn, 
touching the circle in A, draw SP reſpondent to FP, and joining 


SA, draw Fa, parallel to SA, meeting SP in A. The point A is 


reſpondent to A, and therefore in the ſection (3.); and becauſe 
FP touches the circle in A, SP will touch the ſection in A (.). 


Cor. 1. In the parabola and ellipſe two right lines may always 
be drawn from any point without either ſection to touch it. 
For if, as in CASE 2., the given point be in the directrix, becauſe 


FP meeting the directrix, is not parallel to the directrix, therefore 


AF perpendicular to FP is not perpendicular to the directrix, and 
therefore muſt meet the ſection in two points (8.). Whetefore 
the right lines drawn to either of them from the given point in the 


directrix will touch the ſection. But if the given point be not in 


the directrix, from the conſtruction of CasE g., becauſe from F 
may always be drawn two right lines to touch the generating circle 
deſcribed round 8, neither of which points can be in the directrix, 
there will always be two correſpondent points in either ſection, and 


therefore the right lines drawn thereto from the yes point will. 


touch the ſection [ | 
"Con R. 
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PROP. 10. CONIC SECTIONS. 


Cor. 2. In the hyperbola, two right lines may be drawn from 
a a point without each of the hyperbolas to touch either the ſame, or 
to touch the oppoſite ſections, unleſs the point given be in an 
aſſymptote, when only one right line can be drawn to touch one 
ſection. 


If the point given be M, the concourſe of an aſſymptote with 


the directrix, then becauſe FM is perpendicular to the aſſymptote 
CM (18. Cor. DeF.), a perpendicular to FM at the point F, 


which Cass 2. requires, would be parallel to CM, and therefore 
meeting only one of the ſections in one point only (6.), one of the 


points to which the touching lines would be drawn vaniſhes, and 
to that point alone in one of the ſections, which the perpendicular 


to FM meets, one line touching that ſection can be drawn.—lIf the 


point given in the aſſymptote be any other point 8, becauſe the generat- 


ing circle deſcribed round S paſſes through M (8. Cor. Dr.), FM 
would be one of the tangents to this circle, which CSE 3. requires 


to be drawn, and the point M would become the fame with both 
A and P, and SP would be the aſſymptote itſelf. | Wherefore the 
parallel to 8 A drawn through F would be parallel to SM, and not 


meeting SM or SP, the point A would vaniſh. The other tangent 
drawn from F to touch the circle would then alone determine a 
point in the ſection, to which. a right line can be drawn from S to 
touch the ſection. | 

But when the point given is in the directrix, and is any other than 


Mor M, the right line drawn thereto from F as FP will not be per- 


pendicular to an aſſymptote, and therefore FA perpendicular to FP. 
will not be parallel to an aſſymptote, and conſequently will meet: 
the ſame or the oppoſite ſections in two points (8. & 7. ), to which 
if right lines be drawn from P, each of them will touch the 
ſection.— While if the given point be neither in the directrix nor 
in an aſſymptote, it is comprehended under CASE 3., and univer- 
ſally admits of two right lines being drawn to touch the hyperbola 
or hyperbolas, as well as in the ellipſe and parabola, and for the: 
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CONC $EC TIONS. Paop. 11. 
Nor. If the given point be in an aſſymptote of the hyperbola, 


the ſingle touching line drawn therefrom will touch that hyperbola 


Which is towards the ſame parts of the centre with the point given. 


If the given point be within either angle of the aſſymptotes which: 


comprehend the hyperbolas, the two right lines drawn from the 
point will touch that ſection which is comprehended in the ſame 
angle as the point, but if the point given be within either of the 


_ adjacent angles, the two right lines drawn from the given point 


will touch the oppoſite hyperbolas. 


This would be eaſily illuſtrated, if it we were 3 from the 


7. & 8. PRop., and in CAszE 3. from the focal tangents to the 


circle touching the ſame ſegment, or the oppoſite —— into 


which the circle is divided by the directrix. | 


32, 33. 
34, 35. 
36, 37. 


8 RO P. 11. 8 M. 


The focus, directrix, and principal ſemi- parameter 
of a conic ſection being given, it is required to draw- 


a right line touching the ſection, which ſhall be pa- 
rallel to a right line given in poſition. 


AnþLrers. 1 8 it to be done; viz. that F being the 


focus, XX the directrix of a conic ſection, Z the principal ſemi- 
parameter, and SP a right line given in ene there is drawn a 
right line AP parallel to Sy, which touches the ſection in A. 
Round any point S in Sy deſcribe the generating circle. This 
circle is given (15. Cor. DeF.). Join AF, and draw SA parallel 


thereto, meeting the circle in A, reſpondent to A in the ſection 
_ (3-)- Draw FP the focal reſpondent to AP, and AP parallel to 


FP. Then 8p, ay are correſpondent to AP, FP; and if Sy be 


parallel to the directrix, the reſpondents and correſpondents will 
| all be _ to the directrix; but if SÞ meet the directrix, AP, 


FP, 
6 


* 


en 
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PRor. 11. ((CUNIC SECTIONS. 


FP, will meet the directrix in one and the ſame point, as P, and 


Sr, Ar, in one and the fame point, as P (17. & 18. Dr.). 


Becauſe AP touches the ſection in A, Ap touches the circle in 4 


(9.), therefore 8 A is perpendicular to A (18. e. 3.), and conſe- 


quently when A? is parallel to the directrix, SA is perpendicular 
to the directrix, and will therefore be given, and each ef the points 


A, B, in which it meets the circle, will be given. But if Se meet 
the directrix, the point Þ is given, and conſequently. the point A, 
in which Ap touches the circle (94. DATA.). Therefore whether 
Sp be parallel to the directrix or meet it, the point A is given.— 


If Se be parallel to the directrix, join AF, SA, which will meet 
the directrix in a common point L, becauſe A, A, are reſpondent 
points (3.). But the points A, S; F, being given, as alſo the 
directrix in poſition, AF is given in poſition, the point L is given, 
and the poſition of SL.. Alſo, SA being given in poſition, FA, 


which is parallel thereto, is given in poſition, and conſequently the 


point A is given. —If Se meet the directrix in the given point p, 
then Sep, AP, SA, are each given in poſition and magnitude, and 


therefore the point F being given, FP, FA, parallel to a», Sa, 


will be given in poſition, the point P will be given, PA will be 
given in poſition, and the point A the concourſe of PA with FA. 
Wheretore the poſition of the right line which being parallel to Se, 


ts: required to touch the ſection, and the = in n it ee 
1 bay are given. | | | 


Liners, If Sy, and conſequently Ar, be parallel to the direc- 
trix, then univerſally two right lines A, B, each parallel to the 
directrix, may be drawn to touch the circle, and they will be at 
the extremities of a diameter A B perpendicular to each, and there 
fore perpendicular to the directrix. In the ellipſe and hyperbola, 
theſe two points A, B, wall always fall without the directrix, and in 
the hyperbola one of theſe points ill be in one, the other in the 
other, of thoſe ſegments into which every generating circle of the 
hyberbola is divided. Wherefore in the ellipfe and hyperbola, when 


L the 
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CONIC SECTIONS Pr. . 


the right line given in poſition i is parallel to the tr the pro- 
blem always admits of two ſolutions, and there will be two points 
A, B, in each ſection, reſpondent to A, B, in the circle, through 
which if AP, BR, be drawn, parallel to SP or to the directrix, 


they will each touch the ſection. But, becauſe AF, BF, are re- 


ſpeQively parallel to Sa, SB, viz. perpendicular to the directrix, 
the points A, B, will be the vertices of the focal axis.—Alfo, in 
the parabola, à B being for the ſame reaſon perpendicular to the 
directrix, one of the points, as B, will be that in which the 
directrix touches the circle, which point therefore can have no 
reſpondent point in the ſection. Wherefore in the parabola, one 
and only one right line may be drawn parallel to the directrix to 
touch the ſection, and for the ſame reaſon, as in the ellipſe and 
hyperbola, the point in which it touches the parahala will be the 
vertex of the axis. » ö 
But if SP meet the directrix, it nd be in ſore point without 
the circle. For from a point within the circle is impoſſible, and 
from a point in the circle only the ſingle one touching it in the 


point itſelf can be drawn. But as this point muſt be' in the di- 
rectrix, in the caſe of the ellipſe or hyperbola, and therefore can 


have no point reſpondent to it in the ſection, the problem would 


in this inſtance be impoſſible. Wherefore the right line Sy muſt 


not meet the directrix within the circle, which can only happen 
in the hyperbola, when it is parallel to a tranſverſe diameter ; nor 
muſt it meet the directrix in the point in which the generating 
circle meets the directrix, which can only be in the parabola, 
when Se is perpendicular to the directrix, and therefore meets 


te directrix and circle in their point of contact, or in the hyper- 


bola, when being parallel to an aſſymptote it meets the directrix 


in either of the points in which the circle cuts the directrix. The 
right line given in poſition muſt not therefore be parallel to the 
diameters of a parabola, nor to a tranſverſe diameter, nor to an 
aſſymptote of the hyperbola, as in each of theſe caſes the problem 


| wavuld, Ne: — every 2 it will meet the directrix af 


the 


bY. > BEE 


Proy. 11. CONIC SECTIONS. 
the parabola | and hyperbola without the circle. While in the 
ellipſe, it meets the directrix always without the circle, whatever 


be the poſition of the right line given, becauſe every generating 


circle of the ellipſe falls entirely without the directrix. With theſe 
limits therefore in the parabola and hyperbola, and univerſally in 
the ellipſe, two right lines may be drawn from the point y to 
touch the circle, and the points of contact a, B, being each 
without the directrix, two points A, B, in each ſection, will be 


75 
FI G. 


reſpondent to them, and therefore the problem will admit of two | 


ſolutions. But in the hyperbola, becauſe the points of contact a, B, 


in the circle will be in different ſegments, the reſpondent points 


of contact A, B, will be, one in one hyperbola, the other in the 
oppoſite. In the parabola, becauſe every generating circle touches 
the directrix, therefore one of the right lines drawn from a point 
in the directrix to touch the circle will be the directrix itſelf. But 


as this point of contact 3 can have no reſpondent point in the ſec- 


tion, the problem, in the caſe of the u er never admits of 
more than one ſolution. 0 | 
The Limits therefore are theſe, 


1. In the caſe of the PARaBora, the right lin given i in poſi- | 


tion muſt not be parallel to the diameters. In every raged poſition, 


the problem admits of one and of one ſolution only. 


2. In the caſe of the HYPERBOLA, the right line muſt not be 


parallel to a tranſverſe diameter, nor to an aſſymptote; in every 


other poſition, the problem admits of two ſolutions. 
3. In the caſe of the ELLI PSE, whatever be the poſition of the 
right line 1 the RY admits of two ons. $ 


Corporat Let F be ohis Weis XX hs" Mot Z the 
principal ſemiparameter, and SP. the right line given in poſition, 
round any point 8 in which deſcribe the generating: circle.” If Sp 


be parallel to the directrix, draw a $3 the diameter of the circle 


perpendicular to the directrix. This diameter will meet the direc- 
trix of the 2 in one of its extremities. B, while in the cllipſe 


35, 36. 
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F I G. and hyperbola both its extremities. will be without the directrix. 


325, 33. 


From the other extremity A in the parabola, but in the other two 


ſections from either extremity, as A, of the diameter A B, draw 


AF, meeting the directrix in L, and joining SL; draw AF pa- 
rallel to A B, meeting SL in A. This point A will be a point in 


the ſection, and reſpondent. to A in the circle (3.). Draw ar, 
AP, parallel to Se, viz. to the directrix. Becauſe A touches 
the circle in A n. 16. e. 3 9. AP will touch the ſection in 


Als). 


But if Sp meet the 3 as in p; the point v will be with- 
out the circle, becauſe it is required from the limits, that Se be 
not parallel to the diameters of a: parabola, nor to a tranſverſe dia- 


meter, nor to an aſſymptote of an hyperbola; ; While without any 


limitation in the ellipſe, every right line drawn through a point 
within a generating circle muſt, if it meet the directrix at all, meet 


it without the circle. From the point », draw pA to touch the 
circle. (17..0..3-), but this muſt not, in the caſe of the parabola, 


be the directrix itſelf, while in the ellipſe and hyperbola either of 
the right lines which are drawn from p to touch the circle, equally 


ſerve the purpoſe: of the problem. Join 8A, draw FP parallel to 
Ar, meeting the directrix in P, and PA, FA, parallel to 8, Sa, 


meeting each other in A. The point A is reſpondent to Aa, and is 


in the ſection (19. DEF. & 3.). Wherefore becauſe ap touches 


the circle in a, AP will touch the ſection in A (9). | 
"Cox. 1. If two right lines parallel to the directrix touch an 


ellipſe or nes they touch each ſection in the vertices of the 


focal axis. 
Cor. 2. Only one gh. line parallel to a a right line uw in 
poſition can touch a parabola. 


CoR. 3. In the hyperbola, two right lines parallel to a right 


line given in poſition may be drawn to touch the oppoſite ſections, 


provided the right line given in poſition be neither nn to a 
tranſverſe diameter nor to an ren 


Cox. 
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Pxor. 12. CONIC SECTYIONs. 


Cox. 4. If two right lines, parallel to each other, but not 


parallel to the directrix, touch an ellipſe or hyperbola, the right 


lines touching any generating circle in the reſpondent points will 


have their concourſe in the directrix. And. Converſely, if two 


right lines touching a generating circle of the ellipſe or hyperbola, 


meet each other in the directrix, the right lines touching the ſection 
in the reſpondent points. ſhall be parallel to each other. 


77. 
F I G. 


This is no more than ſtating what appears in the problem, and 


enters into its demonſtration. For A, B, are the points in the circle 


reſpondent to A, B, in the ſection; and Ap, B, touching the 
circle in A, B, have their concourſe in the directrix (12. Cor. 


Drr.) . Alſo, from a point ? in the directrix, without the circle, 


PA, PB, being drawn. to touch the circle in A, B, the right lines 


AP, BR, touching the ſection or ſections in the reſpondent points. 
A; B, are the conic correſpondents to AP, BP, and therefore are 


parallel between themſelves (12. Cor. Dr.). 


PROP. 12. 
The ri ght lines touching an ellipſe or the oppoſite 
hyperbolas in the vertices of a diameter are parallel 


to each other ; and if two right lines parallel to each 
other do touch an ellipſe or the oppoſite hyperbolas, 


the two points of contact ſhall be diametrically oppo- 


fite, viz. the right line joining them ſhall paſs through 
the centre of the ſection. 


CASE 1. If the diameter be the focal axis, then the right lines. 
touching the ſections in the vertices are parallel to the directrix 
(3. Co. .), and therefore parallel to each other. . 5 
And Converſely, if the touching right lines, being OR to. 
each other, are , alſo to the directrix, they do touch each: 
| | ſection. 
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CONIC SECTIONS. ProP, 12 
ation i in the vertices of the focal axis (3: Cor. 9. ), and therefore 
the points of contact are diametrically oppoſite to each other. 


Casz 2. If AP, BR, touch an ellipſe or hyperbola in the 
vertices A, B, of any other diameter ACB, which is not a diameter 
ſecunda of the hyperbola; I fay, that AP ſhall be parallel to BR. 

Becauſe A, B, are not the vertices of the focal axis, AP, BR 
meet the directrix (4. Cor. 9.), and therefore the right lines 
touching any generating circle in the points reſpondent to A, B, 
will meet the directrix. Round C the centre of the ſections de- 
ſcribe the generating circle, paſſing through the vertices D, Dp, of 
the focal axis (4. Cor. Dr.), and let Dp meet the directrix in I. 
Through the focus F draw FAB reſpondent to the diameter AB, 
which will meet the circle in a, B, reſpondent to the vertices AB 
1 R. .). Becauſe DD, a diameter of the circle, is harmo- 
nically divided in F, and in I its concourſe with the directrix 
(3. Cos. 1.), and through I one of the harmonic points is drawn 
the directrix at right angles to DD, while through F the other 
harmonic point is drawn FAB, meeting the circle in the points 
A, B, the right line AB ſhall be harmonically divided in F and in 
its concourſe with the directrix (LEM. 10.), and therefore the right 
lines touching the circle in A, B, ſhall have their concourſe in the 
directrix (LEM. 11.). Wherefore the right lines AP, BR, touch- 
ing the ſection in the reſpondent points A, D, are Parallel between 
themſelves (4. Cor. 1 I.). 

Converſely. If two right lines AP, BR, parallel to each other, 
touch an ellipſe, on the oppoſite hyperbolas, in A, B; I fay, that 
the points A, B, ſhall be diametrically oppoſite. 
Let AB be joined, meeting the axis DD in O, and * O 
deſcribe the generating circle, meeting the axis in E, E. Then, 
other things remaining the ſame, becauſe AP, BR, touching the 
ſection are parallel to each other, the tangents to the circle at the 
reſpondent points A, B, will meet in the directrix (4. Cor. II.). 
Let them meet in the directrix i in the point G. Becauſe Ga, GB, 
touch 


# 
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Paor. tz. CONIC SECTIONS. 


line GI, the diameter of the circle perpendicular to GI will be 
harmonically divided in the points I, F, in which it meets GT, 
AB (5. CoR. LEM. 10.). Wherefore OE is a mean proportional 


between OI, OF (2. Cor. LEM. f.), and OI is to OF in the 


duplicate ratio of OI to OE. For the fame reaſon, becauſe Dp 
is harmonically divided in I, F (3. Cos. 1.), and biſected in C, 
CI will be to CF in the duplicate ratio of CI to CD. But be- 
cauſe O, C are the centres of the generating circles, whoſe ſemi- 
diameters are OE, CD (4. Cor. Dr.), Ol will be to OE as CI 
is to CD (16. Dr.). , Wherefore ex æquo OI is to OF as CI 
is to CF, and dividendo, FI is to OF as FI is to CF. OF is 
therefore equal to CF, viz. the points O, C are one and the: i 
and the points A, B are diametrically oppoſite... | 

CoR. 1. The right lines touching an ellipſe at the vertices of the 


axis minor, are n to the axis major, or 3 to the 
directrix. 


For AB being chen parallel to the direQrix (12. Dez. „ its re- 


ſpondent AFB will alſo be parallel to the directrix, viz. perpendi- 
cular to the axis DD. Wherefore in this caſe, the tangents at a, 
B, which are the focal correſpondents to AP, BR, will have their 
concourſe in I (LEM. .). Join AI, CI. CI, al therefore, 


pertaining to the eircle, will be correſpondent to AP, FP, per- 


40. 


taining to the ſection, and AT is parallel to FP, CI to AP, that 


is, AP is parallel to the axis minor, or perpendicular to the direct- 
rix, In the fame manner it is mouy that BR is parallel to 
Ch 


Cor. 2. The ſemi-axis minor of the ellipſe, or ferni-wxis PAY 


cundus of the hyperbola, is a mean proportional between the ſeg-- 
ments of the axis, intercepted between the vertices and focus, or 


between the ſegments ROO between the focus and. en 
the focus and centre. 


The ſame things remaining in the caſe of the ellipſe; bessa al 
is parallel to FP, and AF to IP, IAPP is a parallelogram, and 


AF 
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touch the circle, and from their concourſe G is drawn the right F I G. 
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SONIC. SECTIONS. | Proy. 12. 


AF is Squad to the oppoſite Gde IP. For the ſame reaſon, becauſe 
AP is parallel to CI, and AC to HP, ACI is a parallelogram, 
and AC is equal to IP. Therefore AC is equal to AF. But 
becauſe of the cirole, the ſquare of A F is equal to the rectangle 
DF, therefore the ſquare of A C is equal to the rectangle DF p, 
or to the rectangle IFC (16. CoR. Dr.), and AC is a mean Pro- 
portional between DF, FD, or between IF, FC. ö 

In the caſe of the hyperbola, let CD be the ſemi-axis ſecundus 
of an hyperbola, EC being the ſemi- axis tranſverſe, C the centre 
of the hyperbola, and CM, CM, the aſſymptotes meeting the di- 
rectrix in M, . Round C deſcribe the generating circle, which 
will paſs through E, M, M (4. & 8. Cor. Dr.), join FM, 
which will touch the circle, and be equal to the ſemi-axis ſecundus 
cD (19. Co. DeF.). But for the ſame reaſon as in the ellipſe, viz. 
the property of the circle, and the 17. Cor..DzF., FM is a mean 
Proportional between FE, FH, and between IF, FC, therefore 
= CD is a mean n between EF, F H, and between 

„. 


"DEFINITIONS. 


22. In the clips and byperbola, 'a diameter parallel to a eight 


line touching the ſection in eicher vertex of another -—— is faid 
to be ConjuGATE to that other diameter. 


23. A right line, which meeting a conic ſection in two points 
meets a diameter, and is parallel to a tangent at the vertex of that 
diameter, or to the conjugate diameter; or, which meeting the op- 
Poſite hyperbolas, each in one point, meets a diameter ſecunda, and 


is parallel to the tranſverſe diameter -conjugate to the ſecunda, is 
ſaid to be oRDINATELY APPLIED, or to be an ORDINATE to 


that diameter, which it meets. 


24. A right line drawn through the focus of a be parallel 
to the nn applicd to any diameter, or to the tangent at the 


vertex 


Plate 3.page 80. 
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Por. 12. CONIC SECTIONS. 


vertex of the diameter, and intercepted by the ſection, is called the 
PARAMETER, or LaTvs RECTUM of the diameter. | 


25. A third proportional to two conjugate diameters of the el- 


; lipſe or hyperbola, is called the PARAMETER or LATus RECTUM 


of that diameter, which is the firſt of the three proportionals. 


26. If a circle touch a conic ſection, ſo that no other circle can 
be deſcribed which paſſes between this circle and the ſection, this 
circle is ſaid to have the SAME CURVATURE with the ſection in 


the point of contact. 
COROLLARIES rzom TA DEFINITIONS. 


20. The diameter nextel to the ordinates applica to another dia- 
meter is conjugate to that other diameter. 
For the ordinates to a diameter are parallel to its conjugate (23. 


Dep.), and therefore the diameter nd to the ordinates is the 


conjugate. 
21. Every right line drawn through a point within a conic ſec- 


tion, parallel to a right line touching the ſection in the vertex of a 


diameter, or parallel to the conjugate of any diameter of an ellipſe, 


or to the conjugate of a tranſverſe diameter of an hyperbola, is or- 


dinately applied to the diameter, viz. it meets the ſection or ſec- 
tions in two points. | 
Becauſe the right line is either directly or by immediate conſe- 


quence parallel to a right line touching the ſection, it ĩs not parallel 


to the diameters of a parabola (1. Cor. 6.), nor to a tranſverſe dia- 


meter or aſſymptote of an hyperbola (3. Cor. 11.), and therefore 
being drawn through a point within the ſection, it muſt meet the 
ſection in two points, while every right line drawn through a point 


within the ellipſe meets it in two points de . þe bw line is 


| therefore ien g ach to the diltneter. 
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| CONIC SECTIONS. Prop. 13. 
22. Every right line parallel to a tranſverſe diameter of an hy- 


perbola is ordinately applied to the diameter ſecunda, which i is con- 


jugate to the tranſverſe. 
For the right line meets each oppoſite ſection 0 5 and there= 
fore i is ordinately applied to the conjugate (22. DeF.). 

23. Every right line drawn through a point in a conic Godiva, 


and not itfelf touching the ſection, but parallel to a right line touch- 


ing the ſection, is ordinately applied to the diameter paſſing — | 
the point of contact, viz. it meets the ſection again. 

For the ſection lying wholly on the parts of the touching line to- 
wards the parallel, the parallel muſt meet the diameter within the 


ſection, and therefore muſt meet the ſection in another point 


(21. Cor. ). 
24. The axes of the ellipſe and 1 are conjugate. 
For the axis ſecundus is parallel to the tangents at the vertices of 
the axis tranſverſe, becauſe each is s parallel to the direQrix (12. Px „ 


& 3. Oor. 9.) 


25. Two conjugate diameters 2s the ellipſe and hyperbola are al- 


ternately proportional to their parameters. 
40. 


Let AC B, DCD, be two conjugate diameters of an ellipſe or 
hyperbola,. and ; FRET repreſent their PONY: 1 * that AB 


is to L as L is to DD. 5 


Becauſe Dp is a mean proportional between AB, L, and ABA 
mean proportional between L, DD; therefor AB is to L in the 
duplicate proportion of AB to Dp, and L is to Dp i in the dupli- 
cate proportion of AB to Dp (10. Dep. e. 59. Therefore ex 


| quo, AB is to L as L is to Dy. 


RIDES I 


The focal ICT roy, to a diameter of a conic "4 
tion is perpendicular to che ain applied to that 


diameter. 
11 
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If the diameter be the focal axis, the focal reſpondent coincides 18 


with this axis, and therefore is perpendicular to the ordinates ap- 


plied to it (3. CoR. 10.) . If again the diameter be the axis ſe- 
cunda of the ellipſe or hyperbola, then being parallel to the di- 
rectrix, the focal reſpondent will alſo be parallel to the directrix; 
viz. it will be perpendicular to the focal axis, and therefore per- 
pendicular to thoſe ordinates, which are paralle] to the focal axis 


| 3. DEF. ). 


Let hte AB be any other diameter of the gu wg or el- 


: lipſe, or any tranſverſe diameter of the hyperbola; I fay, that FH 
its reſpondent ſhall be perpendicular to the ordinates applied to AB. 


Becauſe AB is not the axis ſecundus, it is not parallel to the direct- 
rix. Wherefore let AB, FH, meet the directrix in the ſame point 
H (17. Dr.), and Qa be any ordinate to AB, meeting it in 8, and 
ns directrix in G. Round $ deſcribe the generating circle, meet- 
ng FH in the points a, B, reſpondent to A, B, the vertices of the 


diameter AB, in the caſe of the ellipſe and hyperbola, but in the 


ſingle point A reſpondent to A the hogs vertex of the diameter of 
the parabola. 

Becauſe the tangents to the ſion at the vertices of A, B, of 
the diameter AB are parallel between themſelves (12.), and Q. 


is drawn through the centre S of the generating circle, parallel 
to theſe tangents, therefore QqQ pertaining to the circle, will be | 


the conic correſpondent to each of them (18. D·Er. ), while Ga, 
GB, drawn from the concourſe of QA with the directrix to the 
reſpondent points A, B, will be the focal correſpondents to theſe 
tangents (3. Cok. 3.), and they will alſo touch the circle in the 
points A, B (9.)- . or the ſame reaſon, in the parabola, G a will 
touch the circle in the ſingle point A reſpondent to the ſingle vertex 
A of its diameter, while the directrix GH alſo touches it in the point 
H, the concourſe of AB with the directrix (6. Cox. Dr.). 


Wherefore 1 in * ph and hyperbola Ga, G B, and in the para- 


M 2 bola, 


e 425 
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CONIC SECTIONS. Pror. 23. 
Volk; Ga, GH, touch the circle, and conſequently 8 which 


| Joins the centre S and the concourſe of the tangents will be per- 


pendicular to A B or FH which joins the points of contact (Lem. 
8.), viz. FH, reſpondent to the 2 AB is ene to 


its ordinate Qg. 


Laſtly, Let CG be a diameter enn of the hygorbels, any 


other than the axis ſecunda, and therefore meeting the directrix in 


G. I fay, that FG, being joined, ſhall be perpendicular to the 


ordinates applied to CG. 


Let ACB the tranfverſe diameter conjugate to CG be drawn, | 
meeting the directrix in H, and FG in L. Let the focal axis 
FC meet the directrix in I, and FH the reſpondent to AB be 


drawn, meeting CG in V. Becauſe CG is the conjugate diame- 


ter to AB, it is parallel to the ordinates applied to AB (23. Dr.), 
and therefore FH is perpendicular to CG (by the preceding caſe 
of this). But alſo the directrix G is perpendicular to the focal 

axis FC; wherefore in the triangle FCG, becauſe from the angles 
F, G, are drawn FV, GI, perpendicular to the oppoſite ſides CG, 
FC, the right line CH, which is drawn from the remaining 


angle C through H the concourſe of theſe perpendiculars, will be 


perpendicular to the remaining fide FG (LM. 2.). In this caſe 


alſo therefore, FG the reſpondent to the diameter ſecunda CG is 


perpendicular to CH the diameter conjugate to CG, and therefore 


is perpendicular to the ordinates applied to CG. 


1. 


Con. 1. Hence the focus, directrix, and any diameter of a conic 


ſection being given, a right line parallel to the ordinates applied to 


that diameter may be drawn through any given point. 
Let F be the focus, XX the directrix, and AB any diameter of 
a conic ſection, it is required to draw a right line through any point 
E parallel to the ordinates applied to AB.—If AB be the focal 
axis, the right line drawn through E' perpendicular to AB is 7 | 
rallel to the ordinates applied to it (23. Pr. & 3. Cor. 9.) 
like manner, if the diameter be the axis conjugate to the — 
8 one 
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Paor. 14. c oN Io SECTION. 


one of the ellipſe or hyperbola, the right line drawn through the FIG. 
point E parallel to the focal axis or perpendicular to the directrix is 40. 
parallel to the ordinates applied to the conjugate axis. But if it be 42. 


any other diameter, it will meet the directrix. Let it meet it in 
H, join FH, the right line drawn through E eee to FH 
will: be parallel to the ordinates applied to AB. 

CoR. 2. If a right line parallel to the ortlinates Spoke to a G 
meter be perpendicular alſo to the diameter, the ametar ſhall: * 
an axis of the ſection. 


Let Q parallel to the ondinates applied to a ee AS be 4, 42. 


perpendicular to AS; I fay that AS ſhall be an axis of the ſection. 
For if AS be parallel to the directrix, it is the axis ſecundus of 
the ellipſe or hyperbola, and if not, it meets the directrix. Let it 
meet it in H. Then it either paſſes through the focus F, or it 
does not. If it does, the Co. is admitted; if it does not, join 


FH, which will be perpendicular to Qq. Therefore two right 
lines FH, AH, meeting in H, are each perpendicular to the fame 
right line Qa» which is abſurd. Wherefore if AS meet the di- 
rectrix, it paſſes through the focus, viz. it is the focal axis. 


PRO P. 14. 


If round the concourſe of any diameter of a conic 
ſection which is not parallel to the direQrix with a 
right line ordinately applied to it, the generating 
ctrcle be deſcribed, the focal reſpondent to the ordi- 
nate ſhall meet the circle in two points, and be har- 
monically divided in the focus, in its concourſe with 
the directrix, and in its two concourſes with the 
carcle. | ; 1 50 3 - 


The 


$6 
FIG. 


CONIC SECTIONS. Prov. 14. 


The ſame things remaining, becauſe univerſally in the parabola 


41, 42, and ellipſe, and alſo in the hyperbola, when the ordinate is applied 
* 107 a tranſverſe diameter, viz. when it meets one ſection only, the 


point 8 is within the ſection, the point F will be within the generat- 
ing circle (2. Cor. 5.) ; therefore FG does meet the circle in two 
points. But, becauſe Ga, Gs, touch the circle in A, B, every 


right line drawn through G to cut the circle, will be harmonically 


divided (LzM. 9.). Wherefore G F which is ſo drawn will be 


harmonically divided in its two concourſes with the circle. 


If the ordinate be applied to CH a diameter ſecunda of the hy- 
perbola, and meet the oppoſite hyperbolas in Q then, other 
things remaining the ſame, becauſe the point S is without the ſec- 
tion, the focus F is without the circle (2. Cor. 5.) But Q 
being parallel to a tranſverſe diameter, will meet the directrix within 
the circle (15. Der. & 8. Cor. Dr.). Therefore F G does meet 
the circle in two points. Draw CP. the tranſverſe diameter con- 
jugate to CH, and parallel to Q (23. DeF.), meeting the oppo- 
ſite hyperbolas in A, B, and the directrix in P; alſo joining FP, 
draw A GB parallel thereto, meeting the circle in a, B; laſtly join 
Ha, Hs, and draw Ax, BR, touching the oppoſite ſections in 
A, B. Becauſe SG, A GB, are correſpondent to AB, FP, and 
AR, BR touch the ſections, Ha, HB, will be the focal corre- 
ſpondents to AR, BR, and will therefore touch the circle (3. Cor. 
3. & 9.). Wherefore HG is harmonzcally divided in its concourſes 


with the circle (LEM. .). But FH is perpendicular to 8 G, the 
diameter drawn through G (13. ), therefore FG will be harmoni- 


cally divided in its concourſes with the circle (LE NM. 10.) 

Cor. 1. Hence, if round any point in a diameter ſecunda of an 
hyperbola a generating circle be deſcribed, and from the point be 
drawn a parallel to the ordinates applied to the diameter, the focal 


reſpondent to this parallel ſhall be harmonically divided in the fo- 


cus, in its concourſe with the directrix, and with the circle. 

For, the right line, being parallel to the ordinates applied to a. 
diameter ſecunda, is parallel to a tranſverſe diameter (22. & 23. 
TEL PDxr. ). 
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Prop. 15. CONIC SECTIONS. 


Dpr.), and therefore will meet each of the oppoſite W 


(7.). Wherefore the parallel is ordinately applied to the n 


and the corollary is the PRop. itſelf. 
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CoR. 2. If round any point within a conic ſection, and in a — 


meter which is not the focal axis, or round any point whatever in 
a diameter ſecunda of the hyperbolas, the generating circle be de- 
ſcribed, and a right line drawn from the focus to cut this circle be 
harmonically divided in the focus, in its concourſes with the circle 
and with the directrix; the right line drawn from the centre of the 


circle to the concourſe of this focal line with the directrix ſhall. be 


parallel to the ordinates applied to the diameter. | 
The fame things remaining, if a right line drawn tous; F to 
meet the directrix in G, and cut the circle, be harmonically di- 


vided in its concourſes with the circle, and 8 G be not parallel to 


the ordinates applied to the diameter AB in the firſt caſe, or to 


SC in the ſecond; then, becauſe the diameter is not the focal axis, 


an ordinate applied through: S to the diameter will meet the di- 


rectrix, and in ſome other point than G; and a right line drawn 


through this other point will meet. the circle in two points, and be 
harmonically divided in them. But this is abſurd, becauſe the di- 


ameter SF not being the focal axis, is not perpendicular to the di- 
rectrix; and therefore only one right line can-be drawn from F to. 


41, 42, 
43, 44 


cut the circle and directrix, and be harmonically divided in its con- 


courſes with them (4. Cor. Law: 10.) 


N 0 | 75 155 


A diameter of a conic ſec biſects the rden 


applied to it, and every diameter of the ellipſe and 
| hyperbola 3 is itſelf biſected in the centre. 


Let Ag be an ordinate * * to the diameter 80 of; a conic 
ſection, meeting the ſection. or the. oppolite hyperbolas in A, B, 
2 | and 


45, 46, 
47, 48. 
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CO NIC SECTIONS. Prof. 15. 


and hs diameter in 8; I fay, that AB ſhall be biſected in 8. 
And if AB be a aber of an ellipſe or hyperbola, viz. an ordi- 
nate which paſſes e the centre; I IM that AB is biſected 
in the centre. 


On 71 When the ae i is the focal axis. 5 
Round 8 deſcribe the generating circle, and, F being the W 
XX the the directrix of the ſection, draw FP reſpondent to AB, 


meeting the circle in A, B, reſpondent to the points A, B in the 


ſection. Becauſe AB, being ordinately applied to the focal axis, 
is parallel to the directrix, FA is equal to SA, and Fs to SB (6. 
Cor. 3.) . But becauſe the axis FSO of the ſection is perpendi- 
cular to AB, and therefore alſo to A B, it will biſect AB in F (3. 
e. 2.); Wherefore Fa being equal to Fs, AS will be equal to 


A BS. 


CAsRE 2. When the ordinate is applied to any r diameter. 
Every thing in this caſe remains the ſame, except that AB is 
not parallel to the directrix, but meets it in a point P, through 
which the focal reſpondent FP alſo paſſes. As before, AF is pa- 
Tallel to AS, and BF to BS (3.), and alſo FP is harmonically 
divided in A, B (14.). Therefore PA is to AF as Ps is to BF, 
and on account of the parallels, Pa is to A F as Ps is to AS, and 
Ps is to BF as PS is to BS. Wherefore ex æquo, PS is to AS 


as PS is to BS, and AS is equal to BS. 


Otherwiſe. Round 8 deſcribe the 88 circle, and P be- 
ing the focus, XX the directrix, draw FP reſpondent to AB, 
meeting the circle in the points 4, B, reſpondent to A, B, in the 


ſection. Join FA, FB, SA, 8B, FS, and draw FI parallel to 


SP. If SO be the focal axis, it paſſes through F, and AB being 
ordinately applied to it, is perpendicular to SO, and parallel to the 
directrix. Wherefore FP is alſo parallel to the directrix, viz. it is | 


: perpendicular to SF, and conſequently AB is biſected in F. (3. e. 
3 ). In the * ASB * the right line S F being drawn 


from 


PROB. 15. O ONIC SECTIONS. 
from the vertex S to biſect the baſe, and SP parallel to the baſe, 


the four right lines SP, SA, SF, SB, will be harmonicals (3. Cor. 
LIM. 4.) . If 80 be any other diameter, AB, FP, will meet the 


89 
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directrix in the common point P (1. CoR, 6.), and becauſe in this 


caſe, AB is harmonically divided in P, F (14. ), SP, $a, SF, SB 


will, as before, be harmonicals. But FA is parallel to Sa, FB 
to 8 (3. & 19. DEF.), and FI. is parallel to SP, therefore F A, 
FS, FB, FI are alſo harmonicals (2. Cor. LEM. 4.), and conſe- 
quently AB parallel to one of them FI, and meeting _ other three 


in A, 8, B, will be biſected in the middle concourſe 8 (Le. 4.) 


I fay alſo, that every diameter of the ellipſe and . hyperbola is 
biſected in the centre. For every diameter of the ellipſe, and every 
| tranſverſe. diameter of the hyperbola is an ordinate, applied to its 
conjugate, and therefore this is only a caſe of the general property 


48, 49- 


which has been demonſtrated of an ordinate, and the demonſtration 


as _— to this caſe is in all reſpects the ſame. VIDE FIG. 48, 
While every diameter ſecunda of the hyperbola is, from its 

— definition, biſected in the centre. VIDE Nor E 15g. Dr. 
Cor. 1. Every right line terminated by a conic ſection, or the 


oppoſite hyperbolas, and biſected by a dam, is n hal 


plied to that diameter. | 

For if it be not ordinately bed to this ee chow this 
diameter i is not conjugate to the diameter parallel to the right line, 
and this conjugate, if it were drawn, would alſo biſe& the right 
line ; that is, two different right lines would paſs through the fame 


two points, the centre and the point of biſection; or in the caſe of 


the parabola, two parallel, right lines would paſs through one and 
the ſame point of biſection, which i is abſard. bob onates ical 
_ Co. 2. If two or more parallel right Unes be terminated by 
the ſame ſection, or by the oppoſite Lyperbalags the diameter which 
biſects one of them, biſects them all. , 


For as that which is biſected is ordinately — to. the diameter, 


they are all ordinately applied thereto, and therefore, ; ka. 

CoR. 3. A right line, which biſects two or more . — ter 

minated by a conic "OR or by the oppoſite hyperbolas, is a 
N 


diameter, | 


50 
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CONIC SECTIONS, Prov. rg. 
diameter, and that INE: to which the parallels are ordinately 


applicd. 


For the diameter which biſects one biſects all the parallels; and 
if this diameter be any other than the right line already biſecting 
them, then would two different right lines be drawn through the 
ſame two points or more, which is abſurd. Wherefore the biſect- 


ing line is the diameter itſelf, viz. that to which the parallels are 


ordinately applied (2. Cox.) | 
Cor. 4. For the ſame reaſon, if there be two o parallels, one of 


a which! touches a conic ſection, but the other meets it in two points, 


the right line which paſſes through the point of contact in the one, 


and the point of biſection in the other, is a diameter, and that 


diameter, to whoſe ordinates both the right lines are parallel. 


Cor. 5. A diameter, biſecting one or more parallels to another 


diameter, is conjugate to that other diameter. > 


For the parallels are ordinately applied to the diameter biſecting 


them (2. Cor.), and therefore the diameter to which they are 
parallel, will be conjugate to the diameter biſecting them (23. Drr. ). 
Cor. 6. Two right lines terminated by a conic ſection, or by 
the oppoſite hyperbolas, and which do not both paſs through the 
centre, cannot mutually biſect each other. | 
For, if it were poſlible, then would each of the right lies be 
ordinately applied to the diameter paſſing through the concourſe, 


viz. they would each be parallel to the con} ogate diameter, which 
is abſurd. 


Cor. 7. If an 3 be applied to the focal axis, and round: 


its concourſe with the axis the generating circle be deſcribed, the 
focal reſpondent to the ordinate, intercepted by the circle, ſhall be 


equal to the ordinate intercepted by the ſection.— This is manifeſt, 
becauſe SAFa, SBF are parallelograms. | 

Cor. 8. If a right line parallel to the ordinates applied to a 
diameter be biſected in its concourſe with the diameter, and one of 
its extremities be in the ſection, the other ſhall be in the ſection 
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Pro. 11. CONIC SECTIONS. 
Let Q ordinately applied to a diameter 8 C, meet it in 8, and 


be biſected in 8. If Q be in the ſection, the point & ſhall be in 43 44. 


the ſection alfo.—Becanſe Q parallel to the ordinates meets the 
ſection in Q it will fall within the ſection, if SC be not a diameter 
ſecunda of the hyperbola, and therefore meet the ſection again 


(8.), or if SC be a diameter ſecunda, QQ will meet the oppoſite 


ſection (J.). If not in Q therefore, let it meet the ſection or the 
oppoſite ſection in R. Then SR is equal (to SQ, viz.) to SQ 
the part to the whole, which is abſurd. Wherefore Qs meeting 
again the ſection, or the oppoſite ſection, can meet it in no en 
point than Q viz. Q is in the ſection. 

Cox. 9. If two oppoſite ſides of a li inſcribed i in a 
conic ſection, or in the oppoſite hyperbolas, be parallel; and a 
third parallel be drawn, either touching the ſame ſection or either 
oppoſite hyperbola, or meeting the ſame or the oppoſite ſections in 
two points, the ſegments of the third parallel intercepted between 
the ſection and the two remaining fides of the quadrilateral ſhall be 


equal between themſelves. 


Let ABCD be a quadrilateral ſo inſcribed, having two ophiblite | 


des AD, BC, parallel between themſelves, and let EF be a third 
parallel to AD or BC, either touching the fare, ↄr an oppoſite 


ſection in L, or meeting the ſection or ſections in O, P, and meet 


ing AB, CD, the remaining ſides of the uadrilateral in E, F; 


T fay, that the intercepted ſegments EL, FL, in the one <= 


and EO, FP, in the other, fhall be equal between themſelves. 


Biſect AD, BC, in H, I, join HI meeting E F, in the ſecond 
caſe, in L. Becauſe, in both caſes, HI is the diameter to which 


50, 52. 


AD, BC, are ordinately applied (3. Cox), therefore, in the firſt 


caſe, EF being parallel to the ordinates AD, BC, and touching 
the ſection, muſt touch it in a vertex of the diameter H (23. 
Dr.), that is, H paſſes alſo through the point of contact L. 
In both caſes then, becauſe the three tight lines AB, HI, CD, 
fall upon the parallels AD, BC, and AD, BC, being each biſected 
in H, I, are proportionally divided by them, . therefore every right 
| N 2 | line 


5 
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CONIC SECTIONS. Prop. 16. 


F 1 G. line parallel to AD, BC, and meeting AB, HI, CD, will be di- 


vided in the ſame proportion (LIN. I.), viz. will. be biſected by 
HI. Therefore EL is equal to FL, and, in the ſecond caſe, 
bechuſe OL is 1 8 to PL, the nnen EO is equal to the 
remainder FP. 1 a 
Con. 16; : If a triangle be inſcribed in a conic. ion; or in 
the oppoſite hyperbolas, and a right line parallel to one of the ſides, 
meet the ſection in two points, or each of the oppoſite hyperbolas, 
the ſegments intercepted between the ſection and the other two 
ſides of the triangle, ſhall be equal between themſelves. 
This is a caſe of the preceding Corollary, when two adjoining 
angles of the quadrilateral coaleſce, and become one; and the ſe- 


parate eee eee of it is « Gimilee th,” en much-fimpler wn the 
. l tee 503 gift T5119 . 
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If a right line meet a conic ſection in two points, 


or each of the oppoſite hyperbolas in one point, the 


reſpondent focal line ſhall make equal angles with 
the right lines drawn from the foeus to the points of 
concourſe with the fection; externally, | if the right 
line meet the fame ſection ; but internally, if it meet 


the mats! Ve Rr a 


1:Bniry thing reniainſage the * as in the laſt, becauſe AP ts 


" pirkllet: to SA, and BF to Ss, the angle AFB is equal to the 


angle SAB, and the angle BFA to the angle 853 a. But from the 5 
; property of the circle,” the triangle SAB, being iſoſceles, the angle 


8 AB is equal to the angle $3 A; therefore the angle AF s is equal 8 


to the angle BFA. And if AB meet the ſame ſection, the re- 
* line FP is either Parallel to AB, or meets it in the directrix 
| without 


Pror. 17. CONIC SECTIONS. 
without the terms Az B; therefore in this caſe, FP falls entirely 


without the triangle AFB. But when AB meets the oppoſite 


hyperbolas, it will meet the directrix between the terms A; B, and 
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therefore FP, which is drawn to the ſame point in the directrix, 


will fall within the triangle AFB. Wherefore, in the one caſe, 


FP makes equal angles, en in the other, internally, with 


AF,. BF.. 


r R O f. 175 


e 


If. a * line ordinately applied to a e of | 


a conic ſection meet the ſame ſection in two points; 


or the oppoſite hyperbolas, each in one point, and. 
round the.concourſe of the ordinate with the diameter 


the generating circle. be drawn ; the right lines. drawn 


from the focus to the vertices of the ordinate-ſhall 
together be. equal to the diameter of the circle, if the 
ordinate meet the ſame ſection; but if it meet the . 


oppoſite. hyperbolas, then the exceſs by which the 


greater of theſe right lines exceeds the leſs, ſhall Ne 


_ to the anmachen of: the circle. 


If the ones paſs wage? the end Ds Slots. of . 


generating circle is the ordinate itſelf (2. Cok. Dr.), and this 


ordinate is equal to the right lines drawn from the focus to the 


vertices, taken together, or to their exceſs, accordingly as the or- 


48 46. 
47, 48. 


dinate meets the ſame ſection, or the oppoſite hyperbolas, therefore 
in this caſe the PR OP. is already demonſtrated. But if the ordinate 
do not paſs through the focus, then every thing remaining the ſame 


As in the laſt Prop.,. join AB, Ba, and let BF meet AB in E, 
allo draw AG parallel to AB, meeting BF in G. Then, becauſe . 
| | of 


* 


49. 


54 | 
F I G. of the parallels the angle GAF is equal to the angle AFB, and the 


o ON, „EC TIONS. Paor. 17, 


Angle AGF is equal to the angle BFA; but the angle AFB is 
equal to the angle BF (16.), therefore the angle G AF is equal 
to the angle AGF, and AF is equal to FG (6. e. 1.). Again, 


Pecauſe SB is parallel to B F or BE, and AS is equal to BS (15.); 
AB will be equal to Es (2. e. 6.), therefore for the ſame reaſon 


will GF be equal to FE. Wherefore FE is equal to AF, and 
BF being common, the whole or remainder BE will be equal to 
AF, BF together, or to the exceſs of AF, BF. But Ss being 
parallel to BE, and AB double to SA, BE will be double to Ss. 
"Therefore AF, BF together, or the exceſs of AF, BF is double 
to 88 the ſemidiameter of the n circle, and conſequently 
* to the whole diameter. 

Cor. 1. If an ordinate to any diameter of a conic ſection nals 
through the focus, and round its concourſe with the diameter the 
generating circle be drawn, this circle will paſs through the vertices 
of the - ordinate, viz. the ſemidiameter of the _- will be the 
ſemi-ordinate itſelf, 

Cok. 2. If round the centre of the ellipſe or hyperbola, or the 


concourſe of an ordinate with the diameter to which it is applied, 
the generating circle be deſcribed, and the focal reſpondent to a dia- 


meter of the ſection or to the ordinate be drawn, meeting the circle 
in two points reſpondent to the vertices of the diameter or ordinate, 


the right line joining either vertex and the alternate reſpondent 


point in the circle ſhall be perpendicular to the focal reſpondent ; 
and in the caſe of the diameter, he right line ſo drawn ſhall touch 
the ſection in the vertex. 

Becauſe AF, GF, EF, are equal between es, the gle 


GAE is an angle in a ſemicircle deſcribed round the centre F, and 
therefore a right angle (31. e. 3.), viz. AE or As is perpendicular 


, 49. to AG, and conſequently to its parallel as. When AB is a 


diameter of the ſection, and A one of its vertices, becauſe AE is 


perpendicular to A B the focal reſpondent to A B, it will be paralld 


to 
9 


e 
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CONIC SECTIONS. 


Prop. = 


to the ordinates applied to AB (13.), and therefore touch. the 
ſection in A (23. Dr.). 


Cor. 3. Hence, if through the focus of an ellipſe or hyperbola 
a perpendicular be drawn. to the tangents at. the vertices of. any 
diameter, each concourſe with the tangents will be in the circum-- 


ference of the generating circle deſcribed round the centre of the 


ſection. Or, what is the ſame thing, the right line drawn from the 


centre of the ſections to either concourſe, will be equal to the op 


axis tranſverſe of the ſeftion.. 
Cor. 4.. In the ellipſe, the right lus drawn from the focus to 


the vertices of any diameter are together; but in the hyperbola, 


the exceſs of theſe lines is- equal to the axis tranſverſe. 


This is the Pro». itſelf, when the ordinate is a diameter of the 
ſection, and the ſemidiameter of the e g circle is the ſemi- 


axis tranſverſe (4. Cox. DEr.)). 

 Cor..5.. The latus rectum of a ee of a Waben! is double 
to the ſegment of the diameter intercepted between the directrix. 
and its focal ordinate, and is quadruple to the * e 
between the directrix and vertex. | 


935 
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When the diameter is the axis FR. Let it meet the directrix Ste 


in X, the ſection in G, and AFB be. its focal. ordinate.. By 
this PRoe: AB is double to the ſemidiameter. of the generating 


circle deſcribed round F, viz. to FX (6. Cor. Dr.); and FX 
Therefore AB, which is the para- 


is double to GX (7. Cor. 1.) 
meter of the axis (5. Cor. 1. ), is double to FX, and quadruple to 


GX. —If the focal ordinate DFE be applied to any other diameter 


QI, which meets the ſection in H, the directrix in I, and the or- 
dinate in Q. Then for the fame reaſon E is double to QT, and 
Q is double to HI (8. CoR. g.), therefore ED, which is the. 


parameter of the diameter H (24. Dxr. ), is double to QI, and 
quadruple to HI. 


1 C. 


78, 79. 
88. 


88. 


CONIC SECTIONS: Prop. 18. 
PN O38. 


H two right lines touching a conic ſection, or the 


oppoſite hyperbolas, meet each other, the right line 
joining the points of contact ſhall be ordinately ap- 
plied to the diameter drawn through the concourſe 


ar, the enn. 


Let AS, BS, touching a conic en + or the dppoite hk 


'bolah, in A, B, meet in 8, and AB be joined; I 21 that AB i is 


ordinately applied to the diameter drawn through 8. 


Round 8 deſcribe the generating circle, and draw Fa, F B, re- 


| ſpondent to AS, BS, meeting the circle and touching the circle in 


the 2 IL nenden to A, B (9. ). Then, 1 67 


Pala 1. When AB is parallel to the directrix. 
Join FS. Becauſe Fa, Fs touch the circle, FS which is town 


from the centre S to the concourſe of the tangents will be perpen- 


dicular to AB (LEM. 8.). But AB is the focal correſpondent to 
AB (2. Cor. 3.), and therefore parallel alſo to the directrix (18. 
Dr.) | Wherefore FS will be perpendicular to the directrix, viz. 
it will be the axis of the ſection, and AB being Py to the 
directrix, will be igel applied to it. 


Cas 2. When AB meets the direQrx, and the right lines 


touch the ſame ſcion. 


Let AB meet the directrix i in p, and join FP, the focal 1 
ent to AB. Therefore A B, which is the focal correſpondent to 


FP, will alſo meet the directrix in a point y, and Sp, being joined, 
will be the conic correſpondent (4. Cor. 3.). Draw SR, the 


diameter of the ſection, which paſſes through 8, and F R its re- 
1 ſpondent. 


1 


Pnor. 1. CONIC SECTIONS. 


ſpondent. I fay, that AB is ordinately applied to SR. + Becauſe 
AS, BS, touch the fame ſection, SR meets the ſection in two 


points, its vertices; therefore FR, its focal reſpondent, will meet 


the circle in two points p, E, reſpondent to theſe vertices (1. Cor. 
3-), and the tangents to the circle at theſe reſpondent points D, E, 
will have their concourſe in the directrix (4. CoR. I1.). And be- 
cauſe AF, BF, touch the circle in A, B, and from their concourſe 
F is drawn FR to cut the circle in p, E, the right lines touching: 
the circle in D, E, Will have their concourſe in aB (3. Cox. LEM. 
10.). The tangents therefore at D, E, Will meet in the point P, 
and Gene Sy will be perpendicular to pE or FR. But Se. 
is parallel to AB (18. Dee:), therefore AB is perpendicular to FR, 


FIG. 


the focal reſpondent to the diameter SR, and conſequently. i is ordi- 5 


| _w applicd to the diameter SR 5 3 Fi a; D 


Take: 3. When the 990 lines a the 8 Wen 

Here every thing remains the ſame, except that SR in this caſe 
becomes a diameter ſecunda, and therefore not meeting the oppoſite 
ſections, its focal reſpondent FR will not meet the circle. But in 
this caſe, becauſe AB is parallel to a tranſverſe diameter, SP, which 
is correſpondent and parallel to AB, will meet the directrix in a 
point p within the circle (15. DEF.); and therefore, becauſe. Fa, 
Fs, touch the circle, F, being drawn, would be harmonically 
divided in its two concourſes with the circle (LRM. g.). | Where-' 
fore SP 1s parallel to the ordinates applied to the diameter SR 
(2. Cor. 14. ), and conſequently AB, Lou parallel t. to De is ordi- 
nately applied to S R. xd 

CoR. 3. If two right lines, 1 00 a conic ſeQion or ode op- 


poſite hyperbolas, meet each other, the right line drawn through 


the concourſe, and biſecting the right line which joins the points. 
of contact, will be a diameter of the ſection. 


For if not, yet the diameter drawn through the ane will 


biſect the fame right line, viz. two different right lines may. be 


. through che ſame two points, Which is abſurd, 


O | . Cor. 


4 
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CONIC SECTIONS. Prop. 18. 


CoR. 2. For the ſame reaſon, the diameter drawn through the 


point of biſection, will paſs through the point of concourſe. 


Cor. 3. If a right line drawn through the focus, be ordinately 
applied to the focal axis, the right lines drawn from the concourſe 
of the axis with the directrix to the points in which the focal ordi- 
nate meets the ſection ſhall touch the ſection. 

Or, the right lines touching the ſection. in the vertices of the 
focal ordinate, ſhall meet in the concourſe of the axis with the 
directrix. ; 

For, by this Pxop., the right lines touching the ſection in theſe 
points, do meet in the axis, and they alſo meet in the directrix 
(5. Cor. 9g.) ; therefore they muſt meet in the concourſe of the 
axis with the directrix. : | 

Cor. 4. If two right lines touching a conic ſection or the op- 
polite hyperbolas, meet each other, and from one of the points of 
contact be drawn a parallel to the diameter paſſing through the 


coneourſe of the tangents, the right line touching the ſection in the 


other point of contact, and intercepted between the contact and 


35, 89. 
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the parallel, ſhall be biſected in the concourſe of the tangents. 
The ſame things remaining as in the propoſition, from either 
point of contact A draw AH parallel to the diameter SR, mY 
BS in H; I ſay, that BH is biſected in 8. 
Let SR meet AB in O. Becauſe AB is biſeeted i in O, BH will 


be biſected 3 in 8 (2. e. 6. ). 


b In td; parabola, AH is itſelf a diameter, but in the 
hyperbola and ellipſe, if the diameter BCI be drawn, AH will 
paſs through the other vertex. Join AI, then becauſe AB is 
biſected in O, and BI in C, AI will be parallel to OC or SR, viz. 
AH and A will be one and the fame right line. 


WEE. - 
e 
e 


* 


Pap. 19. ON Ie SECTIONS. 


PROP. 19. 
If two ncht lines touch a conic ſection, the right 
line drawn from the focus to the concourſe of the 


tangents, if they be not parallel; but, if they be pa- 
rallel, the right line drawn through the focus parallel 


to the tangents, ſhall make equal angles with the 
right lines drawn from the focus to the points of 


contact; internally, if the right lines touch the ſame 
ſection, but externally, if they touch the ee 
e | 


The ſame things remaining as in the laſt, join FS, F FA, FB; 


I fay, that Fs ſhall make equal angles with FA, FB, internally 


or externally, as the points of contact A, B, are in the fame ſection, 
or in the oppoſite hyperbolas. 
Becauſe Fa, FB, touch the circle, FS drawn from the con- 


courſe F to the centre 8 will be perpendicular to AB, viz. to FP, 


which is parallel to AB (18. Dzs.). But FP makes equal angles 
with AF, BF, externally or internally, as the points A, B, are in 
the ſame or oppoſite ſections (16.) Wherefore FS, being perpen- 


dicular to FP, will make equal angles with AF, BF, internally or 
externally, as the points A, B, are in the fame (cCtion, or in the 


oppoſite hyperbolas. 
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. 


If the tangents AB, Ba, be parallel to each other, draw F Q 48, 49- 


parallel to AB, Ba; I fay, that FQ thall make equal angles with 
AF, BF, internally or externally, as above. 
For FP is perpendicular to the ordinates applied to AB, winch 


in this caſe becomes a diameter of the ſection (13. & 12.) viz. it 


is perpendicular to FQ. Therefore, for the fame reaſon as above, 


F Q makes equal angles with AF, BF, internally or externally, 2 


as A, B, are in the ſame ſection, or in oppoſite byperbolas. 


O 2 5 Con. 


—_ | conc $ECTIONs - Prov. 2. 
FIG. Cor. Hence it appears, that the focal ordinate of any diameter 
of the ellipſe or hyperbola makes equal angles with the right lines 

drawn from the focus to the vertices of the diameter, internally in 


the caſe of the ellipſe, but externally in that of the hyperbola. 
This i is merely the latter caſe of the PROP. * 


P R O P. 20. 


If an ordinate to a diameter of a conic ſection paſs 
through the focus, the rectangle under its ſegments 
between its vertices and the focus thall be equal to 
the rectangle under the ſemi-ordinate and the ſemi- 
latus rectum of the focal axis, 


52, 53. Let AB, drawn through the focus F of a conic ſection, and 
54. Ordinatcly applied to a diameter meet the fame in 8, and the ſæction 
| in A, B; alſo let Z be the ſemi- parameter of the focal axis; I fay, 
that the rectangles undder AF, FB, and AS, Z, are equal between 
themſelves. | 
54. If AB be parallel to the directrix, the diameter is the focal axis 
itſelf, in which caſe 8 coincides with F, and A8, AF, FB, become 
each equal to each other, and each equal to Z (5. Cok. 1.) ; there- 
fore the rectangle AFB is equal to the rectangle under AS, Z. 
52, 53. If AB be ordinately applied to any other diameter, and therefore 
| meet the directrix in P, the generating circle deſcribed round 8 
will paſs through A, B (2. Cor. DEF.), wherefore SA is to SP 
as Z is to FP (1. Cox, Dee.). But AB is harmonically divided 
in F, P, (3. CoR. 1.), and it is biſected in 8, therefore FS is to 
AS as AS is to SP (2. Cos. Lux. 5.), and ex æquo, Fs is to 
As as Z is to FP. The rectangle SFP is therefore equal to the 
rectangle under AS, Z. But becauſe of the harmonic ſection, the 
rectangle A B is equal to the rectangle SF P. Therefore the rect- 
angle AFB is cqual to the rectangle under 2 


CoR. 


Pror. 21. .  CONIC: SBC TRGms 
Cor. If two right lines meeting each other in the focus, do F I G. 

each meet the ſame ſcction in two points, or one the ſame, but the . 

other the oppoſite hyperbolas, or both meet the oppoſite hyper- 

bolas ; the rectangles under the ſegments. of each between the focus 

and ſection or ſections, ſhall be to each other as the ſegments of 

the focal lines, intercepted between the ſcction or ſections. | ) | 
The ſame things remaining, let DE allo paſſing through F meet 

the ſection or ſections in D, E; 1 tay, that the rectangle AFB 

ſhall be to the rectangle DFE as AB is to DE. 

Biſect DE in Q. The rectangle AFB is equal to the ti 

under AS, Z, and the rectangle DFE is equal to the rectangle 

under DQ and Z. Therefore the rectangle AFB is to the rect- 

angle DFE (as tlie rectangle under AS, Z, is to the rectangle under 

DQ, Z, viz. as AS is to DQ (IL. e. 6.), viz. doubling the con- 

ſequents,) as AB is to DE. 


If a right line touch a conic ſection, or - meet the 
ſame ſection in two points, or each of the oppoſite 
| hyperbolas, and round any point in the right line 
the generating circle be deſcribed; the ſquare of the 
ſegment intercepted between the centre of the circle 
and the point of contact, or the rectangle under the 
ſegments intercepted between the centre and the ſec- 
tion or ſections, ſhall be to the ſquare of a right line 
drawn from the focus to touch the circle, or to the 
rectangle under the ſegments of a right line drawn 
from the focus to cut the circle, in the ratio of equa- 
_ lity, if the right line be parallel to the directrix; but 


— — — 
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55, 56. 


of Fa, 


CONIC SECTIONS, Prop. 2r. 


if it meet the directrix, as the ſquare of its ſegment 


intercepted between the centre and the directrix is 
to the ſquare of a right line drawn from the con- 


courſe with the directrix to touch the circle, or to 
the rectangle under the ſegments of a right line drawn 
from the concourſe with the directrix to cut the circle. 


Let the right line AB touch a conic ſection in A, or meet the 
- ark ſection or the oppoſite hyperbolas in A, B, and round any 


point 8 therein be deſcribed the generating circle, and from the 


focus F of the ſection be drawn a right line Fa to touch the 


circle or to cut it in A, B, then, 


CASE 8 
ſquare of 


, or the rectangle ASB, ſhall be equal to the ſquare 
r to the rectangle A F B. | 
Draw FA) the focal pen to AB, which will touch the 
Circle in the reſpondent point A, or cut it in the reſpondent points 
A, B, accordingly as AB. touches or cuts the circle (9. & 1. Cos. 
3-)- In the firſt inſtance AS is equal to AF, in the ſecond the 


ſegments AS, SB, are reſpectively equal to the ſegments A F, FB 
(6. Cox. 3.). Therefore the ſquare of AS is equal to the ſquare 


of AF, and the * ASB to the 2 aFs. 


57, 88. 


"Cart 2. If AB be not ES to the directrix, but with its 
focal reſpondent FP meet the directrix in P; then for the ſame 
reaſon as in the 1. Cafe, will F P either touch the circle in the re- 
fpondent point A, or cut it in the reſpondent points 4, B; and I fay, 


that the ſquare of A8, or the rectangle AS B, ſhall be to the ſquare 
of AF, or the rectangle AFB, as the pes of SP is to the quare 


of AP, or the rectangle APB. 
Join Sa, FA, and Ss, FB, which are parallel Po Drr.) . 


AS is to AF as SP; is to 125 therefore when AB touches the 


ſection, 


If AB be . to the directrix, I ſay, that the 
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ſection, the ſquare of AS is to the ſquare of AF as the . of FIG. 


SP is to the ſquare of AP. But when AB cuts the ſection, be- 
cauſe AS is to AF as SP is to AP, and BS is to BF as SP is to 
BP, therefore by the compoſition of theſe ratios, the rectangle 
ASB is to the rectangle A FB as the ſquare of SP is to the rect- 


angie APB. 


PF R Q F. a 


1f two parallel right lines both touch, or if one 
touch and the other cut the ſame ſection in two 
points, or if both cut the ſame ſection or the oppoſite 


hyperbolas in two points, and any two points, one 


circles are deſcribed; then, 


In the Firſt inſtance, the ſquares of the ſegments: a 


in each, be aſſumed, round which the generating 


of the touching lines, intercepted between the points 


aſſumed and the points of contact; 
In the Second, the ſquare of the ſegment of the 
touching line and the rectangle under the ſegments 


of the cutting line, intercepted n the points 


aſſumed and the ſection; 

In the Third, the rectangles under the ſegments 
of the cutting lines, intercepted between the Points 
aſſumed and the ſection, 


Shall be to each other as the cles: under the | 
ſegments of any two- right lines drawn from the. 


focus to cut the circles, viz. intercepted between the 


focus and each circle; Or, what is the ſame thing, 


* 


s 


* 
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63, 64. 


1 G, E. Then in the 


59, 60. 


59. 


the ſquare of Fx is to the ſquare of FA. 
60. 


of Pa (21.). But the ſquare of OR is to the ſquare of RE as the 


61, "Py 


the circles in the reſpondent points E, A (9:), and the ſquare of 


| of SA as the ſquare of FE is to the ſquare of FA. 


3 
Fe <0 
87 
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as the ſquares of the right lines drawn from the focus 
to touch each circle. 


9 


Let the parallels EG, AB, either both touch he ſame ſection 
or the oppoſite hyperbolas in E, A, or the one EG touch the 
ſection in E, the other AB cut the ſame ſection in A, B; or both 
of them cut the. ſame or oppoſite ſections, viz. in E, G, and 
A,B; and round any two points in each parallel, viz. O in EG, 
S in AB, let the generating circles be deſcribed, and Fa, FE, 
touching the circles in A, E, or FAB, FG, cutting them i in A, B, 


1. Cas. When both the 1 touch the ſection or ſections. 
I ſay, that the ſquare of OE is to the ſquare of SA : as the ſquare 
of FE is to the ſquare of Fa. 

If EG, AB, be each parallel ve directrix, ir focal re- 
ſpondents F, Fa, will alſo be parallel to the directrix, will touch 


ba "> 
1 
9 
33 


OE be equal to the ſquare of FE, and the ſquare of SA to the 
ſquare of Fa (21.). Therefore becauſe equal magnitudes are pro- 
portional magnitudes, the ſquare of OE is to the Square of SA as 


If the parallels EG, AB, meet the directrix in R, P, the focal 
reſpondents FR, FP, will, as before, touch: the circles in the re- 
ſpondent points E, a ; and the ſquare of OE will be to the ſquare 
of FE as the ſquare of OR is to the ſquare of Rx, and the ſquare | 
of SA be to the ſquare of Fa, as the ſquare of SP is to the ſquare 


ſquare of SP is to the ſquare of PA (2. Cor. LEM. 14.). There- 
fore ex æquo, and by alternation, the ſquare of OE is to the ſquare 


35 3305 If one of the parallels AB cut the ſegtion in A, B, 
while EG touches it in E; I fay, that the ſquare of OE is to 
the — ASB as the ſquare of FE is to the rectangle AFB. 
The 


e 
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The ſame things remaining, if EG, AB, be parallel to che * F1G 
rectrix, the ſquare of OE is equal to the ſquare of FE, and the 6r, 
Therefore the ſquare | 


of OE is to the W ASB as the ſquare of F is to the rect. 


rectangle AS B to the rectangle A F B (21. ). 


angle AFB. 


If EG, AB, meet Fi direQrix in R, P, their focal nth 
dents FR, FP, will, the one touch its circle in the reſpondent 
point E, the other cut its circle in the reſpondent points A, 3. But 


the ſquare of OE is to the {quare of F as the ſquare of OR is 


to the ſquare of Rx; alſo the rectangle ASB is to the rectangle 
AFB as the ſquare of SP is to the rectangle A PB (21.), and the 


| ſquare of OR is to the ſquare of Rx as the ſquare of 5 P is to the 


62, 63. | 


rectangle APR (2. Cox. LEM. 14.) ; therefore ex æquo and by 


alternation, the ſquare of OE is to the rectangle ASB as the. 


DO of FE is. to the en A Fs. 


4; Ca 


If both the parallels E EG, AB cut the ſection. or fre 


tions in E, G, and A, B; I fay, that the rectangle EO G is to the 


rectangle AS B as the rectangle E F G is to the rectangle aFs. 


If EG, AB, be parallel to the directrix, for the ſame reaſon as 
in Cask 2., the rectangles EOG, ASB are reſpectively equal to 
the rectangles 2 F, AFB; therefore, the rectangle EO G is to | 
the rectangle AS B as the rectangle ꝝ Fd is to the reftangle A FB. 


If the parallels meet the directrix in R, P. Then it has been 
ſhewn in CasE 2. that the rectangle AS B is to the rectangle A Fs 
as the ſquare of SP is to the rectangle A PB, and for the fame rea - 
ſon the rectangle EO G mult be to the rectangle ꝝ F as the ſquare 


of OR is to the rectangle x RG; while the ſquare of OR. is to 


. Cor. LEM. 14.) ; 


to the rectangle A FB. 


| m_ rectangle ER 6 as the ſquare of SP is to the rectangle of AP3 


therefore ex æquo and by alternation, the 
ee E OG. is to che rectangle * as the angle EFG is 


Cor. 1. If two parallels, meeting fk an 1 of the 


P 


hyperbola meet. the ſame or oppoſite ſections in two points, the 


rectangles 


64. 


: perpendicular to SM, OM or CM, they touch the circles in M 
But the rectangles AS B, EOG, by this PRoP., are as the 
{ſquares of theſe equal tangents: FM or F, therefore the —_— | 


— _E£EON IC s ECT IONS. 


0. 1 fay, that the rectangles ASB, EO, 


PRO P. 22. 


rectangles under the ſegments intercepted between the ſection or ſeo- 
tions and the aſſymptotes are equal between themſelves. 


Let the parallels AB, EG, meeting the ſection or ſections in 


A, B, and E, G, meet each an aſſymptote of the hyperbola in 8, 
are equal between 
themſelves. The fame things remaining as in the PRop., the 
generating circles deſcribed round 8, O, paſs. through. M or N, 


the concourſe of the aſſymptotes with the directrix (8. Cor. DeF.), 
and FM, Fm, are perpendicular to the affymptotes (19. Cor. 


Drr.), are equal between themſelves (19. Cor. Dey.), and being 


OT M. 


ASB is equal to the rectangle BOG. 


Cor. 2. If two parallels, the one tes the he cutting 


either hyperbola, meet either of the aſſymptotes, the ſquare of the 
touching line and the rectangle under the ſegments of the cutting 
line, intercepted between the ſection and the | allymphote, ſhall be 


equal between themſelves. 


This is demonſtrated in the fame terms as the preceding corollary. 
Cor. 3. Hence if a right line meet an hyperbola or the oppo- 
fite hyperbolas in two points, and meet each aſſymptote, the rect- 


angle under its ſegments between the ſection and one aſſymptote is 
equal to the rectangle under the wang 2 the aten anf. 
the other aſſymptote. 


Cos. 4. Hence if a right Jigs meet air n or che oppo- 
ſite hyperbolas in two points, the rectangle under its ſegments be- 


tween the ſection or ſections and either aſſymptote is equal to the 


{quare of the ſemidiameter parallel to the right line. 


This when the right line meets the oppoſite hyperbolas, and the 


ſemidiameter is tranſverſe, is no more than a caſe of the 1. Cor.; 


and when the right line cuts the ſame ſection, it is a caſe of the 


2. Cok. , for the ſegment of the touching line parallel to. the cutting 


ne, intercepted , the point of contact and an aſſymptote is 


equal 
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equal to the ſemidiameter ſecunds, pretty to the ſame. Vir F. 1 G. 


Nor to 15. DEF. 


. Cor. 5. If two parallel right lines do either both cut, or the | 


one touch and the other cut a parabola, or an hyperbola or the op- 
poſite hyperbolas, or each touch an oppoſite hyperbola, and in the 


| caſe of the- parabola meet a diameter of the ſection, in the caſe of 


the hyperbola meet a parallel to either aſſymptote of the ſection; 
the rectangles under the ſegments of the cutting lines, or the ſquare 


of the touching line and the rectangle under the ſegments of the 


cutting line, or the ſquares of the touching lines, intercepted be- 


tween the ſections and the diameter or parallel, ſhall be to each 


other, as the abſciſſes of the diameter or of the parallel to an aſ- 


ſymptote, in, between each ſection and the; two 7; parallel 


right lines : . 


All other things r remaining the * as in the "ey let HD a 


diameter of a parabola, or a parallel to an aſſymptote of an hyper- 
bola, meet the parallels EG, AB in O, 8, and each ſection in D. 
J fay, that the rectangle E OG or the ſquare of O E is to the rect. 


angle AS B or the ſquare of SA as the abſciſs OD is to he. 


abſciſs SD. 


Let HD meet the directrir in H. The 8 circles 10 


{cribed round O, 8, paſs through, H (6. & 8. Cor. Dr.), there- 
fore HF, being joined, will meet each circle again. Let it meet 


them in the points p, d, which will in each circle be reſpondent 
to D (3. ), and therefore FD, Op, sd, being joined, will be pa- 
rallel to each other, But by this Prop. the rectangle EOG or 
the ſquare of EO will be to the rectangle ASB or the ſquare of 
SA (as the rectangle H Fp is to the rectangle H Fd, viz. as Fn. 
is to Fd (1: e. 6. ), v VIZ. on / SO of the parallels,): a8 OD is 


to SD. 


Cor. 6. Hence chain if in the caſe of the parabola the two 
parallels be ordinately applied to the diameter which they meet, 
the ſquares of the ſemi-ordinates ſhall be to each other as the 


abſciſſes. 


* 


＋ a | wy For 
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For the rectangles under the ſegments of the parallels are then 
the ſame with the ſquares of the ſemi-ordinates, becauſe the pa- 
rallels are biſected by the diameter to which they are e, ap- 


r= 15.) 
P R O P. 2g. 


If two right lines meeting each other, do both 


touch, or the one touch and the other cut, or both 


cut the ſame or oppoſite ſections, the ſquares of the 
touching lines, or the ſquare of the touching line and 
the rectangle under the ſegments of the cutting line, 
or the rectangles under the ſegments of the two 


_ cutting lines, intercepted between their concourſe 


and the ſection or ſections, are as the focal lines pa- 
rallel to them. 


Let the right lines AB, DE, meeting each. other in 8, ile 
both touch in the points A, D; or the one touch in A, the other 
cut in the points D, E; or both cat, the one in A, B, the other 


in D, E, the fame ſection or the oppoſite hyperbolas, and through 


the focus F be drawn GF H parallel to AB, meeting the ſection 
in G, H, and IFL parallel to DE, meeting the ſection in I, L; 
J fay, that the ſquare of AS is to the ſquare of DS, or the ſquare 


of AS is to the rectangle DSE, or the rectangle AS B is to the 


rectangle PSE, as GH is to IE. 
Round 8 deſcribe the generating circle, and from F 3 a riohe 


"Kine cutting this circle in Q Q; alſo biſect GH in O, IL in P. 
' Becauſe GH, IL, are drawn through the focus, and are biſected 


in O, P, the generating circles deſcribed round O, P, would paſs 
a! Hoa G, H, and I, L (2. Cos. Dxy.), and becauſe GH is alſa 


* | 


* 
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parallel to AB, therefore the ſquare of AS. or the reckangle ASB 
is to the rectangle Q as the rectangle: GOH or the fquare of 
' CO is to the rectangle GFH (21.). But the rectangle IFL is to 
the rectangle GF H (as IL is to GH (Cox. 20.), viz.) as IP is 
to GO; and IP is to GO as the rectangle under IP, G0, is to 


the ſquare of G0 (T. e. 6.), therefore the rectangle under 1 
GO, is to the ſquare of GO as the rectangle IFL is to the rect 


angle GF H. But it has been ſhewn, that the ſquare of Ag or the 


rectangle ASB is to the rectangle Q as the ſquare of GO is to 
the rectangle GF H, therefore ex æquo and by alternation, the 
ſquare of AS or the rectangle ASB is to the rectangle Q & as the 
rectangle under IP, GO is to the rectangle IF L. Again, the 
ſquare of DS or the rectangle DSE is to the rectangle QF as 
the rectangle IPL or the ſquare of IP is to the rectangle IFL 
(21. ); wherefore, ex æquo, the fquare of AS or the rectangle 
ASB is to the ſquare of DS or the rectangle DSE (as the rect. 
angle under IP, GO is to the ſquare of IP VIZ. as GO is to 1f 
Ct. e. 6% YI by doubling the conſequents) as GH is to IL. 

Con. 1. If a right line touching a conic ſection meet two paral- 


lels, of which, both alfo touch, or while one touches, the other. 
cuts, or both cut the ſame ſection or the oppoſite hyperbolas, the 
ſquares of the ſegments of the touching parallels, or the ſquare of 
the ſegment of the touching parallel and the rectangſe under the 


ſegments of the parallel which cuts, or the rectangles under the 


ſegments of the parallels which cut the ſection, viz: in each caſe, N 
the ſegments intercepted between the ſection and the touching line 


109 
FIG, 


falling upon the parallels, ſhall be as the ſquares of the ſegments of. 


the touching line, intercepted between its point of. e auc the 


parallels. | ; 
Let the right line GH touching a conie ſection in G meet in " 


vt 8, R, the parallel right lines AB, DE, either both touch- 


ing in A, D; or the one AB touching i in A, the other cutting in 
D, E; or both cutting, the one in A, B, the other in D, E, the 
fame ſection or oppoffte hyperbolas; I fay, that the ſquares 


68. 69, 
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of AS," DR; or the ſquare of AS and the rectangle DRE ; or the 


_ rectangles ASB, DRE, are as the ſquares of GS, GR. 
Through the focus F draw A n parallel to. AB or DE, and Gu 


parallel to, GH, meeting the ſection or ſections in A, B, and G, u. 
The ſquare of As is to the ſquare of G8, or the rectangle ASB 
is to the ſquare of GS (as AB is to GH, viz.) as the ſquare. of 
DR is to the ſquare of GR, or as the rectangle DRE. is to the, 
Guare af, GR. Therefore by alternation, the corollary is inferred. | 
Cook. 2. If a right line cutting a conic ſection or the oppoſite 
byperbolas meet two parallels, of which both touch ; or one touches, 
and the other cuts; or both cut the ſame ſection or ſections; the 
{quares of the ſegments of- the touching parallels, or the ſquare. of 
the ſegment of the touching parallel and the rectangle under the 
| ſeginents of the parallel which cuts, or the rectangles under the ſeg- 
ments of the cutting parallels, ſhall be in the ſame proportion as the 
rectangles under the ſegments of the cutting line; underſtanding | 
the ſegments to be as in the preceding. 5 | 3 
This i is inferred in the ſame manner as the n Con, 5 
Cox. 3. If two right lines meeting each other, do both touch, 
or the one touch and the other cut, or both cut the ſame ſection or 
oppoſite ſections, and two other right lines parallel to the former 
pair fall upon the ſection or ſections in like manner; the ſquares of 
the firſt pair if they both touch, or the ſquare, of the one which 
touches and the rectangle under the ſegment of the one which cuts, 
Or the ee under the 3 of each 5 both cut, ſhall be 


* 4 * 


pair. 8 

For the 3 of a; one e pair 1 the ana of the 
other pair are proportional to the ſame focal lines. 

Co. 4. The focal lines or focal ordinates parallel to two diame- 
ters of the ellipſe or hyperbola, are in the uus proportion of 


the Temidiameters, or of the diameters, 


This in the caſe of the ellipſe i is the ProP. itſelf in w other words; 
for the diameters mutually biſecting each other in the centre, the. 
rectangle under the ſegments of each diameter becomes the ſquare 
of 


4 
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of the ſemidiameter, and therefore the focal parallels are as -the 
ſquares of the ſemidiameters, or of the diameters. 


But in the caſe of the hyperbola, the Co. is thus illustrated. 
Let ED, MN, parallel to any two diameters of the hpperbola be 
drawn through any point O in an aſſymptote, and meet the fame 


or oppoſite ſections in D, E, and M, N. Then the rectangles 
EOD, MON are as the focal lines parallel to ED, MN (by this 


PRor.), while the rectangles are reſpectively equal to the ſquares 


of the femidiameters parallel to ED, MN (4</ Co. 22.).. T 
fore the Cor. immediately follows. 
Cor. 5. If two right. lines meeting _ = do both a. 


or one touch and the other cut, or both cut a parabola, the ſquares 
of the touching lines, or the ſquare of the touching line and the 


rectangle under the ſegments of the cutting line, or zthe. rectangles 
under the ſegments of the cutting lines, ſhall be as the e 


of the diameters to whoſe. ordinates the right lines are parallel. 


This is alſo the Proe. itſelf, for the focal. lines are th parame- 
ters (24. Dr.). b | 
Co. 6. If a right lng be e i e to a „ of - | 


— 


rr 
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ellipſe, or to a tranſverſe diameter of the hyperbola, the ſquare. of 195 


the diameter ſhall be to the ſquare of its. conjugate as the rectangle 


under the abſciſſes of the diameter f is to the PO: of. the n 


ordinate. 
This „3 98 from, the ProP., Eo; 18 1 5 illactrated. 
Let DE ordinately applied to AB, a diameter of an ellipſe or a 


tranſverſe diameter of an hyperbola, meet the diameter in. 8, the 
ſection in D, E, and GH be the diameter conjugate to AB, meet- 


ing it in C the centre of the ſection. I fay, that the ſquare of 
AB is to the ſquare of GH as the ome ASB is to the ſquare 
of SD or SE. | 


85, 86. 


In the ellipſe, becauſe the _ line AB in the ſection, 88 


meets the parallels GH, DE, which alſo cut the ſection, the rect- 


- 


angle ACB is to the rectangle GCH as the rectangle ASB i is to 
the rectangle DSE (2. Cok. ), that is, the ſquare of AC is to the 
| ſquare of GC as the rectangle ASB is to the ſquar2 of S D. 


> e In 


— NIC SECTIONS. Pao. 24. 
F G. In the hyperbola, draw Al tonching the ſection in the vertex A, 
86. and meeting either aſfymptote in T, alſo draw K IL. parallel to AB 
meeting the oppoſite ſections in K, L (7. ), and through the focus 
draw the focal lines AFB, DF E, parallel to AB, DE. The rect- 
angle K IL. is equal to the ſquare of AC (4. Cor. 22.), and AT 
is equal to GC or HC (Nors. 15. Dr.). But by this PRoP., 
the rectangle KIL is to the ſquare of AT, viz. the ſquare of Ac 

is to the ſquare of GC, as AB is to DE; alſo, the rectangle AS 
1s to the rectangle DS E or the ſquare of DS in the ſame ratio of = 

AB to DE. Therefore, ex æquo, the ſquare of AC is to the ſquare 5 
of GC as the rectangle AS B is to the ſquare of DS. And in 2 
whatever proportion NC; GO, e in in the h * are | 
their doubles AB, GH. 1 

-Cor. 7. Hence it follows, that if an ordinate to "ERGY ſe- 85 
cunda of an hyperbola be drawn, the ſquare of the diameter is to 
the ſquare of the tranſverſe diameter conjugate thereto, as the ſum 
of the ſquares of the ſemidiameter ſecunda and of the ſegment in- 
tercepted between the centre and ordinate is to the __ of the 

ſemi-ordinate. 

86. If DP ordinately ipplicd 1 to the diameter ſecunda on meet it 
in P; I fay, that the ſquare of CG ſhall be to the ſquare of AC 
as the ſquares of CG, CP together are to the ſquare of DP. 
The fame things remaining as in the laſt, the ſquare of CG is 3 
to the ſquare of AC as the ſquare of 8 D or CP is to the rect- = 
angle AS B, therefore, componendo, the ſquare of CG is to the 
ſquare of AC as the . of CG, C7 together are to the ſquare 
of CS or F. 
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- If two parallel right lines be inſcribed in a conic 
5 ſection, and either cut or touch the ſection, the point 
2 Ae agu e 1 enk 


ior "3 
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of contact being conſidered as à double point, and FIG. 


anfwering to the two points, in which a right line 
cutting the ſection meets it; and if from two of their 
terms, one in each, be inflected two right lines to a 
point in the ſection, meeting each the alternate pa- 
rallel; the rectangle under the ſegments of the paral- 


| lels intercepted between the inflected lines and the 
two remaining terms of the Parallels ſhall be to 


the ſquare of the right line joining either of theſe 
terms and the remaining term in the other parallel 


from which the inflected right line is drawn, as the 


focal line parallel to the inſcribed parallels is to the 
focal line parallel to the ae... right 2s : 


| Casz I. When neither of the inflected right lines Gch thi ection. | 
Let AB, CD, parallel to each other, be inſcribed in a conic 


ſection, and either cut or touch the ſection; ; from two alternate 


terms A, C, inflect AE, CE, to a point E in the ſection, meet- 
ing CD in F, AB in G, and join AD, BC. I ſay, that the 


rectangle under DF, BG, is to the ſquare of AD or BC as the 


focal line parallel to AB is to the 8 tine parallel + to AD: or 


BS. 
Draw EK parallel to AB, CD, meeting this n again 5 in K, 


and AD, BC in I, H. Becauſe of the parallels, BG is to EH 


(as BC is to CH, viz. ) as AD is to DT; and by alternation, BG 


is to AD as EH is to DI. But alſo, DF is to AD as EI is to 


AI. Therefore, compounding theſe two ratios, the rectangle un- 


der DF, BG, is to the ſquare of AD as the rectangle HEI is to 


the rectangle AID. But HE is equal to IK (9. Cor. 15.), 
therefore the rectangle HEI, is equal to the rectangle EIK, and 


the refiangls under DF, BG, is to the n of AD (as the 
Q e eee 


9o, Jl, 
93: 


: « — Vikeo = 


ON EC THO. Ns. „ 1 PRPDs 24;, 


"ny t ET br AB is to the foedl - line, parallel to AD; (23.).. 
The propoſition. i is the ſame, and the demonſtration is conducted 

in the ſame words, if AB touch the ſection, or CD alſo," the points 

of contact being conſidered as double points, and repreſented in 'the 

Fi 18. by the A NNE A, B, and .. 141 

| 1 FR. 21 41 21 22 D wi F,. 19 3 

)? Cer : 45 When enter; of the inflected right lines touches the 

ſection. 72 % 

92. If AE e the ran in which caſe the poigt E. fils in A, 


KE becomes the ſame with CA, the points G, E, alſo fall into A, 


A d the points H, K, into B; yet T-fay,! chat the gectanglecunger 
85 K id BG or AB is to che ſquare of AD dr. BC as the focal line 
a e to AB is to the focal Iine parallel to AD or BC. : 

Draw DM parallel to AE or AF, meeting the — again in 

M, and AB in V, allo. j join MB meeting the ſquare 

of AF is to the rectangle DVM as the rectangle DPC*is to the 
rectangle, AVB (3. Cor. 23). But becauſe of the parallels, AF 

is equal to DV, and DF to AV, therefore (T. e. 6:); AF- is to 
VM as FC is to VB, and becauſe the angle APC N to the 
angle MVB, the baſes AC, MBB will be parallel (6. e. 6. & 27. 
eit). Conſequentiy ABN Ci is a parallelogtam, as is alſo & FD. 
and AB being equal to CN, DF to AV, the rectangle under AB, 


- DF will be equal to the rectangle under CN, AV. But becauſe 
from the terms B, D, of the inſcribed parallels AB, DC, are in- 


fected to M the right; lines BM, DM, and meet the: parallek in 
N, V; therefore, by the preceding Caſe, he rectangle under CN, 
AV, viz.: under AB, DF, will be to the ſquare of AD or BC 


as the. focal line n to AB is to the f och line Feel to AD 


5 r \ 3} = 15 BY 2 9323 A 104 x 7 T7 
4 ö 


. The demonſtration of, this Caſe would be bon ſame, if CD had 7 > 


i 181 1681 36 
[i togchied' the ſection. : 'S 1 93G. 51047 


$2. 78 ®Cor. 1. If two parallels be inlertbedt in a Conic Ring und a 
right line touching the ſection at either term of one of the parallels 
* | EF | meet 


as Ein 15 tb the reckangle A LD, Avi.) as. the focal. line | 


1 
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+$£ 90617 
meet the other; the reklangle l under the pafallel whoſe term is the F I. 8. 


point of coptact and either ſegment ofothe: other, interœepted be- 
5 one of its coeourſes with the ſection and the tangent, chall 
_ be to the ſquare of the right line joining that concoprſe and the 
point of contact, er to the ſquare of tbeg right line joining the 
ther 'two terme of the parallels, as the focal line parallel to. the 
©" inſcribed parallels is tothe focal line parallel to. che right "Few 
5 jbmed. 07 3921193. 043 10 nato 5 £1 bum Eiern 7 t 
RY to This is merely the ſecond caſe of the propoſition. DR OO 
Co. z. If two patallels be inferibed;in,a conic ſection, and 
from two of their terms, one in each, be inflected two right lines 
tc a Poitit in the Te&iony and in like manner from the two remaining 
cerfus to aliytether point in the ſection, the rectangles under the 
44 ſegments? of the! parallels, anfercepted between each pair c of the 
£7 inflected linés ando that term in each, parallel from which the re- 
12 fpeative pair is not inflected, ſhall, bo equal between, themſelves. 
he ſame things remaiting as in the. Prop., from the two re- go, 91. 5 
| dining tetms B. Di draw BL, DL, to any point . an the ſection, 92. 
meeting CD, AB, ine; then by the Prop., the rectangle under | | 
Er, AG, has to therſquareof AD the ame proportion which the _ | 7 
1 rectangle under DF, BG, has to the, ſquare, of AP, and therefore | | | 
the rectangle under. DF, BGA is equal to the e under 
En, Ao: 1 Di 75 nie idm ab; i ms =; 
Con. 3. If two parallel cabs lines be inſeribed in a 9810 5 
tion, and pu right lines joining their terms be, drawn, the ſquares of = . 
| Wicks right lines ſo drawn ſhalb be as the focal lines parallel to them. | 
The ſame things remaining, the rectangle under BG, DF is to 90, 91. 
te ſquare of & D as the focal ine parallel to AB is, to the focal 92. 
* parallel to AD; and the ſame rectangle under BG, DF is to 
2 ſquare of BC as the focal line parallel to AB is to the focal line 
rallel” to BC: Therefere; ex æquo, the ſquare of AD is to the 
mY 40 uate of BC! aS xhe focal line parallel to AD is to the focal line 
5 Wn a ald to BCA 11 07 Roc 120 vi Ae to T5:J57ir:h <4 
en Con? A. 4. Tf a right line touch a conic e 700 En to it 
be weten in the fection a right line cutting it, the ſquares of the 


os 201 
| a as _ | 0D 
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C'ONIC SECTIONS. Prov. 24. 
right lines joining the point of contact and the terms of the parallel 


cutting the ſection, ſhall be as the focal lines parallel to them. 


This is inferred in the ſame manner as the laſt. 

Cor. 5. If two right lines touching a conic ſection meet each 
other, and from each point of contact a right line be drawn parallel 
to the alternate tangent, meeting again the ſection, the rectangles 
under each parallel and the ſegment of the tangent to which it is 


parallel, intercepted between the contact and the concourſe of the 
' tangents, ſhall be to each other as the focal lines parallel to the 


tangents. 


Let AF, CF, touching a conic Wai in A. c, meet each _ 


in F, and AB, CL, parallel to CF, AF, meet the ſection again 


in B, L; I fay, that the rectangles under. AB, CF, and CL, AF, 
are as the focal lines parallel to CF, AF, or to AB, CL. 


Join AC. By CAsk 2. of this Pxor. the rectangle ander AB, 


CF is to the ſquare of AC as the focal line parallel to AB is to 


the focal line parallel to AC; and the rectangle under CL, AF, 
is to the ſquare of AC as the focal line parallel to CL is to the 
focal line parallel to AC. Therefore, ex æquo, the rectangle under 


AB, CF is to the rectangle under CL, AF as the focal line parallel 


to AB is to the focal line parallel to CL. 


Cor. 6. The fame things remaining as in the. laſt Corollary, | 
the right lines drawn parallel to the tangents are in the ſame pro- 


portion as the tangents to which they are parallel. 
Becauſe AF, CF, touching the ſection, meet each other in F, 


the ſquare of CF is to the ſquare of AF as the focal line parallel 
to CF or AB is to the focal line parallel to AF or CL (23.). 


Therefore, ex æquo, the rectangle under AB, CF is to the rect- 
angle under CL, AF as the ſquare of CF is to the ſquare of AF, 
and conſequently AB is to CL as CF is to AF (1. e. 6.). 


' Cor: 7. If from the vertices of a diameter of an ellipſe, or a 


tranſverſe diameter of an hyperbola, two right lines be inflected to 
any point in the ſection, and each meet the tangent to the ſection 


at the alternate * the rectangle under the ſegments of tho 


tangents, 


r 
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tangents, — between the vertices and the inflected Rees 
ſhall be to the ſquare of the diameter as the focal line re to the 
tangents is to the focal line parallel to the diameter... 
This is merely that caſe of the Prop., when AB, ob, hi 93- 
touch the ion, in which caſe AD or BC becomes the dia- 


meter (12.). 


Cor.'8. If a 3 8 ar an ellipſe c or kypecfoll, meet 


two conjugate diameters, the rectangle under the ſegments of the 
touching line, intercepted. between the contact and the diameters, 


is equal to the ſquare of the ſemidiameter 22 to the NE: 
line. 


Let a ka Jin ST e an ellipſe or er lt in C, meet 


two conjugate diameters O T, OS in T, 8, and OZ be the ſemi- 
diameter parallel to I. 11 day, that, the 1 SCT is "equal. 
to the ſquare of OZ. 


Draw the diameter COA, and CE ordinately applied to OT, 
viz. parallel to OS, meeting OT, in V, and the ſection in E; 


join AE, meeting ST in F, and draw AG touching the ſection in 
A, or parallel to 8 T, and meeting os in R, CE in G. In the 


triangle ACE, becauſe AC is biſeCted 1 in O, and CE in V (15.), 
AE is parallel to OV. Alſo in the triangles ACG, ACF, becauſe 
AC is biſected in O, AG, F, will be biſected in R, T, and AG 


is double to G R, that is, to 80, and CF i is double to CT. But 
the rectangle under AG, CF, . is to the ſquare of AC (as che 


focal line parallel to AG or CF is to the focal line parallel to AC 


(7. Cok.), viz.) as the ſquare of OZ is to the ſquare of A0 
(4 Can. 245) Wherefore the rectangle under the halves being 
in the ſame proportion to the ſquare of the half, the rectangle SCT 


will be to the ſquare! of AO as the ſquare of O2 is to the ſquare 


of AO, viz. the rectangle % will be equal to the ſquare of 92. 


Cor. 9. If a right line touching an ellipſe or bype bola meet 


a [Dacnee) and from, the point of contact be drawn an ordinate to 
the diameter, the rectangle under the ſegments of the dia iameter, 
intercepted between the centre and tangent, the centre and ordi- 


nate. ſhall be equal to hs ſquare of the ſemidiameter. | 
Let 
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Conte sreTIONS. aerdat. 
Let a right line DE touching af ellipſe or- n han et 


any diameter ACB i in E, and from D be drawn DF ordinate to 
AC meeting cr in 5 then e- being the centre of the ſection; 


1 fay, that the recigle ECF is equal to the ſquare of AC. 

Let ED meet " 0. By the diameter conjugate to AB, in E, and 
CG. be ſemidiameter parallel to ED. Then the rectangle AE B 
is to the ſquare of ED (as the focal ordinate parallel to AB is to 
4 focal ordinate parallel to ED (23.), viz.) as the ſquare of AC 


48. to the quare of CG (4. Cok. 23). But the rectangle E Dv 


is equal to the ſquare of CG (8. Con. ); therefore and by alter- 


nation, the rectangle AE B is to the ſquare of AC (as the ſquare 
of Eb is to the rectangle E D x, viz.) as ED is to DR. Where- 


Ts fore, componendo, or dividendo; the ſquare of EC is to the ſquare 


of AC (as Ex is to DE, viz.) as E is ts CF, AC is therefore 


a mean proportional between EC, CF; or the cequangle « ECF 


is equal to the ſquare of AC. 


- Cor. 10. If a right line touch an ple or- hyperbola, and 


| Rom the point of contact a perpendicular be drawn, meeting either 


axis of the ſection, alſo from the centre of the ſection a perpen- 
dicular be drawn to the touching line; the ſemi- conjugate axis 


97. 


ſhall be a mean proportional between the perpendiculars, ' 
If the conjugate, diameters in the aſt Corollary be the conjugate 


: axes, then every thing remaining the ſame, viz. AC being the 
conjugate axis to AC B, if DP perpendicular to ED meet either 
axis AB in P, and CI be drawn perpendicular to ED; I ſay, that 
+ AC. ſhall be a mean proportional between 8 9 I. Draw Dy 


ordinately applied to the axis A B. 

Becauſe of the parallels, the angle 2CI 18 W to the 8 
PDF, and the angles at I, F, are right; therefore the triangles 
PDF, =C1, are equiangular, and PD is to DF or Cy as EC is to 


| CI. But by the laſt Corollary, Cr is to AC as AC is to EC; 


therefore ex æquo perturbats, TIEN is to 0. as AC is to CI. 


AS 


by ". 
I 
77% 
r 
UE 
OY. 
3 
8 
FOR” 
IRIS 
8 
n 
We 
Es 
1 
> 
Tar 
"EROS! 
3 
SOME” 
:V 
8 
1 
8 
I 
8 N 
Wb 
N 
8375 
ONS 
B 
E 
Pe ES 
TA 
IS 
oe 
TR: 
es 
. 
rn * 
5 
xs 
INF 55 
NF 
3 
1 
EA LE 
WE 
<= 
. 
ep 
N28: 
5 
n 
N 
= 
. 
8 
3 
7 
US 
1 
7 
Ss 
E : 
3 J 
8 
CR 
ht: 
VEL 
Wl 
N 
ei 
8 2 
3 
OTIS 
5 5 
KITES : 
8 
3 
3 
55 
Bt 
1 
Tet 
LORE: 
| 
ek NE 
3 
> 
8 


. 
R 
EPs 5 8 Ot 

. 8 


iy 


PRO. 235. CONIC SECTIONS. 


If the perpendicular meet the axis, A Cin , it will. in hke m man- F * 6. 


ner be ſhewñn thav'e D is to AC as AN is to O 1. | 

Con. it. If a right Uns touch an ellipſe. or hyperbola, and a 
perpendiculer thereto at the point of gontact. meet each of as axes, 
the ſegments of the perpendicular intercepted, between the point 


of contact and cach axis, ſhall be alternately i in the duplicate r ratio 


of the ſemi-axes or axes. _ 
The ſüme things remaining as inc the laſt CoR.,, the 7 of 


AC _ ert. to yRg under n D, 85 and the 585 1 5 of AC i 


„ 1754S & & 


HA 


3 Ke "= 
; e 5 12 - bf L's $3 ST] 1 12 
A =" * 14 22311 


Tit "Aw 25. 
2113 1. 2 8 6 le 


- mo J 


S _- 's 20 5 of 4 N 


e rig zut + fink be kaſerwed- in mid e | 


ä either cut or touch che fection, the Point -of 
contact being conſidered as 4 double point, in like 
manner as in the laſt, and. if. £ rom two « of. their terms, 
en Lach, tWo right lines cbe..infletted to a point 


1 


in the Hog? and from the<two remaining terms 
two other right lines be inflected: to any other point 
in the ſection; the right line joining t the interſections 


of he Afrlesed right lines, viz, the interſection of 


8 1 


880 


one of dc" pair wich the. alternate one of theiother 


pair, ſhall * verge to the concourſe-of the inſcribed 
right lines, viz. it {hall paſs, through their concourſe, 


if they do meet; and n to dhe, if EY be 


beraner Vetweetvicheniſebves. | 


11 


Let 


of 


* 


conic: SECTIONS. Eger 35; 


Dt 
F I G. "Tt AB, D, BL inſcribed i ina conic ſection, and from the terms 
98, 99. A, C, let AE, CE, be inflected to a point E in the ſection, alſo 
100, LOL. from the remaining terms B, P, be infected BL, DL to any other 
102, 103. point L. in the ſection; and let AE, DL, meet in O, CE, BL, 


104, 105. meet in P; 1 5 that OP, if N. ond, ſhall verge to the concourſe 
& e. L928? | 


* 


99, 100. : Tak 55 eue AB, CD, are parallel to each other; 1 ay, 
101, 102. that OP ſhall alto be parallel to AB or CD. 
5 Deſcribe any generating circle, whoſe centre is 8, wh pe 
inſcribe | AB, CD, the focal correſpondents to AB, CD, alſo 
AE, DL, the focal correſpondents to AE, DL, meeting each 
othef in o, and CE, BL, the focal correſpondents tw CE, BL. 
meeting in Pp. The points o, , will be correſpondent w.0, P 
(4.), and or, being joined, ſhall) be the focal correſpondent to 
100. OP. — Then if AB, CD, be parallel alſo to the directrix, AB, p, 
ſhalb alſo be parallel to the directrix (18. DET.) . Therefore be- 
- cauſe in the circle ene ee two > parallels AB, CD, and from 
the terms A, o are inflected AE. C E, toa point x in the circum- 
ference,” and. rom A che remaining terms, B, p, ate inflected B L, 
: DL, 'to "another point 1 in the cireumference, the right line oe, 
which joins the concourſe o of KE with „L, and the ooncourſe 
p of o with BL, ſhall be parallel to AB, or cD (Le. 12. ), viz. 
-be parallel to the directrix. Wherefore the conic line OP, to which 
o is the focal correſpondent, al alſo be "”m_ to the n 
4 VIZ. be parallel AP or CDT af £ (3 
-99, 101 If AB, CD, meet the directrix, then þ being parallel to. A ws, 
1 their focal eorreſpondents A B, p, will meet in the directrix (2. 5 
Con. Des.). Let them meet in x, becauſe A B, CD, are inſcribed 
in a circle, and meet in R, and from two of their terms A, c, are 
7 inflected AE, CE, to a point E in the circumference, and from the 
remaining terms B, D, are inflected B L, D L, to another point L in 
the circumference, the right line oe, which joins the concourſe o 
of AE with DL, and p the concourſe of cg with BL, ſhall paſs | 


through 


£ fi 


Por. s. CONIC SECTIONS. 


through k (LEM. 12.). Wherefore the three right lines AB, cp, 
or, pertaining to the circle, having their common concourſe in the 
direQrix, the right lines AB, CD, OP, which are their conic 
_ reſpondents, al; vs; parallel between themſelves (1 2. Cor. 
DEF. * 


CASE 2. When AB, op, are not parallel, but meet in R; 
I fay, that OP verges towards R, viz. that O, P. R, are in one 


ſtrait line. 


Every thing being confirufted the ſame as in the laſt, every / thing 


will remain the ſame, except that Rx, the concourſe of A B, co, is 
not in the directrix. For the ſame reaſon, as in the preceding caſe, 


the points o, p, R, are in one ſtrait line. Join OR, PR, and draw 


Sq, the conic correſpondent to thoſe reſpondents, of which oPR 
is the focal correſpondent. Then ox is the focal correſpondent to 
OR, and PR is the focal correſpondent to PR (2. Cor. 4.) ; but 
OR, PR, are one and the ſame right line, therefore OR, PR, their 
conic reſpondents, are parallel to one and the fame right line (18. 


ran 
F I G. 


98, 103. 
104, 105. 


Dr.), viz. to S and conſequently being drawn through the 


ſame common point R, they are one and the fame right line. 


Cor. If two right lines be inſcribed in a conic ſection, and the | 


right lines joining their terms, be drawn, the two concourſes of 
theſe right lines, and the concourſes of the tangents to the ſection 
at the terms of each of the inſcribed. lines, Gall be i in the fame 
right line. 

Let AE, DL, be inſcribed. in-a conic ſection, and AL, DE, 
meeting in P, and AD, EL, meeting in Q be joined. Allo, let 
AR, ER, touching the ſection in A, E, meet in R, and DO, LO, 
touching the ſection in D, L, meet in O; I fay, that = four 
points P, Q. R, O, ſhall be in one ſtrait line. ; 
Becauſe the right lines AR, ER, touching the ſection, meet in 
R, and from the points of contact A, E, are inflected AD, ED, 
and alſo AL, EL, to the points D, L, in the ſection, the inter- 


ſections QF, of AD, EL, and of ED, AL, will be in the fame 
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ncht line with R. For the ſame reaſon, DO, LO, touching the 
ſection in D, L, and DA, LA; being inflected to the point A in 
the ſection, and DE, LE to the point E in the ſection, the three 
points Q. P, O, will be in one ſtrait line. Therefore the four 
points F. R, O, are in one and the nas _—_ Une. 


* * —⸗‚⸗N 


If a quadrilateral be inſcribed in a conic ſection, or 
10 the oppoſite hyperbolas, and from any point in the 
ſection or in either hyperbola be drawn two right lines 
parallel to two adjacent ſides of the quadrilateral, the 
rectangles under the ſegments of the right lines be- 


tween the point in the ſection and the oppoſite ſides 


of the quadrilateral ſhall be proportional to the focal 
ordinates parallel to the two adjacent ſides of the 


Cas? 1. When two fides of the quidrilatetal are parallel. 
Let ABCD be a quadrilateral inſcribed in 4 conic ſection, or in 


the oppoſite hyperbolas, having the ſide AB parallel to CD; and 


parallel to two adjacent ſides AB, BC of the quadrilateral,. let 
EPF, EHL, be drawn from any point E in the ſection or ſections, 
meeting each the oppoſite ſides of the quadrilateral in P, F, and 
H, L; I ſay, that the rectangles. v HE L, are as, Eu focal 
lines parallel to AB, BC. 
The right line E PP either meets the folic again in a FR R. 
or touching the ſection, the points E, R, coincide; and in either 


caſe RF is equal to EP (9. Cor. 15. ), and the rectangle E FR 


is equal to the rectangle F EP. Again, becauſe EB, EC, are 
To BF is REN to EH, and FC to EL, and the 
| rectangle. 


8 
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rectangle BF C is equal to the rectangle HEL. Wherefore the 


rectangle EFR is to the rectangle BF C as the rectangle FE P is 
to the rectangle HE L. But the rectangle E F R is to the rectafigle 
BFC as the focal line parallel to E R of AB is to the focal Ki 


parallel to BC (23.); therefore ex æquo, the rectangle FE P is 


to the rectangle HEL as the focal line parallel t fo AB is to the * 


Wood line ages to 201 e een win, " 
Chen 2. awhile two pe l ; des of thi quailiketir are not 
parallel. e 


The ſame things remaining, except what is excepted; 1 fay, 


that the ſame property obtains, viz. that the REIT is PEP, 


HEL, are as the focal lines parallel to AB, BC. 
Draw AK, DO, parallel to BC, the former meeting the f ſection 


_* 
TIE. 


107. 


or an oppoſite hyperbola in K, and EF in I; the latter ttteeting 


AB in O; alſo join CK, meeting EH in G, and DO in Q. 


Becauſe of the parallels, the triangles CGL, COP, and ay, 


DOA, are equiangular; wherefore GL is to DQ (as CL is to 
CD, viz.) as B H or EF is to BO, and, by alternation, GL is to 


EF as DQ is to BO. Again, AI or EH is, to IP as. DO is 
to AO. Therefore the ratio compounded of theſe two tatios will 
be, as the reQatigle under EH, GL, is to che rectafigle Under 
EF, IP (fo is the rectangle O to the rectangle AOB, Viz), 


ſo is the focal ordinate parallel to BC to the focal ordinate parallel 


to AB (1. CAs E.). But for the fame reaſon the rectangle HEG 
is to the rectangle FEI as the focal line parallel to BC is tothe 


focal line parallel to AB. Therefore the whole or remaining rect- 


angles HEL FEE; wall be f in LT me ratio of the Tear ls 


paridel to BC, AB. it 5 wy 

. Con: 1 IF in e 1. Caſe, wha AB is acallel to CD, the 
right line drawn through E parallel to AB, touch the ſection in E, 
then EF becomes edna to EP (8: Cok. 1 f.); and the ſquare df 


EF or EP, being the fame with the rectangle FEP, is to the 
* | 2 es. 
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reQangle HEL : as the focal line en AB 1 is to . 


parallel to BC. 
Cox. 2. Hence the points A, B, c, D, remaining 8 . 
the point E moving through the ſection or oppoſite ſections, the 


ratio of the rectangles FE P, HEL, will be conſtantly the fame: 
Cor. 3. The three points A, B, C, and the point E, remaining 


fixed, and EF, EH being drawn parallel to AB, BC; if the point 


D move through the ſection, and AD, CD, being joined, meet 
EF, EH in P, L, the ratio of EP to EL ſhall de conſtantly _ 


* the ratio of the rectangles F EP, HEL, 15 conſtantly the 


fame, viz. that of the focal lines parallel to AB, BC. But EF, 


HE, are conſtant, therefore the ratio of EP to EL i is ee | 


the fame. 


This ratio is alſo given, if the point R, in which EP meets 
the ſection again, be given, or if EF touch the ſection in E, viz. 
if the paints E, R, coincide; for the ratio is that of FR to CF.— 
By this Prop. the ratio of the rectangles FEP, HEL, is that of 


| the focal lines parallel to AB, CD, and in the fame ratio are the 


rectangles EFR, BFC (23.). Therefore the rectangle FE P is 


to the rectangle HE L as the rectangle EF R is to the rectangle 


BFC, and conſequently, becauſe HE i is equal to BF, EP will be 


to EL as FR is to FC (1. e. 6.). 
Cor. 4. If a quadrilateral be inſcribed in a conic ſection, and 


from any point in the ſection be drawn four right lines to the four 
ſides of the quadrilateral, the rectangle under any two of the right 


210. 


lines, which meet oppolite ſides, ſhall de to the w under 


the other two in a given ratio. 

Let the quadrilateral AB CD be inſcribed i ina conic ſection, ar 
in the eppoſite hyperbolas, and from any point E in the ſection be 
drawn EH, EF, EL; EP, to meet the ſides AB, BC, CD, DA; 


1 fay, that the rectangle FE ſhall be to the reGtangle | HEL in 
. FS | | 


Draw: 


Proy. 29, CONIC SECTION. 


Draw Eu l parallel to BC, meeting AB, cD, in n, x; and 


Err parallel to AB, meeting BC, AD, in r, r. Then, be- 
cauſe the ſides of the quadrilateral and the right lines drawn from 


E, and conſequently the right lines ERL, Er, are given in po- 


ſit ion (31. DAT A.), the triangles HER, FEr, LEL, PE, will 
be given in ſpecie (28. & 43. DATA.) . Wherefore the ratio of 
FE to Er, of EP to Er, of HE to Eu, and of EL to ET, is 
| given, and conſequently the ratio compounded of theſe ratios is 
given, viz. of the rectangle FE to the rectangle 5 E, and of the 
rectangle HEL to the rectangle n EL. But by this propoſition, ® 


the ratio of the rectangle E to the rectangle HEL is given; there- 


fore the ratio of the e F EP to the n HEL i is s allo 
* 


1 PROP. a7. 
If from the focus of a conic ſection two right lines 
be drawn which meet the ſection towards the ſame 


parts, but on different fides of the axis, and are equal 
between themſelves, they ſhall make equal angles 
with either axis. And more than two equal right 
lines cannot be drawn from the focus to meet the 
ſection towards. the ſame parts of the focus. 


. Converſely. If from the focus two right lines be 


drawn which make equal angles with the axis, and 
one of them meet the ſection, the other ſhall alſo 
meet the ſection towards the ſame parts, and they 
ſhall be equal between themſelves. 


FlG 


Let two right lines, FG, PH, drawn Nan the focus F of a 130, rg: 
conic ans and A the ſame ſection towards the ſame parts, 73% 


be. 


* 
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FIG. be equal between themſelves ; I lays that FC G, FH, ſhall _—_ 


equal angles with either axis. 
Let FA be the focal axis, and DCE the conjugate axis of ho 


e eee. Join GH, and draw GI, HT, perpendicu- 
lar to the directrix. Then FG is to Glas FH is to HT (1. Cok. 
1.) ; wherefore becauſe F G- is equal to FH, GT ſhall be equal to 
HT, and conſequently. GH is parallel to the directrix, and per- 


pendicular to the axis FA. Becauſe therefore FA is perpendicular 
to the baſe G H of the iſoſceles triangle G F H, it will biſect the 
angle GF H (Con. 12. e. 1.), viz. FG, F H, make equal angles 
with FA. And in the ellipſe and hyperbola, becauſe GH, DE, 


are each perpendicular to FA, they are parallel between themſelves, 


and GF H being an iſoſceles triangle, FG, FH, make equal angles 
with GH (5. e. I.), viz. with DE (29. e. 1.). 


J fay, alſo, that no other right line equal to FG or FH can be 


drawn from F to meet the ſame ſection. Let FV be any other 


right line drawn from F to meet the ſection in V, and from V. 


draw VU perpendicular to the directrix. The point Vis not in 
the right line GH, becauſe a right line cannot meet à conic! ſec- 


tion in more than two points (5. COR. 3.) wherefore VU is not 
equal to HT. But FV is to VU as F H is to HT (1. Cok. 10, 


therefore FV is not equal to FH. 


Converſely, if FG, FH, do make equal angles Wag 7A, ati 
one of them PG meet the ſection in G, the other ſhall alſo meet 


the ſection towards the fame parts, and be equal to F G.—Draw 
GH parallel to the ordinates applied to FA, meeting AF in Q, 


and FH in H., Becauſe the angles GF, HF., are right, the 


angles GF Q. HF Q equal between themſelves, and the. fide FO. 


is common, the ſide GQ ſhall be equal to Q, and FG be equal 


to FH-(26. e. 1). Wherefore GH being biſected in Q ard the 


point G being in the ſection, the point H ſhall be in the ſection 


alſo (8. Cok. 15.). Wherefore FH does meet the ſection towards 
oy the ſame parts with the point G, and is equal to FG, | 


Cook. I: If in a conig ſection a focal ordinate be drawn, another 


and only one other may be drawn, Wen is equal to it, and this 


other . 
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ſhall be equal between themſelves.”  .© ! : ans 
Let GO paſſing through the focus F meet a conic - foldioncl or 
the oppoſite hyperbolas in G, O; I fay that another and only one 
other right line may be drawn through the focus,- fo as the part in- 
tercepted by the ſection or ſections ſhall be equal to G O, and that 
this other ſhall make with Aber axis the fare Rus. which GO 
makes. To) 
Draw F H making towards" this eppes parts of: e axis the - 
angle AF H equal to the angle AFG. Becauſe FG meets the 
ſection in G, FH will alſo meet in a point H, towards the fame 
parts of the focus With G, and FH will be equal to FG. For 
the ſame reaſon will FH meet the ſection again. or the oppoſite 
ſection in a point P, towards the fame parts with O, and FP be 
equal to FO. Therefore the whole or remainder H P- will be equal 
to the whole or remainder GO; and HP, G0 make equal angles 


with F A. Moreover no other than Hp can be drawn equal to 
80, becauſe no other than * can een, * nn ang 


EP equal © B00 25... Die 2. A. £4 31 4 


Comnverſely. If the focal ardindic GO, HP; Aike W 5 


with the axis, they ſhall be equal between themſelues: For be- 
cauſe FG, FH, make equal angles with FA, they are equal to 
each other, and for the ſame reaſon; are PO, FP, equal to each 


other; therefore the Whole or nn 9 18 1 to >the: whole ; 


or remainder H. WIe 


Cok. 2. In an ellipſe and „ one be * We nn. 


may be drawn, Which is equal to a given one, and theſe two equal 


diameters make equal angles with the “axis. And converſely, if two 
diameters of the ellipſe and hyperbola do make equal eee 


the axes, they ſhall be equal between themſelves. 
Let KL be a diameter of an ellipſe or hyperbola, and c toh 8 


centre, F the focus, AB the focal axis. Towards different parts 


132. 


of the axis draw the diameter MN, making tlie angle N CA equal 


to the angle LC A. 1 GE that KL ſhall be equal to MN. 


Tus | 


127 
other will make equal angles with elthes: axis. And converſely, FI G. 
two focal ordinates which do make equal * 1 en * 


1298 
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Through the focus F draw HP, GO parallel to KL, MN, meet- 
ing the ſection in H, P, and G, O. Becauſe KL, MN, make 
equal angles with FA; HP, GO, which are parallel to them, will 


alſo make equal angles with FA, and conſequently be equal between 


themſelves (1. Cok.). But HP, GO, are in the duplicate ratio 


of the diameters KL, MN (4. Cor. 23.), therefore K L is alſo 


equal to MN. And no other diameter can be drawn equal to KL, 


\ becauſe only two equal ordinates can be drawn through the focus. 


Cor. 3. If two right lines touching a conic ſection or the oppo- 
fits hyperbolas, meet each other; and make equal angles with an 
axis, they ſhall be equal between themſelves, the right lines joining 


their points of contact ſhall be ordinately applied to an axis, and the 


2555 159, 
160. 


concourſe of the tangents ſhall be in the axis itſelf. 


And converſely, if two right lines touching a conic ſection meet 
each other, and the right line joining the points of contact be or- 


dinately applied to an axis, the two right lines ſhall make equal 


angles with an axis, and their concourſe ſhall be in the axis to 


which the ordinate is applied. 


Let AE, CE, touching the ſame conic Son. or r oppoſite hy- 
perbolas in A, C, meet each other in E, and make equal angles 


witk either axis; I ſay, that AE is equal to CE, the right line 


AC joining the points of contact ſhall be ordinately applicd to an 
axis, and the concourſe E ſhall be in that axis. 

Becauſe AE, CE, make equal angles with the axes, the focal 
ordinates parallel to them will alſo make equal angles with the axes, 
and therefore be equal between themſelves. But the focal ordi- 


nates are in the duplicate proportion of AE, CE (23.), there- 


fore AE, CE, are alſo equal between themſelves. Wherefore 


AC is an iſfoſceles triangle, and EI perpendicular to AC will 


biſet AC in I. and conſequently will be the diameter to which AC 
is ordinately applied (1. Cor. 18.). But becauſe AC is ordinately 

applied at right angles, EI will be an axis of the ſection. 
And converſely, if AE, CE, touching a conic ſection meet in 
E. and AC joining the points of contact be ordinately applied to an 
| | | axis; 
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axis; I fay, that AE, CE do make equal angles with an axis, and F 1 G. 


that the concourſe E is in the axis 0 which AC is ordinately 
apphed. 

Draw the diameter of the ſection which paſſes through E. A 
will be ordinately applied to E 1 (18.), and it is alſo ordinately ap- 


plied to an axis; therefore EI is an axis of the ſection, and conſe- 


quently perpendicular to AC, and biſects it in I. Wherefore the 


angles AEI, CE1, and the right lines AE, EC, are equal be- 


tween themſelves (4. e. 1.). 
| Cox. 4. If two right lines, the one Rev te the other cutting | 


a conic ſection, or the oppoſite byperbolas, meet each other, and 


the right lines make equal angles with the axes; the ſquare of the 
touching line ſhall be equal to the rectangle under the ſegments of 


the cutting line, intercepted between the ſection or ſoftions and the 


concourſe. 


And converſely, if the ſquare of the one be —— to o the 3 
under the ſegments of the other, the r lines ſhall n gn 


angles with the axes. 


Con. 5. If two right lines, each ung the ſection or ti | 
hyperbolas, meet each other, and make equal angles with an axis, 


the rectangles under the ſegments of each intercepted between the 
ſection or ſections and the concourſe, ſhall be equal to each other. 
And converſely, if the rectangles be equal, the * lines ſhall 


make equal angles with the axes. 
Theſe two corollaries are e inferred from the Mak as in 


| the 3. Cor. 


Con. 6. If the right line joining the vertices of two dinragiers 
of a conic ſection be ordinately applied to an axis, the right- lines 
touching the ſection in theſe vertices ſhall meet in. an axis, make 


equal angles with an axis, and be equal between themſelves ; more- 


over, the parameters of the diameters, the ordinates applied from 


each vertex to the alternate diameter, the abſciſſes of the diameters 


intercepted thereby, and in the caſe of the ellipſe and hyperbola, 
As | Dh 
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F C. the diametets alſo and the diameters 3 to them ſhall be 


168, 4169, 


170. 


— 


equal between themſelves. 

Let the right line AD joining the vertices i D, of two diame- 
ters AA, Dp, of a conic ſection be ordinately applied to an axis, 
then Al, DI, touching the ſection in A, D, will meet in the axis 
to which AD is ordinately applied, and be equal between them- 
ſelves, and make equal angles with an axis (3. Cok.). Wherefore 
the parameters of the diameters (23.), and in the caſe of the ellipſe 
and hyperbola the conjugate diameters (4. CoR. 23:), as alſo the 
diameters ſhall be equal between themſelves (6. Cor. 23.) „ Bot -- 
farther, if DO, AE ordinately applid to Aa, Dy be drawn, and 


C be the diameter of the ſection; I fay, that D O ſhall be equal to 
AE, and AO to DE. For becauſe the angles IDA, IAD are 


equal between themſelves, the alternate angles DAE, ADO, ſhall 
alſo be equal between themſelves. And in the ellipſe and hyper- 
bola, becauſe DC is equal to AC, the angle ADC is equal to the 


| angle DAC, while in the parabola the diameters being parallel to 


the axis, the angles ADE, DAO are right and therefore equal. 


Wherefore in each ſection the triangles ADO, DAE are equi- 


angular, and the homologous fide AD is common to each, therefore 
the other homologous ſides DO, AE, as alſo AO, DE, ſhall be 
equal 'between themſelves (26. e. 1.). 


/ G 


P R 0 P. 28. 


If 8 che focus of a conic hath, vighe lines 
be drawn, which are intercepted by the ſame ſection; 
that is the leaſt, which is ordinately applied to the 
focal axis, and that which is nearer to the axis is 
greater than that which is more remote, and 

In the caſe of the ellipſe, the Toca! axis is the 
greateſt o of all. 6 


But 


"2m 
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But in the oppoſite hyperbolas, the leaſt focal right 


131 
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line is the axis, and of others, that which is nearer 


to The, axis is leſs than that which 1 1s more remote. 


Let F be the focus,” KK the 


133. 


conic ſection; I ſay, that of all the right lines drawn through F, 
and intercepted by the ſection, the leaſt 1s DEF D, which, i ordi- $1 


nately applied to the axis AB. 


Let EF E be any other focal line meeting the &&ion. in E. E. 


Es is not biſected in F, becauſe not ordinately applied to AB. 


Biſect therefore EE in O, and draw EI, EI, OK, DH, perpen- 
dicular to the directrix. Becauſe EE is not parallel to the direct 


rix, one of its ſegments FE, will decline from the directrix, the 


other Fx incline towards the directrix, and EI will be greater than 


EI. But EI is to EF as EI is to EF (1. Cor. 1.), therefore 
EF is greater than EF, and the point O will be on the part of 


F towards E, viz. the point O is remoter from the directrix than 


F, and OK is greater than FL or DH. But OE or Os being 
equal to the ſemidiameter of the generating circle deſeribed round 
0 (2. Con. Dpr.), OK is to OE as DH is to DF (1. Cor. 
Dpr.), and therefore OE will be greater than DF. Wherefore 


the double Ex will be greater than the double Dn. 


Again, of two focal right lines Ex, Ge, intercepted by the FR 
tion, I fay, that Ge, which is nearer to the axis AB, is greater 


perpendicular to the directrix. Then for the ſame reaſon as above, 
the point o will be remoter from the directrix than O, and ox will. 


fore Go will be greater than EO, and the ANI 60 be en, 
than the double Ex. 

I fay alſo, that in the caſe of the ellipſe, Fa axis AB is the 
greateſt line, intercepted by the ſection, which can be drawn 


| gs the focus F. Biſet AB in the centre C. Becauſe the 


8 2 5 perten 


IS 


than Ex, which is more remote.—Biſe& G in o, and draw OK | 


be greater than OK. Aud by the fame reaſoning it is ſhewn/ that 
ok is to Go (as DH is to DP, viz.), as OK is to EO. Where 


1 

4 57 
: 
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F 1 0. vertex A is that point in the ellipſe, which is moſt remote from the 
directrix, therefore by the ſame reaſoning as above, it is ſhewn that 
C is remoter from the directrix than o, and that CL is greater than 
ok. Alſo for the ſame reaſon, CL is to CA as ok is to Go, and 
therefore CA is greater than Go, and the: double AB * than 
the double GG. 
134 II. In the oppoſite weten. I fay, chat of all the right lines 
drawn through the focus F, and inſcribed between the ſections, the 
axis AB is the leaſt, and that Ex remoter from the axis is n, 
than G, which is nearer to the axis. 
Let AB, Ex, Go, meet the directrix in L, H, K, and draw 
EI, GN, perpendicular to the dire&rix. Becauſe GK is greater 
than GN (19. e. I.), and GN is greater than BL (2. Cor. 6.), 
therefore GK is much greater than BL. For the fame reaſon is 
GK much greater than AL. Wherefore the whole GG is much 
greater than the whole AB. 
- I fay alſo, that EE is greater than Gs. i EO parallel to 
Gs, meeting the directrix in O. ' Becauſe FG falls within the 
angle BFE, EO will fall within the alternate angle FEI, and EH 
be greater than EO. But on account of the equi-angular triangles 
EIO, GNK, El is to GN as EO is to GK, therefore EI being 
greater than GN (2. Cox. 6.), EO will be greater than GK, and 
_ conſequently EH will be much greater than GK. For the ſame 
T 23 | reaſon is E H much greater than G K, therefore the whole E E is 
| | much greater than the whole GG. 
Cor. 1. If two right lines touching the ſame n or each an 
oppoſite hyperbola, meet each e that ſhall be the greater, which | 
is nearer to the focal axis. 
133. Let the right lines PQ, v. Wee each other in Q touch 
the ſame ſection, or each an oppoſite hyperbola in P, V; then if 
VQ be inclined to the focal axis AB in a leſs angle than PQis, I 
ſay, that VQ is greater than PQ, _ 
Through the focus F draw Ge, Ex, parallel to va. PQ, and 
meeting the ſection in G, G, E, E. Becauſe Ls PQ, touch the 
| . n, | 
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ſection, they are neither parallel to an aſſymptote nor to a tranſverſe 


diameter of the hyperbola, nor to the diameters of a parabola (II.). 
and therefore GG, Ez, which are parallel to them, will meet the 


ſame ſection in the points GG, EE (8.). Wherefore by this PROP. 

GS will be greater than ER. But G is to Ex in the duplicate 
proportion of VQ to PQ (23:), therefore alſo V Q will be greater 
than PO. 


©Cor.:2. For the ſame reaſon, 0 a right line touching a conic 


ſecton meet A right line cutting the ſame ſection or the oppoſite 


hyperbola, then accordingly as one of theſe lines is nearer to the fo- 
cal axis than the other, the ſquare of the touching line, or the rect- 


angle under the ſegments of the cutting line, between the ſection 


and the concourſe, ſhall be the greater. 


Cok. 3. For the ſame reaſon, if two right Bl which ink 
cut the ſame ſection or an oppoſite hyperbola, meet each other, the 


rectangle under the ſegments of the one, which i 1s nearer to the fo- 
cal axis, is en than the 3 under the ſegments of the 
other. 

CoR: 4. And in like manner, if two richt lines inſcribed in the ſame 
ſection, or in the oppoſite hyperbolas, meet each other, the rectangle 


under the ſegments of the one which is remoter from the focal axis, 


ſhall be ern than the n under the ee, of the 
other. 


Cok. 5. In the ellipſe, the eben ane is the axis tranſ- 


verſe, which is therefore called the Axis MA joR; the leaſt is the 


axis ſecundus, which is therefore called the Axis Minor ; and 


that diameter which i is nearer to the ax1s tranſverſe 1s greater than | 


that which is more remote. 
Let AB be the axis tranſverſe, TT the axis ſecundus, and Ss, 
RR, two other diameters, of which Ss is nearer to AB than RR; 


I fay, that AB is the greateſt, Tr the leaſt, and that Ss 1 is greater 


than RR. 


Draw through the focus F the focal linen Do, Ge, "AY parallel | 


to TT, Ss, RR, and meeting the pes in D, b, G, 6, E, E. 


Then 


133 
FEI GI 


7 


138. 


| CONIC SECTION:S. Prop. 29; 
Then AB is greater than Go, by the Proe, but AB, Ss, meet- 


ing each other in C, the rectangle ACB is to the rectangle SCs - 


as AB is to GG (23.). Therefore the rectangle ACB is greater 
than the rectangle SCs, that is, becauſe AB, Ss are. biſeQed in 
C, the ſquare of AC is greater than the ſquare of SC, and AC 
is greater than SC, and the double AB is greater than the double 
OS. 


y the fame reaſoning it is proved that any diameter Ss is n | 
than the axis ſecundus TT; and alſo that Ss, which is nearer to 


the tranſverſe axis, is greater than Rr, which is more remote. 
Con. 6. In the oppoſite hyperbolas, the axis tranſverſe is the 


leaſt. diameter, and that diameter, which is remoter from the axis 


tranſverfe, is greater than one which i is nearer to it. 


This is proved in the fame manner as the laſt corollary. 


ee booted 26: Y RO. 29. 


If a right line touching a conic ſection in the ver- 


tex of the focal axis, meet a right line touching the 


ſection in any other point, and from this other point 


be drawn an ordinate to the axis, the ſegment of the 


line, which touches the ſection in the vertex, inter- 


cepted between the vertex and the concourſe, ſhall 


be equal to, leſs, or greater than, the abſciſs of the 
axis, intercepted between the vertex and the ordi- 
nate, accordingly as the ordinate paſſes throagh the 
focus, is remoter from, or nearer to, the vertex than 
the focus 1s. | 


1. Let DF lay pra to the "RE axis of a conic ſection 
pals, (throagh-the focus F, and meet the ſection in D, and, A be- 
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ing the vertex of the focal axis AF; let AB, DB, touching the FI G. 


ſection in A, D, meet each other in B. Ht that AB is W 


to AF. 
Let the axis meet . diredrix in E, and idly DH n 


the axis, meeting the directrix in H. The tangent DB paſſes 


through E (6. Cor. 9.), and DH or EF is to FD as AE is to 


AF (1. Cor. 1.) But on account of the N EF is to F 


as AE is to AB; therefore AB is equal to AF. : 

II. If py ordinately applied to the axis, meet it in ale point 5, 
remoter from the vertex A than the focus F is, and Ds touching 
the ſection in Þ, meet AB in B; I ſay, that An is leſs than AF. 


be repreſented by. X, Y, Z. Becauſe BD is inclined to the 
axis in a greater angle than BD, Y is remoter from the axis than Z, 
and therefore will be leſs than Z (28.). Wherefore X has to V 


a greater ratio than X has to Z (8. e. 5.). But X is to V in the 


duplicate ratio of AB to BD, and X is to Z in the duplicate ratio 
of AB to BD (23. ); therefore AB has to BD a greater ratio than 


As has to By. Again by CASE f., AB is equal to AF or BG, 

and on account of the equiangular triangles BGD,.B61;' BG or 
AB is to BD as BG is to BI; therefore BG has to BI a greater ra- 
tio than AB has to Bp. But becauſe BD falls within the angle 
GBI, it will be leſs than BI, and BG will have to BD a greater 


ratio than BG has to BI (8. e. 5.) ; therefore BG will have to BD 
a much greater ratio than AB has to BD. Whexefore AB is leſs 
than BG or AF. 


III. Let the point y be nearer to the vertex A than 3 focus * 


1 a. that AB is greater AF. 


Other things remaining the ſame, becauſe now BD 8 
angle with the directrix than BD, therefore by a parity of reaſon- 
ing, AB will have to BD a leſs ratio than AB has to BD, and be- 
cauſe AB or BG is to BD as BG is to BI, therefore BG will have 


to 


The fame things remaining, draw BG, BG, parallel to the 
axis, meeting Dor, DF, in 6, G, and BI parallel to BD, meeting 
DF in I. Alſo let the focal ordinates parallel to AB, BD, BD, 
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to BI a leſs ratio than AB has to By. But becauſe B D now falls 
without the angle G6 BI, BD will be greater than BI, and BG will 


have to BD a leſs ratio than BG has to BI. Wherefore B 6 has to 
BD a much leſs ratio than AB has to BD, and conſequently AB is 


greater than BG, viz. than Ar. 

ScnoL. If the right line be drawn, touching a conic ſection in 
the vertex of the focal right line, which is ordinately applied to the 
focal axis, and a parallel to the ordinates applied to the ſame axis 


meet the ſection, the axis and alſo the touching line; the ſegment 
of the parallel between the axis and the tangent ſhall be equal to 
the diſtance between the focus and the . in which the n, 


meets the ſection. 


Through the focus F of a conic ſection let AB, ordinately ap- 
plied to the focal axis FQ, meet the ſection in A; ind join A and 


: Q the concourſe of the axis with the dire&rix. AQ will touch 


the ſection in A (6. Cor. g9.). Draw any parallel to AB, meet- 
ing the ſection in I, AQ in L, and . H, and join FI; 1 
fay, that HL is equal to FI. 


By the 1. Cor. 1. QH is to FI, (as QF is to FA, vie.) as 
QA is to HL. Therefore HL is equal to FI. 


This Scholium is demonſtrated in the ſame manner as the 1. CAsE 


of this PRoP., and is that more general property, which compre- 
henils the firſt CAs RE. | 


PRO 3 


If a right line touch a conic ſection, and from the 
point of contact two right lines be drawn to meet the 


focal axis, the one ordinately applied to the axis, the 


other perpendicular to the touching line; the diſtance 


between the focus and the point of contact ſhall be a 
mean proportional between the portions of the axis, 
5 eee 


1 


8 


Pror: 40.) CONIC SECTIONS. 
intercepted between the focus and the bee 


the ordinate and the directrix. 
Alſo, the ſame two portions of the axis are to each 


other in the duplicate ratio of the principal ſemi-pa- 
rameter to the diſtance of the focus from the directrix. 


Let AD be a tonic ſection, F the focus, XX the directrix, 
FA the focal axis, meeting the ſection in A and the directrix in E. 
If a right line DH touch the ſection in D, and DP perpendicular 
to DH, DG ordinately applied to the focal axis, meet the axis in 
P, G; I fay, that FD, being JO _ — a mean proportional 
between FP, GE. 

Let DH meet the directrix in N, ad pkg DI perpendicalns 
to the directrix, join FI, FH. Becauſe the angle DFH (1. Cos. 


| 9.), and alfo the angle DIH, are right, the four points P, F, H, I, 


are in a circle, and the angle DFI is equal to the angle DHI. 
Again, becauſe the angles PD H, PE H, are each right, the four 
points D, P, H, E, are alſo in a circle, and the angle DPF is 
equal to the angle DHI. Therefore the angle DFI is equal to 
the angle DPF. But the angle DFP is equal to the alternate 
angle FDI; therefore the triangles PDF, FID, are equiangular, 


and FP is to FD as FD is to DI. But DI is _— to GE, 


therefore FP is to FD as FD is to GE. 

I fay alſo, that FP is to GE in the duplicate proportion of the 
principal ſemi-parameter to FE. For, becauſe F D is a mean pro- 
portional between FP, DI, therefore FP is to DI or GE in the 


duplicate ratio (of FD to DI, viz. Z.) of the TEES S 


to FE (I.). 


Cor. 1. In the oatabola; the (ubnormal PG 18 equal to the 


ſemi-latus rectum of the axis. 
| Becauſe in the parabola, the pricipeh hdr is ws 
to FE IS Dr.), and FP is to GE in the duplicate ratio of this 


T ſemi- 
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ſemi-parameter to FE, therefore FP is equal to GE, and adding 
or taking away FG, which is common, PG will be equal to FE. 
Co. 2. In the ellipſe and hyperbola, the ſubnormal PG is to 
FE the diſtance of the focus from the directrix, as CP, the diſ- 
tance of the centre of either ſection from the point P is to CF the 
diſtance of the-centre from the focus. | 

F is to GE in the duplicate proportion (of the JO ILY ſemr- 
parameter to FE, viz.) of AC to CE (4. Cor. Dr.). But be- 
cauſe AC is a mean proportional between CF, CE (17. Cox. Dr.), 


therefore CF is to CE in the duplicate proportion of AC to CE, 


and conſequently,. ex æquo, FP is to GE as CF is to. CE, or in- 
vertendo, GE is to FP as CE is to CF. Wherefore, dividendo 


or componendo, CG 1s to CP as CE is to CF; and again, divi- 


dendo or componendo, PG is to FE as CP is to CF. 

NorTe. Theſe two Corollaries agree for in the parabola, the 
centre being at an infinite diſtance. or vaniſhing, CP, CF, become 
equal, and therefore PG, FE, alſo. 


Cox. 3. In the ellipſe and hyperbola, the ſubnormal, viz. that 


part of either axis, which is intercepted between the ordinate and 


F4O, 141. 


the perpendicular, is to the portion of the axis intercepted between 
the centre and. the ordinate, as the ſemi-latus rectum of the ſame 
axis is to the ſemi- axis, 

Firſt, if the perpendicular Geet AB the alert axis, Ry: L 
. ee its ſemi-latus rectum; I ſay, that PG 1s to CG as L is 
to AC. | 

By the preceding Gail PG is to CP as FE is to CF, 
therefore, componendo or dividendo, PG is to CG as. FE is to 


CE. But FE is to L as CE is to AC 4. Cor. Dee. ); there- 


Foye, alternando and ex æquo, PG is to CGas L is to AC. 

Secondly, if the perpendicular meet AB the axis ſecundus in p, 
and L repreſent its ſemi-latus rectum. Draw DG perpendicular Wo 
A&B, then. PG. is the ban, and [ lay, that v & is to Ca. as L 
ws to A C. 6 


ts 
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Becauſe of the parallels, PGis to CG (as CG is to PG, viz.), 
as AC is to L. But ACC is to Las L is to AC (24. Cor. Dxy.). 
Therefore, ex æquo, PG is to C as 1 is to AC. 


P R O P. 31. 2 
If two . lines touching a conic jon or the 
oppolite hyperbolas meet each other, and a right line 


parallel to one of them, and cutting the ſection or 


either hyperbola, meet the other touching-line and 
alſo the right line joining the two points of contact; 
the ſegment of the parallel, intercepted between the 
other tangent and the right line joining the points 


of contact, ſhall be a mean proportional between the 


ſegments of the parallel intercepted between the 


tangent and the ſection. 
But if the parallel alſo wu the 88885 or an op- 


poſite hyperbola, the ſegment intercepted between 


the tangent and the right line joining the points of 


contact ſhall be equal to the ſegment 8 be- | 


tween the tangent and ſection. 


| Let the right lines AS, BS, W a conic ion or an op- 
poſite hyperbola in A, B, meet in 8, and DE parallel to BS meet 


the ſection or an oppoſite hyperbola in D, E, AS in G, and AB 


in H; I fay, thas GH ſhall be a mean etage between DG, 
GB 


The ſquare of AG is to "the 3 DGE (as the ſquare of 


parallels,) as the ſquare of AG is to the ſquare of GH. Where 
= 2 fore. 


AS is to the ſquare of BS (2. Cox. 23-), Viz. on account of the 
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 CONIC SECTIONS. Prov. 32. 
fore the ſquare of GH is equal to the rectangle DGE, and GH 


is a mean proportional between DG, GE. 


But if GD touch the ſection or either hyperbola in D, then 
G H ſhall be equal to GD. 


For the ſquare of AG is to the ſquare of GD (as the ſquare of 
AS is to the ſquare of BS (1. Cor. 23.) viz.) as the ſquare of 
AG is to the ſquare of GH. Wherefore GH is equal to GD. 


1 Pp R OP. 32. 
If a right line As touching a conic ſection, be pa- 
rallel to a diameter Bs, or meet it in 8, and from the 


point of contact A be drawn AD ordinately applied 
to the ſame diameter Bs, and meet it in D, alſo EG 


be drawn parallel to AD, ere i ſection i in E, G, 


and A8 in I; then, | 
If By be any diameter of the ellipſe or habla, 

or a tranſverſe diameter of the hyperbola, and at the. 

vertex B be drawn BH parallel to AD, and meet 


ASi 1 ſay, that the rectangle EIG is to the 


ſquare of LD as the ſquare of BH is to the fquare 5 


_ of BD. 


178, 179. 
let AS meet CP the tranſverſe diameter conjugate. to 
By, in the point H; I fay, that the rectangle EIG 


: 175, 176. 
177. 


But if By be a diameter 3 of ths ann 


is to the ſquare of LD as the ſquare of CH is to the 


ſquare of CB the ſemidiameter ſecunda. 


' CasE 1. When Bs is any diameter of the parabola and aura, | 
or a tranſverſe dinneter of the N 


| Becauſe 


Proe. 322 CONIC SECTIONS. 


Becauſe B is a vertex of the diameter BB, and BH is parallel to 
the ordinates applied to BB, it will touch the ſection in B; where- 


fore becauſe the right line AS touching the ſection in A meets the 


parallels EG, BH, in I, H, the rectangle EIG is to, the ſquare of 
BH (as the ſquare of AT: is to the ſquare of AH (1. Cor. 23.), 
viz.) as the ſquare of LD is to the ſquare of BD; and, alternando, 
the rectangle EIG is to the quae of LD as the Ke of BH is 
eee e BD. 1:5 ons 


Cask 2. When fins is a ä 6 of the 3 


If As be parallel to the diameter ſecunda Bs; the point H falls 


in A, and CH becomes the ſame with AC. But the rectangle 


EI G is to the ſquare of AI, (as the focal line parallel to EG or 


141 
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AC is to the focal line parallel to AL or CB (23.), viz:) as the 


| ſquare of AC or HC is to the ſquare of CB (4. Cor. 23.). But 


Al is equal to LC or. LD, therefore the rectangle EIG is to the 


{quare of LD as the ſquare of HC is to the ſquare of CB. | 
If AS be not parallel to BB, but meet it in 8; draw AO parallel 
40 BB, meeting CP. in O. The ſquare of CP iss equal to the 


rectangle OCH (9. Cox. 24.), and taking away the common 


ſquare of CH, the remaining rectangle PH will be equal to the 


remaining rectangle OHC (3. e. 2. & 5. e. 2.). But alſo, be- 


cauſe CB is a mean proportional between 8 C, CD (9. Cor. 24.) 


the ſquare of CB is to the ſquare of CD (as SC is to CD, viz. 
as HC is to OH, viz.) as the ſquare of CH is to the rectangle 


OHC or PHe. Apain, becauſe AS touching the ſection in A 


W the parallels EG, Pp; which” cut the ſections, the rectangle 
E 1G is to the rectangle PH (as che ſquare of AI is to the 
ſquare of AH (1. Cor. 23.), viz.) as the ſquare of LD. is to the 


ſquare of CD. But it has been thewn, that the ſquare of CH is- 


to the rectangle P H as the ſquare of CB is to the ſquare of CD. 


Therefore, ex æquo, the rectangle EIG is to the ſquare of ED 


as the Mg * C is to the — of CB. 


* | i | | Cor... 


oy 
— en, + rr te eo repro porn ——_ 
— F x 


142 


FIG. 


180, 181. 


180. 


— 


| GOGNIC: SECTIONS, ProP. 33. 
Cor. 1. If the diameter BB be the focal axis, and D be the 


focus of the ſection; or when BB is the axis ſecundus of the hy- 


perbola, if HC be _ to CB, the wks wth EIG ſhall os equal | 


to the ſquare of LD. 


For in the firſt caſe, BH being um to BD (29. ), and in the 5 


ſecond caſe, HC being equal to CB, it follows directly from the 
propoſition, that the rectangle EI G is equal to the ſquare of LD. 


CoR. 2. If the diameter BB be the ſocal axis, and D be the fo. | 


cus, and EG meet BB in Ly DE ding — {hall de equal to 


1 


181. 


 bola, meeting EG in L, and CH be-equal to CB, then DI, be- 


For the a EIG being, by the Need Cok., bald to 


the ſquare of LD, add the common ſquare of E L, and the ſquare | 
of IL will be equal to the ſquare of DE, viz. IL will be _ 


to DE.—This Cor. has already appeared in Scnor.. 29. : 
Cor. 3. If the diameter BB be the axis ſecundus of ths hyper- 


ing joined, ſhall be equal to EL. | 
For the rectangle EIG is then equal to the ſquare of LD, 


therefore adding the common ſquare of IL, the ſquare of EL will 


182, 183, 
184, 185. 


be equal to the ſquare of DI, and EL be equal to DI. 


PROP. 33; 


The ſame ale remaining, if By be the focal 
axis, and the point D be remoter from the vertex B 


than the focus is, in which caſe BH will be leſs than 
BD (29.), and, if round the vertex B with the diſ- 
tance BH a circle be deſcribed, meeting BH again 


in E, and DQ be drawn to touch this circle in Q and 
meet HB in T, alſo through T be drawn TS, verg- 
ing to the concourſe S, and meeting EG in K and 
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DK be joined; ; I fay, that the rectangle EK G is to F G. 
the ſquare of DK as the ſquare of BH is to the 
ſquare of BD. 


Draw HS, verging to the concourſe 8, let it meet EG in 1, and a | 
join BQ which will be perpendicular to DT. The ſquare of BQ_ 


is to the ſquare of BD as the ſquare of T'Q is to the ſquare of 
BY (8. e. 6.), that is, becauſe BQ is equal to BH, and the ſquare 


of TQ is equal to the rectangle HT n, the ſquare of BH is to 
the ſquare of BD (as the rectangle HT u 1s to the ſquare of BT 
viz.) as the rectangle IK1 is to the ſquare of KL. But alſo the 
rectangle EIG is to the ſquare of ED as the ſquare. of BH is to 
the ſquare of BD (32.), therefore, ex æquo, the rectangle IK is 


to the ſquare of KL as the rectangle EIG is to the ſquare of LD. 


Wherefore, componendo, * the rectangle EKG is to the ſquare of 
DK (as the rectangle EIG is to the ſquare of LD, viz.) as the 
1quare of BH is to the ſquare of BBD). 

Cor. The rectangle EK & i is to the ſquare of DE as the ſquare 


of BT is to the ſquare of BD. 4 


For the rectangle EK G is to the ſquare. of DK : as . ſquare 
of BH or BYQ is to the ſquare of BD; therefore, dividendo, 
I the rectangle EKG is to the ſquare of DE (as the ſquare of 
BQ is to the ſquare of . viz.) as the = of BT is to the 
ſquare of BD. 


* This . ſuppoſes that the rectangles 1 Kr 1, EIG. together are equal to 


the rectangle EK G. Becauſe II, EG, are each biſected in L, the ſquare of KL NW 


is equal to the rectangle IK 1 together with the ſquare of IL, and alſo to the rect- 
angle EK G together with the ſquare of EI: (6. e. 2.).. Therefore the rectangle 
I K 1 together with the ſquare of I L is equal to the rectangle EK G together with 
- the ſquare of EL. Take away the common ſquare of EL, and the rectangle IK 


together with the rectangle EI G is equal to the rectangle EKG (6. e. 2.). 


T This diviſion ſuppoſes that the ſquare of D K is equal to the rectangle EK G 
together with the ſquare of DE. The ſquare of K Lis equal to the rectangle EK G ' 
together with the ſquue cf EL. Add the common ſquare of LD, and the ſquare 
of DK will be _ to the e EKG together 8 the ſquare of DE. 
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oN SECTIONS. Prov. 35. 


PROP. Is 


The ſame things remaining, if AS be parallel to the axis ſecun- | 


dus BB of an hyperbola, or meet it in 8, and alſo meet the axis 
tranſverſe Py in H; then joining II, and B a vertex of BB, if C 
be the centre of the hyperbolas, and in CP on the parts of C op- 
poſite to H, be taken CT. a fourth proportional to BH, SB, Ci; 
and T'S, meeting EG in K. be drawn, verging to the concourſe 
8, alſo DK be joined; I ſay, that the rectangle EK G ſhall be to 
the Fquare of DK as the nts of CH is to the ſquare of BC. 


In cP on the parts of C oppoſite to H 1 CH equal to CH, 
and verging to S draw Su, meeting EG in 1. , Becauſe BH, BC, 


CH, CT, are proportionals, and CB is leſs than BH, CT will 
be leſs than CH, and the point T will be between the terms H, 


H, as allo the point K be between the terms I, 1. Then the ſquare 
of BH is to the ſquare of B C as the ſquare of CH is to the ſquare 


of CT; therefore, dividendo, the ſquare of CH will be to the 


{quare of BC (as the rectangle H T H is to the ſquare of CT, viz.) 
as the rectangle IK is to the ſquare of KL. But alſo the ſquare 
of CH is to the ſquare of BC as the rectangle EIG is to the 
ſquare of LD (32.); therefore, ex æquo, the rectangle IKI is 


to the ſquare of. K Las the rectangle EIG is to the ſquare of LD; 
and, componendo, * the rectangle E K G is to the ſquare of DK 


(as the rectangle EG is to the ſquare of LD, VIZ.) as the ſquare 
of CH is to the ſquare of BC. 


Cor. The rectangle EK G is to the ſquare of DE as the {quare 


of CIT is to the ſquare of BC. 


For the rectangle E K G is to the ſquare of DK as the Sau of = 


CH is to the ſquare of BC; whence, componendo, + the rect- 


angle E K G is to the ſquare of DE (as the ſquare of CH is to the 
Iquare of BH, viz.) as the {quare of CT is s to the en of BC. 


ans Vide 1. of the preceding notes. uk 


+ This i is illuſtrated in the ſame manner as the ſecond of the preceding notes. 


PROP. 


Prop. 37- | CONT0: ein 


FRA 35. 


The ſame things remaining as in Prop. 3 3. 36A 
right line parallel to AD meet the ſection in the point 


E, and TSinK; I ſay that DE, DK, being Janes, 
ſhall be in the conſtant ratio of BH, BT. 


For every thing remaining the ſame, the rectangle EK G is to 
the ſquare of DK as the ſquare of BH is to the ſquare of BD 
(33-), and alſo, the rectangle EK G is to the ſquare of DE as the 
the ſquare of BT is to the ſquare of BD (Cor. 33.). Therefore, 
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ex æquo perturbate, the ſquare of DE is to the ſquare of DK as 


the ſquare of BH is to the ſquare of BT, and Donley DE 


is to DK as BH is to BT. 


PNA 


The fame things remaining as in PROP. 34., if a right line pa- 


rallel to AD meet the hyperbola in E, and TS in K; I fay, that 


DE, DK, being joined, ſhall be to each other in The conſtant ra- 
tio of CH CE, 5 


For, every thing remaining the ſame, the rectangle E KG is to 


the ſquare of DK as the ſquare of CH is to the ſquare of BC (34), 


and alſo, the rectangle EKG 1s to the ſquare of DE as the {ſquare 


of CT is to the ſquare of BC (Cor. 34.).. Therefore, ex æquo 


perturbate, the ſquare of DE is to the ſquare of DK as the ſquare 
of CH is to the ſquare of CT, and OOTY + DE is to Raven 
as CH is to CT. Borg 


186, 1 87. 
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E 


Pant: . 1f two right lines 1 a conic ſection | 
or the oppoſite. hyperbolas, meet each other, or a 
right line touching an hyperbola meet an aſſymptote; 
A right line. drawn through the concourſe to meet the 


U ſection 
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CONIC SECTIONS. Pro. 3. 


FIG. ſection or ſections in two points, {hall be harmonically - 


the concourſe parallel to the other aſlymptotg, 


divided in the concourſe, in its concourſes with the 
ſection, and in its concourſe with the right line join- 
ing the points of contact, or in the particular caſe 
of the hyperbola, in its concourſe with a parallel to the 
aſſymptote drawn through the ſingle point of contact. 

But if the right line drawn be parallel to a diame- 


| ter of the parabola or to an aſſymptote of an hyper- 


bola, and therefore meet the ſection in one point only, 


(6.), the right line drawn, viz. intercepted between the 
concourſe of the tangents and the right line joining 


the points of contact, ſhall be biſected in the ſection. 
Alſo in the caſe when a ſingle tangent to the hy- 
perbola meets an aſſymptote, a right line drawn thr 


meeting the parallel drawn through the point of con- 
tact, ſhall be biſected in the ſection. 7 
PaxT II. If through the concourſe of the tangents 


two rigut lines be drawn, one, the diameter of the 


ſection, the other parallel to the ordinates apphed to 


the diameter; a right line drawn through the con- 


courſe of the diameter with the right line joining the 


points of contact, and meeting the ſection or ſections 
again in two points, ſhall be harmonically divided 


therein, in the point through which it is drawn, and 
in its concourſe with the parallel. 


Bur if the line drawn be parallel to an aſſymptote of 


the hyperbola, the ſegment intercepted between the 
parallel and the point through which it is drawn, ſhall 


be biſeQed in the ſection. | Parr 


MY 
JE 
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meet an aſſymptote CK of the hyperbola in Q. If AB be joined 


in the firſt inſtance, or in the latter AB be drawn parallel to CK, 
and through Q be drawn a right line meeting the ſection or ſec- 
tions in D, E, and AB in R; I fay, that _ ſhall be harmonically 


divided 1n hs E. 


Firſt, if AQ touching the ſection meet BQ, alſo touching the 


ſection in Q draw the diameter of the ſection through Q meeting: 
A in. O, and round O deſcribe the generating circle. Draw FP 
reſpondent to AB, meeting the circle in the points A, B, reſpondent 
to A, B, in the ſection (1. Cok. 3. ), alſo draw AQ, BQy DE, corre- 


ſpondent to AQ, BQ, DE, the latter meeting the circle in v, E, re- 


ſpondent to the points D, E, in the ſection (1. Cok. 3. ), and meeting 
AB in R. From F the focus of the ſection draw FD, FE, FR. 
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Part I. Cast 1. Let AQ touching a conic ſection in A, meet FIG. 


BQ touching the ſame ſection or the oppoſite hyperbola in B, or 


111, 113. 


III. 


FQ, and join alſo O p, OE, OR, Od. Becauſe AQ, BQ DE, 


meet in Q their focal correſpondents AQ, B DE, will meet in 


one common point Q, correſpondent to Q (4.); and alſo, becauſe 
AQ, BQ touch the ſection in A, B, their focal correſpondents 
AQ, BQ» will touch the cirele in the reſpondent points A, B '{g.). 
| Wherefore Qn will be harmonically divided in b, t (LEM. 9.), 
and OD, OE, OR, O will be harmonicals. But becauſe D, E, 


in the ſection, are reſpondent to the points p, E, in the cirele, FD, 


FE, will be parallel to OD, Ot, (19. DeF.), and becauſe R, Q. 


are correſpondent to x, & (4+), therefore for the ſame reaſon (20. 


Dr.), are FR, FQ, parallel to OR, O. Wherefore FD, FE, 


FR, F Q are alſo harmonicals, and conſequently QR is OR 
nically divided in D, E, (1. Cok. LEM. 4.). | 


If AB paſs through the focus F, the tangents AQ. BO meet 


in the directrix, and FQ, is perpendicular to AB (5. Cor. 9.) . 
Wherefore AQ. BQ. DE, FQ, meeting all in the directrix, their 


facal correſpondents AQ, B Q, DE, O will all be parallel to each 
other (14, Cok. Dzy. ), and all be perpendicular to A B, becauſe all 
ot EE | n 


112. 
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co NICO SECTIONS. Por. 37. 
parallel to FQ, the common focal reſpondent to AQ, BQ, DE. 
Therefore p E is biſected in R (3. e. 3.), and OD, Or, OR, Oœ are 
harmonicals (3. Cos. LEM. 4.), and as before, FD, FE, FR, 


_ Q, being parallel to them, are alſo harmonicals, and QR iS har- s 


113. 


pans we d divided in D, E. 
But if AQ touching an hyperbola it in A meet an i CK 
in Q firſt, let AB not paſs through the focus F. To K the con- 


courſe of the aſſymptote with the directrix draw F K, AK, and join 


AF. Becauſe FK is perpendicular to CK (19. Cor. Dee.), and 
therefore to AB, it is not perpendicular to AF, and conſequently 
AK does not touch the hyperbola in A (9.), viz. AQ does not 


_ coincide with AK, but meets the aſlymptote in ſome other point 


than K. Round A deſcribe the generating circle, which will paſs 


through H the concourſe of AB with the directrix, and alſo through 
the focus F (8. & 5. Cor. Der.). Draw FP reſpondent to AQ, 
and He parallel to FK. Becauſe AH, Ho, are reſpectively pa- 
rallel to CK, FK, they will be the correſpondents to CK, FK 


(668. Der.) wherefore the conic lines CQ. AQ. mesting . 


point Q, which is not in the directrix, their focal correſpondents 
FP, He, will meet in a correſpondent point Q (4.), and for the 

fame reaſon p the focal correſpondent to DE will paſs through 
Q. Becauſe AQ touches the ſection, its focal reſpondent FP will 
touch the circle in the point F, the point wherein it meets it (9.), 
viz. in this caſe the points A, F, coincide. Alſo, becauſe CK, 
F K, are at right angles to each other (19. Cor. Dry. ), the right 


lines AH, Ho. being parallel to them, will be at right angles to 
each other, viz. H d alſo touches the circle in H. Wherefore 


joining HF to meet DE in R, and every thing being drawn as in 
the preceding caſe, n will be harmonically divided in p, E, and 


Ap, Az, AR, Ad, will be harmonicals, and therefore FD, FE, 


FR, FQ, being parallel to them, will alſo be hermonicals, and 


R be harmonically divided in D, E. 


114. 


But if AB paſs through the focus F, then FK, being perpen- 
dicular to CK, is perpendicular to AF, and therefore A K touches 


the 


PROP. 37. CONIC- SECTIONS. 1 
the ſection in A (1. Cor, 9.), that is, AQ in this caſe meets the FIG. 
aſſymptote in K, or the points Q K, coincide; Wherefore be- : 
cauſe the three conic right lines AQ, CQ DE, meet in the di- 

rectrix, their focal reſpondents or correſpondents: FP, Ha, DE, 

will be parallel to each other (14. Cox. DExr.); and FP, Hoe? 8 
being perpendicular to AF or AB, DE will be perpendicular ä 
thereto, and therefore will be biſected by AB in the point R (3. ; | 

e. 3-). Thereſore drawing AQ parallel to FP or FQ the four 

right lines AD, AE, AR, AQ are harmonicals (3. Cor. LEM. 4.), 

and conſequently, as before, the four right lines FD, FE, ER, 

FQ, which are parallel to them, are al — and 3 is 

harmonically divided in D, E. e ee ain, las 213 al a5 
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CAskE 2. If R Jrawnsl from 4 S the tangents be 115, 116. 
parallel to the diameters of a parabola, or to an aſſymptote of an 7 
hyperbola, and therefore meet the ſection in one "_ D "only I N — 
ſay, that QR ſhall be biſected in P). 2 | _— 

In this caſe, as applied to the etal ths — E id 115. e = 

| QR being a diametei, the point R coincides with O, and De re- „ i 
ſpondent to QR paſſes through the: point E, in which the gene- | | 9 
rating circle touches the directrix. But in the hyperbola, becauſe: 116. 1 

Q is parallel to an aſſympiote, Ox parallel thereto will meet the 1 : = 
directrix in the point E, one of the points, in which the generat- | = 
ing circle cuts the directrix, (8. Cor. DE.), and therefore pz | 8 75 | | 
correſpondent to QR paſtes through B. In the ſame manner there- „ 1 
fore, as before, it is ſhewn OD, OE, OR, O are barmonicals,' | 85 . | | 
and if FE be drawn parallel to OE, or QR, that FD, FE, FR, 
FQ, are harmonicals. But becauſe OR parallel to one of theſe! | 

four harmonicals, viz. to FE, falls upon the other three, it will 
be biſected in the mice ee Wen 4: Js "its De 18 A a 

to BR. on, 5 
But in this caſe, it a PREVI tangent Nie an ihre CK 117. 
of the Ei: in Q and 00s be drawn parallel to the other aſe 


Wy _CONICE SECTIONS. Prop. 37. 
FI G.  Hwptote; meeting: AB in R, and the hyperbola in the ſingle point 
D (e.); ; then alſo, ſhall QR be biſected in D. 

_ Firſt, if AB do not paſs) through the focus, then ſor the "RI 

| reaſons, as above, AQ. will not meet the aſſymptote in, the point 

K. Wherefore every thing remaining the ſame, as in the ſimilar 

caſe above, AD, A, AR, Aq, will be harmonicals, and FE be- 

ing drawn parallel to. AE or QR, the four right lines FD, FE, 

FR, FO being parallel to the former, will alſo be harmonicals. 

- Wherefore QR, being parallel to one of theſe four harmonicals, 
Vi. ta FE, will be biſected in the middle concourſe D (LEM. 4.). 

118. Secondly, if AB- paſs through the focus F, for the ſame reaſons 

_ _ as in the caſe, which anſwers to it above, it will appear that FQ, 
Hes DE, A are each parallel to each other, and each perpen- 

dicular to AB; that AD, Ag, AR, Ad, are harmonicals ; and 

therefore drawing FE parallel to Az or QR, that FD, FE, FR, 

FQ, are alſo harmonicals, and conſequently that QR being parallel 

to FE, and falling upon the three other harmonicals FD, FR, 

0 5 will be biſected i in the middle concourſe D. 


e II. Gas Ka 1 wage comeining . ſame, and th : 
diameter 8 being drawn to mect in O the right line AB, - 
which joins the points of contact, if through Q. the concourſe 


of the tangents. be drawn a right line an parallel to AB; I 
lay, that every right line drawn through O to meet the Elie 


or. ſections in D, E, and QR in R, ſhall be n divided 
in Q, . E, R DOAJ f 
SY Firſts Kt 4 B meet the Jeri 3 in p, ae, every thing in this 
part, except hat is peculiar to it, remaining the ſame as in the firſt 
part, becauſe AB. paſſing through the centre O of the generating 
circle is parallel to, QR, the focal correſpondent to R Will paſs 
| through P (13. Cor. Dr.). Let this correſpondent, viz. QP be 
drawn. Becauſe the three, conic lines AQ, BQ. RQ meet in Q 
their focal correſpondents a ο P will meet in a correſpondent 
point & (4.). But A 3 touch the circle in A, B, becauſe 


0 they 
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they are correſpondent to AQ, 1 which touch the ſection in FI G. 


the points A, B, reſpondent to A, B, in the circle (4 5. and be- 
cauſe the centre O of the circle is within the ſection, the focus F 


{hall be within the circle (2. Cor, 5.). Wherefore CF will be 
harmonically divided in its concourſes with the circle (Lru. * 
Alſo, becauſe round O the concourſe of the diameter 20 with the 
right line AB ordinately applied to it (18.), the generating circle 
is deſcribed, FP the focal reſpondent to AB ſhall be harmonically 
divided in a, B, its concourſes with the circle (14.) Wherefore 
every right line drawn through F to cut the circle and meet P 
will be harmonically divided (t. Cor. LIM. 20. )] viz. FR, which 
is ſo drawn will be hatmonically divided in p, E. Join FE, OE, 
which are parallel to each other, becauſe E, E, are reſpondent 


points; as for the ſame reaſon are FD; OD; and F R, Ox, being 


joined, will alſo be parallel to each other [5 ) becaufe the points R, 
x, are correſpondent. FR therefore being harmonically divided in p, 
E, the lines Op, OE, O's, OF, will be harmonicals; and Conte 


quently FD, FE, FR, FO, which are reſpectively parallel to 


them, are alſo harmonicals, and OR 18 Harrgoni cally divided in 
D, E. ö $4 115111 2111 3 


"Secondly, 8 AB is GEN to the ett rk. the demonſtra- 


tion is only rendered ſhorter, for then QR, ar, AB; become alſo 
parallel to the directrix, and parallel to each other. Wherefore 
FR being harmonically divided in D, E * (Lev. 9: & 8 the de- 
monſtration proceeds as before. | 

If AB paſs through the focus F, ta as in the like 14580 in 
the firſt part, the points A, B, and their reſpondent points A, B, co- 


119 


123. 


incide; the point Q falls i in the directrix, and A 3 FQ, Po By 


or R Q become parallel to each other, and perpendicular to the di- 


rectrix. Alſo, FP being harmonically divided in A, B OY, Cor. 


1.), every right line aa through F to cut the circle and-meet 
Pq will be harmonically divided (Le. 10.). Wherefore, as in 
the preceding, FR is harmonically divided i in D, E, whence the de- 
monſtration proceeds as before. 


mW ah 
118, 
121. O falls in the focus F, the diameter, QO becomes the focal axis, 


QR the directrix itſelf, and therefore the 2 is the ſame 
as. pe- 9 


111, 115. 


SONIC s ECTIONS. Prop. 37. 
When! in this latter caſe AB is parallel to the directrix, the point 


| ES 2. When! in the caſe of the N iy OR 18 8 pa- 
rallel to an aſſy mptote CR; I fay, that OR ſhall be biſeCted | in D, 
its ſingle concourſe with the SED. 

Becauſe OR, being parallel to an aſſymptote, IEA the direct- 
rix in E, one of the points in which the circle cuts the dire ctrix, 
therefore pz the reſpondent to OR paſſes through E, and its other 


concourſe, with the circle is p, the reſpondent to the fingle point 


DI. But for the fame reaſon as in the other caſes, FR is harmo- 


| nically divided in b, ; 5 wherefore OD, Ox, OR, OF are har- 


monicals, and conſequently, if FE be drawn parallel to Or, the 
four right lines FD, FE, FR, FO, will alſo be harmonicals. But 
OR being the ſame right line with Ox, is parallel to FE, and 
meeting the other three harmonicals F, ER, FO, it will be bi- 


gf” 7 


| ſeated in the middle concourſe, D (L. EM. 4j) 


Cox. 1. If a right line, meeting a Conic ſection or the 2 ppl 


hyperbolas in two points, be. harmonically divided; or if in a dia- 


meter of the parabola. two points equidiſtant ſrom the vertex be 


aſſumed, and from the harmonic or equidiſtant point within the 


ſection, an ordinate be applied to the diameter drawn through the 
other point, the right lines joining the vertices of the ee and 
the harmonic or gs Nic without the ſection ſhall touch 
the ſection or ſcctions. 


Let DE meeting a conic pb eg or the oppoſite LS FO HR in 


E; be harmonically divided in Q R, of which the point 


without the ſection is not in an aſſymptote of the byperhola ; ; or if 
in QD a diameter of the parabola two points Q, R, equidiſtant 
from the vertex D be aſſumed; and ARB be ordinately applied to 
the diameter drawn through Q I ſay, that . QB, being drawn, 


7 will touch the ſection or ſections. | | 
d ieee 
» i | | a „ 
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If not, let the right lines drawn from Q to touch the ſection or 
ſections be drawn. The right line joining the points of contact will 


be different from AB, and meet DE in another point than R, and 


the other point will alſo be harmonic to the ſame point oQ or to- 
wards the ſame parts anothzr ſegment than RD will be intercepted 
equal to D which is abſurd, . | 

Cor. 2. Hence therefore if a right line meeting a conic ſection 
or the oppoſite hyperbola in two points be harmonically divided, or 
if in a diameter of the parabola two points equidiſtant from the 
vertex be aſſumed, and through the inner harmonic or equidiſtant 


point an ordinate be applied to the diameter drawn through the 


exterior harmonic or equidiſtant point, every right line drawn them gh 


this exterior point to meet the ſection or Gs. in two points ſhall 


133 
16 


be harmonically divided in the point from e it is drawn, and 


in its concourſe with the ardinate. - 


For by the preceding Co. the right Enes jbining the exterior 


point and the vertices of the ordinate ſhall touch the ſection, and 
therefore the Cor. is a caſe of the Prop. 


- Cor. 3. If a right line meeting a-conic ſection or the oppoſite 


hyperbolas in two points be harmonically divided, and in the exte- 
rior harmonic point meet a right line touching the ſection, t the inner 
harmonic point and the point of contact ſhallebe in a right line pa- 
rallel to the ordinates applied to the diameter an through the 
concourſe. | 

Con. 4 If tra right ts each — a conic ſection 8 two 


points, and meeting each other be harmonically divided, and the 


concourſe be one of the harmonic points common to each, the other 


two harmonic points ſhall be in a right line parallel to the ordinates 
applied to the diameter drawn through the concourſe. 


Theſe two Corollaries are inferred i in the ſame manner as the 


firſt. 
| Cox. * DE cutting a conic ſection or the oppoſite hyper- 


bola in D, E, meet in Qa right line AQ, which [touches the 
{e&tion in A, and'R being the internal harmonic point in DE, an- 


X 4 ſwering 


111. 


154 


CONIC SECTIONS. Prov. 38, 


FIG. ſwering to the external point Q; I fay, that AR ſhall meet the 


ſet | or ſections, and the right line drawn from Q to the point 


in which it meets it, ſhall touch the ſection. 


Draw QB touching the ſection or oppoſite ſection in B (10.), 
and join AB. If AB do not paſs through R, but meet DE in 
ſome other point, in that other point and the point Q would DE 
be harmonically divided, though it be already harmonically divided 


in Q, R, which is abſurd. 


Cor. 6. If two right lines, the one touching, the other cutting 


an hyperbola or the oppoſite ſections in two points, meet in an aſ- 


{ymptote, the harmonic point in the cutting line, which anſwers 
to the point of concourſe in the aſſymptote, ſhall be in a right line 
given in poſition, viz. in a parallel to the aſſymptote drawn og 
the point of contact. | 

Con. 7. Hence, if two or more e right lines, cutting an hyper- 


bola or the oppoſite ſections in two points, meet in an aſſymptote, 
the harmonic point in each of them, which anſwers to the con- 


courſe with the aſſymptote, ſhall be in a right line given in poſition; 
viz. if from the concourſe a right line be drawn to touch the ſec- 
tion, the harmonic point ſhall be in a right line drawn through the 


point of contact parallel to the aſſymptote. 


Cok. 8. Hence alſo, if a right line cutting an hyperbola or the 
oppoſite hyperbolas in two points, meet an aſſymptote, the right 


line parallel to the aſſymptote, and drawn through the harmonic 


point, which anſwers to the point of concourſe with the afſymp- 
tote, ſhall meet the ſection, and the right line joining this point 
in the ſection and the concourle with the aſſy mptote, ſhall work | 
the ſection. 


PROP. 38. 

If a right line cutting a conic ſection or the = 
fite hyperbolas in two points be harmonically divided, 
2 Ebb | 8 hs 
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- 


the right lines touching the ſection in the points in FG. 


which the harmonic line cuts it, and the right line 


drawn through either of the harmonic points parallel 
to the ordinates applied to the diameter drawn through 
the other harmonic point, ſhall verge to one common 
concourſe. —But if the exterior harmonic point fall 
in an aflymptote of the hyperbola, the right lines 


touching the hyperbola and a parallel to the aſſymp- 


tote drawn through the other harmonic point, ſhall 
_ to one common concourſe, 


ni When the right line oy the ſection i is a diameter of 
the ellipſe or hyperbola. | 


Let the diameter DE of an ellipſe « or 8 meet each ſection 79. 


in the vertices D, E, and be harmonically divided in O, S. The 
parallels to the ordinates applied to the diameter D E are parallel to 


DG, EG, touching the ſection in D, E (23. Des.), viz. they 


are each parallel to cach other, and therefore verge to one common 
concourſe. 


CAsE 2. When the right line is not a diameter of the conic ſec- 
tion, and when the exterior harmonic point does not fall in an 
aſſy mptote. | | 

Let DE, not being a diameter, cut a conic fotion or the oppo- , 
ſite hyperbolas, in D, E, and be harmonically divided in Q R; I 
ſay, that the right line drawn through either of the points QR, 
parallel to the ordinates applied to the diameter drawn through the 
other point, ſhall paſs through the concourſe of the right lines 
touching the ſection in D, E. | | 

Becauſe D, E, are not vertices of a 3 the tangents at 
D, E, are not parallel (12. ), and therefore do meet each other. Let 


them meet in G, and firſt, let Tbe the interior harmonic point.— 


Re The 


124. 


— 


XK 


i 
9 
0 
if 
? 


16. 


EONIE -SECTFONS:.- Por. 38. 
The cight line drawn through Q, a point within the ſection, being 
parallel to the ordinates applied to a diameter, will meet the ſections 
or ſection in two points (20 & 21. Cor. DR.). Let it meet the 
ſection or ſections in A, B, and join AR, BR. Round any point O 
as a centre deſcribe the generating circle; and draw every thing therein 


: correſpondent to what is drawn in the ſection. Becauſe AB is 
drawn through the inner harmonic point Q parallel to-the ordinates 


applied to the diameter drawn through R; AR, BR, will touch 


the ſection (1. CoR. 37.), and therefore AR, BR, the focal cor- 
reſpondents to AR, BR, will touch the circle in a, B (q.). For 
the fame reaſon will 6D, GE, the focal correſpondents to GD, 
GE, touch the circle in p, E. Wherefore in the circle, becauſe 
DE is harmonically divided in Q, R, and AR, BR, touching the 
circle in A, B, meet in R, the right lines Gp, GE, which touch 
the circle in DP, x, will meet in AB (2. Cor: LEM. 11.). There- | 
fore their correſpondents GD, GE, will alſo meet in AB, the 
conic 1:06 re = ON to AB 65 Cox. 4.) viz. AG paſſes through 


8. 


Again, if Q be the exterior a alte By QL be drawn 
parallel to the ordinates opplied to the diameter drawn through 


R; I fay, that GD, GE, ſhall meet in QL. 


126. 


The ſame things remaining, becauſe by the preceding, AB paſſes 
through G, therefore AB is harmonically divided in G, R (37.). 
Bat DE is alſo harmonically divided in Q. R, therefore WU! paſſes 
through G (4. Cor. 37- * | 

CASE * 14 the i harmonic point, viz. R, fall in an aſ- 
ſymptote CK of the hyperbola; I ſay, that the tangents GD, G E, 
ſhall meet in Q B, the m_ line drawn. ys eh to the 
aſſymptote CK. 

Every thing being drawn as in the 3 cafe, AB the cor- 


reſpondent to AB or QB will meet the generating circle in B, its- 


concourſe with the directrix (8.'Cor. DE.), and BR the corre- 
ſpondent to CK, will __ PORE the line point B, and touc 
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Proy. 38. CON IC SECTIONS. 
the circle therein (18. Cor. Dxr. ). The remaining demonſtration 


is the fame as in the preceding caſe, obſerving tha ths being | 


en touches the ſection in A (6. CoB. 37. ). os 
Cook. 1. If a right line, not being a + £20 md a conic 
| ſection or the oppolite hyperbolas, in two points, and be harmoni- 
cally divided, and if through the two points, in which it meets 
the ſection, two right lines be drawn to touch the ſection, the 
right line drawn through the concourſe of theſe tangents and either 


of the harmonie points ſhall be parallel to the ordinates applicd. to 


the diameter drawn through the other harmonic. point. : 


Cor. 2. If a diameter of an, cllipſe or hyperbola be ne 


cally divided, or if in a diameter of a parabola two points be aſſumed 


7 


FIG, 


equidiſtant from the vertex of the diameter; and from either of the 


harmonic or equidiſtant points be draum a right line cutting the 
ſection or ſections in two points, the rightalines touching the ſec- 


tion in theſe two points hall meet in the right line drawn through | 


the other harmonie or equidiſtant points: parallel to the woriuntes 8 


applied to the diameter? [ally % 51 ad boniof go JT 

Let DE a diameter of an ellipſe or hyperbola be ko mats 
divided in Q. R; or being a diameter of the patrabola, let two 
points Qu, R, therein be equidiſtant from the verteꝶ . d through 
either point R be drawa Rf. cutting,;t the echion im A, B.; I ſay, 
that/the right. lines touching the ſection i in, A, B, ſhall meet in the 
right line drawn through the other point Aae to the ordi- 
nates applied to the diameter DE. 


Let the parallel drawn through N AB in I WT ELF | 


CL» S 


monically divided in, R, I (2. Cas. 37. ), and. e the tan- 


gents at A, B, mect in QI. 5 ney 
Cor. 3, If a right line DE, being not a e cut a 
conic ſection or the op poſite hyperbolas in D, E, aud a point R 
be aſſumed therein, the right lines touching the ſection in D, E, 
Mall meet in a right line given in polition. , + 
In DF. ſind the harmo:.ic point aofyering to 7 drew 2 


parallel to the ordinates appl. ea to the diameter paſting through R. 


QG 


— | 
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CONIC. SECTIONS. Prop. 38. 


oc is given in poſition, | and by this Is the tangents at D, E. 
meet in Q. | 


| Cor. 4. If a right line candle an pal in two pointe be 


harmonically divided, and the exterior harmonic. point be in an 


affymptote, the concourſe of the right lines touching the ſection 


in the two points in which the harmonie line meets the ſection, and 


126. 


the inner harmonic point, ſhall be in a parallel to the aſſymptote. 


Cox. 5. If two right lines touching an hyperbola meet each 


other, and through the concourſe be drawn a parallel to either 
aſſymptote, the right line joining the points of contact ſhall be 
harmonically divided in its concourſe with the 285 and with 
the aſſymptote. | | 

Let GE, GD, Abbach an ppb in E, D, meet in G, and 
through G be drawn GAB parallel to the aſſymptote CK, and 
ED be joined, meeting GA, CK, in AR; I fay, that ED 


ſhall be harmonically divided in Q. R. 


For, if not, let P be. the harmonic point —_ to R, then 
PG: being joined, ſhall be Prater to CK, viz. to bt which 


is abſurd. 


a 26. 


424. 


Con. 6. The ſame dag. remaining, G R, being joined, ſhall be 
parallel to the ordinates applied to the diameter drawn through Q. 

Becauſe ED is harmonically divided in R, Q the parallel to 
theſe ordinates drawn through R, does by this Prop. paſs through G. 
Cor. 7. If two right lines each meeting a conic ſection or the 


oppoſite hyperbolas in two points meet each other, and if the right : 


lines touching the ſection in the points in which one of the right 
lines meets it, have their concourſe in the other, the right lines 


touching the ſection or ſections in the points in which the other 
right line meets the ſcction or ſections, ſhall alſo hre their con- 


courſe in the alternate line. 

Let AB, DE, cutting a conic ſe don or the pott W 
in A, B, and D, E, meet cach other in Q, and the right lines 
touching the ſection or ſections i in A, B, have their concourſe R in 

DE; 
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Por. 39. 
DE; I fay, the right lines touching the ſection or ſections in D, E, F I G. 


I fay, that FG ſhall be 888 divided in A, H. 


CONIC SECTIONS. 


ſhall alſo have their concourſe in AB. 

In AB find the point G, ſuch that AB ſhall be harmonically 
divided in Q G (LEM. 3.). Becauſe DE meeting AB in Q is 
harmonically divided in Q. R (35.), and AR, BR, touch the 
ſection in A, B, the right line AB will be parallel to the ordinates 


applied to the diameter which paſſes through R (3. Cor. 37.), 


and therefore the right lines touching the ſection or ſections in D, E, 


will have their N in AB, by the 1. CoR. of this Prop. 


PRO P. 39. 


If three * lines touching a conic ſection or the 


oppoſite hyperbolas mutually meet each other, or two 
of them be parallel between themſelves, each of them 
in the firſt caſe, or in the ſecond, the third touching 
line, ſhall be harmonically divided in the point of con- 
tact, in its concourſes with the other two, and with 
the right line joining their points of contact. 


Alſo, in the ſecond caſe, the ſegment of either pa- 
rallel intercepted between its point of contact and its 


concourſe with the right line joining the points of 


contact of the other two, ſhall be biſected in its con- 


courſe with the third tangent. 


let EG, EF, FO, touching a conic ſection in A, B, D, either 


mutually meet each other in E, G, F; or two of them EF, FG, 
being parallel between themſelves, fall upon the third EG in E, G. 
If either of the tangents, as EG in the firſt inſtance, or EG the 
third tangent in the ſecond inſtance, meet the right line BD 1 in Tr, 
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ON 10 $ECTHOMNS. Pror. 46, = 
"rb A Wave AF to the concourſe of EF, GF; or when EF, 


GF, are parallel, draw AF parallel to either of them, and let AF 


meet BD in K, and the ſection again in I. Join HI, and draw 


HF to the concourf: F, or parallel to EF, -GF.— Becauſe EF, 


GF, touching the ſection i in B, D, meet in E, the right line FK 
which meets the ſection in A, I, and BD in K, will be harmoni- 
=, divided i in A, I (37); therefore the tangents at A, I; meet in 
(38.). But EG touching the ſection in A does meet BD in 

H, therefore HI alſo touches the ſection in I. And vrhen EF, 
GF, AF, are mutually parallel, becauſe BD is then a diameter of 
the ſection (12.), AF will be ordinately applied to BD (23. Dry. ), 


and therefore as before, H will touch the ſection in I. Where- 


fore becauſe: HA, HI, touch the, ſection, HK will. be harmonically 
divided in B, D (35: ), and conſequently FB, FK, FD, H, arc 


harmonicals. But E G falls upon theſe harmonicals in E, A, G, H; 
22: 160 is alſo. TY divided in A,H (1. Con. Leu. 4. ). 


. 2, When two of ah: tangents FE, E G, are parallel, if 
either of them Fo meet the right line AB joining the other two 
points of contact in L, the PRE was ſhall be biſected in G, 
its concourſe with EG. | 


Other things remaining the ſame, join AP. 8 HK is 
en divided in B, D, AB, AK, AD, AH, are harmo- 


nicals, and therefore FG, parallel to one of them AK, and fall- 


ing upon the other three, will be biſected i in the middle * 
(LEM. 4. 9. viz. D is biſected in G. . 


P R O P. 40. 
If a right line, not being a diameter, meet a conic 
ſection in two points, and through one of the points 
be drawn a right Hin: ine the een, through 
the 


Pl. Il page 160. 


Pxop. 40.  CONIC. SECTIONS. 


the other a parallel to the diameter to which the right F 1 G. 


line is ordinately applied, every right line parallel to 


the tangent and meeting the ſection in two points 


ſhall be harmonically divided in its concourſe with the 
. line and with the —_— to the diameter, 


Let AB, not being a e meet a conic ſection in A, B, 
and through B be drawn BR touching the ſection in B, and AR 
parallel to * diameter to which AB is ordinately applied; 1 lay, 
that a right line DE parallel to BR and meeting the ſection in 


129, 


LO 6 Nall be 2 e divided in H, be its COnconrl's with : 


AB, AR. 
Draw AS touching the ſection in A, and meeting DE in L. 


Becauſe AB is not a diameter, AS is not parallel to BR. Let it 5 


meet it in 8, and draw the diameter SK, meeting AB i in K. AB 
is ordinately applied to SK (18. ), and therefore SK is parallel to 


AR. Wherefore AB being bilected in * BR will be biſected 
L 


in 8, and conſequently HI in L. But HL" is a mean proportional 
between DL, LE (31.); therefore DL is to HL or LI as HL 
or LI is to LE, and componendo and dividendo, DI is to DH 
as IE is to HE, viz. DE is harmonically divided in H, I. 


Cor. If from the vertices of a diameter of an ellipſe or hyper- 2 


bola two right lines be inflected to any point in the ſection, every 


right line ordinately applied to the diameter will be urmonieaf 


divided in its concourſes with the inflected right lines. 
Let BG be a diameter of the ellipſe or hyperbola, from whoſe 


vertices B, G, are inffected BA, GA, to a point A in the ſection, 


and DE ordinately applied to BG meets BA, GA, in H, I; 

I fay, that DE is harmonically divided in II, J. 

Through the centre C of the ſection draw the diameter CK 

paralle] to GA, meeting BA in K. Becauſe BG is biſected in 5 

AB will be biſected in K, and therefore be ordinately applied to 

the diameter CK (1. Cok. 15. ). Wherefore becauſe AG is pa- 
Y 
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© | CONE terte  Puor. 41. 
tallel to the diameter to which AB is ordinately applied, and DE 


being ordinately applied to the diameter BG, is parallel to the 


| tangent at the vertex B * Des O, it will be meer divided 


in H, 1. 


PROP. 41. 


In a ee, if a right Line ko or 3 


the ſection meet a diameter, the ſquare of the touch- 


ing, or the rectangle under the ſegments of the cut- 


ting line, intercepted between the ſection and the 


diameter, ſhall be equal to the rectangle under the 


parameter of that diameter to whoſe ordinates the | 


touching or cutting line is parallel, and the abſciſs of 
the diameter which it meets, intercepted between its 
vertex and the right line. 


In the ellipſe and hyperbola, if a right How be or- 


dinately applied to any diameter of the former, or to 
a tranſverſe diameter of the latter; and a fourth pro- 
| portional be taken to the diameter, to either abſciſs, a 


and to the parameter of the diameter; the ſquare of 


the ſemi-ordinate ſhall be equal to the rectangle under 


the other abſciſs and the fourth proportional. 


PART I. Casr I. In the parabola, when the Acht line is 


_ drawn through the focus. 


And firſt, let the right line mect the diameter to which it is 
ordinately applied. Let AB drawn through the focus F of a pa- 


'rabola meet the ſection in A, B, and the diameter PR to which 
it is ordinately applied, in the point O, alſo let PR meet the 


2 | ſection 
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| PROP. 41. ' CONIC SECTIONS. 2 
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ſection in R. - AB is the parameter of PR (24. Dze.), and I ſay, Fl 0 


that the rectangle AOB is equal to the rectangle under AB, OR. 


Becauſe AB is double to AO (15. ), the rectangle under AB, 
OR, is double to the rectangle under AO, OR. But alſo, Oo | 
being double to OR (5. Cor. 17.), the rectangle AOB is double 
to the rectangle under AO, OR. Therefore the e AOB 


is equal to the rectangle under AB, OR. 

Now let AB meet any diameter ED in 8, and the diameter 
meet the ſection in D; I fay, that the rectangle ASB is equal to 
he rectangle under AB, 8D. If the diameter 8 D meet the 


directrix in E, and round 8, viz. with the diſtance SE, the ge- 
. nerating circle be deſcribed, let EF meeting this circle again in v 


"Ss Joined, and alfo FD, SD, which are parallel between them- 
ſelves (3. & 18. DE.). Draw the axis FI, meeting the directrix 


in I, and Sp in H, and in FI produced taking IG equal to IF, 
Join EG.—Becauſe FI is equal to IG, EI is common, and the 
angles at I are right, the angle EG will be equal to the angle 
EFI (4. e. 1.), and therefore equal to the alternate angle FES. 
But becauſe SE is equal to 8p, the angle 8 E is equal to the 


angle FES, therefore the angle EGI or E'GH is equal to the 
angle SpE or HDE. The four points E, G, D, H, | are there- 


fore in a circle, and the rectangle EF p is equal (to the rectangle 


GFH, viz. becauſe FH is equal to DS) to the rectangle. undet 
F, DS. Again, as the generating circle round O paſtes through 


A, B (1. Cor. 17.), the rectangle ASB is to the rectangle AOB | 
as the rectangle EF is to the rectangle AFB (22.). But it has 
been ſhewn that the rectangle EF p is equal to the rectangle under 


F, SD, and by the ſame reaſoning if the generating circle round 
O were deſcribed, it would appear that the rectangle AFB is equal 
to the rectangle under FG, OR. Therefore the rectangle ASB 


is to the rectangle AOB (as the rectangle under FG, SD,.is to 
the rectangle under FG, OR, viz. as SD is to OR, viz. 1.e. 6.) 
as the rectangle under AB, SD, is te the rectangle under AB, 
OR. Bot it has been demonſtrated that the PRs AOB is 


Y 2 | equal 
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CONIC SECTIONS. PROP. 47. 


= to the rectangle under AB, OR, therefore the recangle ASB 
is equal to the rectangle under AB, SD. 


CA 2 Let the right line not paſs Fr the focus. 
Let AB, either touching a parabola in A, or cutting it in A, B, 
and not paſſing. through the focus, meet a diameter ED in 8. 


Draw AFB through the focus F, parallel to AB, meeting the 


ſection in A, B, and ED in s. Then AB is the parameter of the 


diameter to whoſe ordinates AB is parallel (24. DEF. ), therefore 


D being the vertex of the diameter ED; I ſay, that the ſquare of 


As or the rectangle ASB is equal to the rectangle under A B, 8 D. 


The ſquare of AS or the rectangle AS B is to the rectangle as 
(as SD is to D (5. Cor. 22.) , viz.) as the rectangle under A R, 
SD, is to the rectangle under AB, D. But the rectangle A8 
is equal to the rectangle under AB, sD, therefore the ſquare. f 
As or the rectangle AS B is equal to the rectangle under AB, SD. 


Pan r ir: Let AGB be an ellipſe or bo, ACB, De. 


any two conjugate diameters, of which in the hyperbola A Bis the 


tranſveric, GH an ordinate: applied to AB, meeting it in II, and 
BL be a fourth proportional to AB, either abſciſs AH, and the 


latus rectum of AB. I ſay, that the rectangle under BL. and the 


other abſciſs BH ſhall be equal to the ſquare of the ſemi- ordi- 

r 
Let BL be placed at right angles to AB, and compleat the 
rectangle HBLK ; join AK, meeting BL.in I, alſo compleat the 
rectangle BO. Becauſe BL is a fourth proportional to AB, AH, 
and the parameter of AB, and on account of the parallels, BL is 
a fourth proportional to AB, AH, and BI, therefore BI is equal 
to the parameter of AB; and conſequently is a third proportional 
to AB, DE (25. Dzr.). Wherefore AB is to BI (as the ſquare 
of AB is to the ſquare of DE, viz.) as the rectangle AHB is to 
the ſquare of GH (6. Cox. 23.) But alſo AB is to BI (as AH 
is to BL, viz.) as the rectangle AHB is to the rectangle HBL 
(. e. 6.). Wherefore, ex æquo, the rectangle AHB is to the 
ſquare 
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ProP. . Ne SECREENS.. E 165 
ſquare of GH as the rectangle AHB is to the rectangle HBL, and FIG. 
neee the ſquare of GH is equal to the rectangle HBL. 
Cock. 1. Ina parabola, the ſquare of a ſemi-ordinate applied to 
| any diameter is equal to the rectangle under the . of the 
diameter and the abſciſs of the diameter. | 
. : Let AB ordinately applied to a diameter OR meet it in-O; I ſay, 143. 
5 that the ſquare of AO is equal to the rectangle under the parameter 
; of OR and the abſciſs OR. For the rectangle AO is equal to this 
: rectangle, and becauſe AB is biſected in O (15:), the ſquare of AO 
J is equal to the rectangle AO B. The Cor. is therefore. manifeſt. 
For this reaſon, viz. of equality, A Pn gave to this ſection. 

. the name of PARABOLA. 

Cor. 2. In an ellipſe, the ſquare of a . to a dia 
meter is equal to a rectangle applied to the parameter of the dia- 
meter, and having either abſciſs for its breadth, and which. is defi- 
cient of the rectangle under the parameter and the ſame abſciſs, by 
a rectangle ſimilar to and ſimilarly ſituated with that, which is con- 
1 under the diameter and the parameter. g 

For the ſquare of GII is equal to the rectangle BK, which 1465 
rectangle is applied to the parameter BI, has the abſciſs BH for its 
breadth, and is deficient of the rectangle B under the parameter 
BI and the fame abſciſs BH, by the rectangle LQ, which is 
ſimilar to and fimilarly ſituate with the rectangle BO, under the 
diameter AB and the parameter BT. | | 

For this reaſon, viz. of defect, Apollonius gave to the ion 
the name of ELL1PSE.. 

CoR. 3. In an hyperbola, the ſquare of a 3 to a 
tranſverſe diameter 1s equal to a rectangle applied to the parameter 

of the diameter, having the leſs abſciſs for its breadth, and ex- 
1 cCeeding the rectangle under the parameter and the fame abſciſs by 
5 a rectangle Gmilar to and ſimilarly poſited with that, which is con- 
tained under the diameter and the parameter. 
For the ſquare of G. H is equal to the rectangle BK, whick; 145. 
rectangle is applied to the parameter BI, has the leſs abfciſs BH 


ſor its breach, and exceeds the rectangle MN the parameter : 
BI. 
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196, 197. 
the ſection be a parabola, whoſe ſingle axis is OU. In the ellipſe 


198. 


c ON IC s ECTIONs. dae 4 
B1 and "Br: ſame abſcils BH, by the rectangle LQ, which is 


ſimilar to and fimilarly poſited with the rectangle BO, under the 


diameter AB and the parameter BI. 

For this reaſon, viz. of exceſs, Apollonius gave to this ſection 
the name of HYPERBOLA. 

Norr. This character of equality, defect or exceſs, diſcrimi- 
nates the three ſections in their principal common properties; 
which is obſervable in the fundamental property, expreſſed in thc 
2. Der., and alſo in the property of the generating circle, touch- 
ing, falling ſhort of, or cutting, the directrix. 


P R O P. 22. 


If from the vertex of any diameter of a conic ſec- 
tion a right line be drawn ordinately applied to an axis 


of the ſection, and from the point in which the ordi- 


nate meets the ſection again a right line be drawn per- 
pendicular to the ordinates applied to the diameter; 
then in the ellipſe and hyperbola the rectangle under 
the ſegments of the diameter intercepted between its 
vertices and the perpendicular ſhall be to the ſquare 
of the perpendicular, intercepted between the diameter 


and the point in the ſection, as the ſquare of the dia- 


meter is to the ſquare of its conjugate. 
But in the parabola, the ſegment of the diameter 
intercepted between the vertex and the perpendicular, 
thall be a third proportional to the latus rectum of the 


unter a and the perpendicular. 


Let BU be a conic ſection, ads axes are Y, Uu, or if 


and 
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Por. 44. CONIC SECTIONS. 


XOx, any two conjugate diameters, and in the parabola BB, any 
diameter. From B the vertex of the diameter BB draw BF ordi- 


nately applied to the axis Uu, and meeting the ſection again in F. 


Draw FE perpendicular to the ordinates oi 0g to Uv, and meet- 


8 BB in E. I fay, | 
That in the caſe of the ellipſe and hyperbola, the rectangle 1 


vEB ſhall be to the {quare of EF as the ſquare of OB is to th: 
fquare of OX. 


Join OF. Becauſe BF is ordinately applied to an axis Uv, it 


s biſected by it at right angles in the point M of its concourſe (1 ö. ). 
Wherefore OM, MB, being reſpectively equal to OM, MF, and 


the angles at M equal, OB is equal to OF (4. e. 1.), and there- 


fore a circle deſcribed round the centre O with the diſtance OB 
or OB, will paſs through F. Deſcribe this circle meeting EF 


again in r, and draw F Z, F z, parallel to OX meeting Bs in Z, z. 


Becauſe OX, being perpendicular to EF, would biſect Fr (. 
2 2 will be biſected alſo in O (10. e. 6.) Alſo, on account of the 


parallels, FE is to EF as zE is to E Z, and the rectangle r EF 


zs to the ſquare of EF as the rectangle 2 EZ is to the ſquare of 
EZ (I. e. 6.). But the reQargle BEB is equal to the rectangle 
FEF, therefore the rectangle BEB is to the ſquare of EF as the 


rectangle ZE Z is to the ſquare of EZ; and, dividendo, the rect- 


angle B EB is to the ſquare of EF (as the rectangle B; Z B is to the 
ſquare of FZ 5 viz.) as the e ee of OB is to the ſquare of OX 


(6. Cor. 23.) 


II. If the ſection be a parabola. I fay, that BE, EF, and FEY 


latus rectum of the diameter Bs ſhall. be in continued proportion. 


FThe exceſs of the 8 2 E Z. above the rectangle EB. is cqual to the 


rectangle BZ B.—Becauſe BB. is biſected in O, and alſo 2 Z, the rectangle z EZ 


together with the ſquare of OZ is equal (to the ſquare of EO, viz.)-to the ſquare of 


OB together with the rectangle BEB . e. 1. ) Take away the common ſquare of 


OZ, and the rectangle 22 is _ to the * BZ B, BE P, together 
(J. e. 2.) 


Let 


167 


and hyperbola, let O be the centre of either ſection, and BOB, FIG. 


196, 197-- 


163 


H1 G. 


CONIC SECTIONS. Paor. 42. 
Let L be the latus rectum of the diameter B B, and draw F 7, 
parallel to the ordinates applied to BB. Then becauſe BF is or- 


dinately applied to the axis, it will be perpendicular to EZ. There- 
fore FZ is a mean proportional between EZ, BZ, and it is alſo 


a mean proportional between L, BZ (1. Cor. 41.); Wherefore 


E is equal to L. But EF is a mean proportional between E Z, 


EB; therefore EF is a mean proportional between L, EB. 
Cor: 1. If a diameter BB of an ellipſe or hyperbola be harmo- 


nically divided in E, D; E being the external point, Xx, the dia- 


meter conjugate to Bn, O the centre of either ſection; and if DG 


ordinately applied to BB, meet the ſection in G, while from E is 
drawn EF perpendicular to the ordinates applied to BB, and 


therein the point F taken, whether it fall in the ſection or no, ſuch 


that the rectangle 53 EB be to the ſquare of EF as the ſquare of 


OB is to the ſquare of OX; I ſay, that OD ſhall be to 9 or 
OB to OE as DG is to EF. 


For, the ſquare of DG is to the 8 BDB (a8 the ſquare 


of OX is to the ſquare of OB (6. Cor. 23.) viz.) as the ſquare of 
EF is to the rectangle BEB. But as BB is harmonically divided 


in D, E, the rectangle B DB ſhall be equal to the rectangle ODE, 


and the rectangle BEB to the rectangle OED (Lew. 5.). Where- 
fore the ſquare of DG is to the ſquare of EF (as the rectangle. 


ODE is to the rectangle OED, viz.) as OD is to OE. Again, 
becauſe OB is a mean proportional between OD, OE; OD is to 


OE as the ſquare of OD is to the ſquare of OB. Therefore, 


ex æquo, the ſquare of OD is to the ſquare of OB as the ſquare 
of DG is to the ſquare of EF, and OD is to OB or OB is to 
OE as DG is to EF. | 


- Cor: 2. The ſame 1 as in the Prop., if in the 


: diameter 2 B, the point D be aſſumed ſuch that BD is' to BD as 


EB is to E, when the ſection is an ellipſe or hyperbola, or in the 
caſe of the parabola, if BD be made equal to BE; and in each be 
drawn DG ordinately applied to BB, and meeting the ſection in G; 


J fay, that FD being joined, ſhall be equal to DG. 
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PROP« 43. | CON tC $ECTIONS 


16g 


In the cllipls and-hyperbola, becauſe . is harmonically: divided F . G, 


in D, E, and DF, EF are drawn to a. point F in the ſemicircle 


deſcribed on BB, DF will be to EF (as DB is to BE (3. Cox. 


LIM. 6.) viz. as OD is to OB (1. Cor. Lew. f.) viz.) as DG 

is to EF (I. Cor.). | Wherefore DG is equal to DF. 
In; the parabola, becauſe EF is a mean, proportional between. 

L, EB, and DG is a mean proportional, bet L. BD (1. Cor. 


41.) that-is; between L. E Ba therefore E F, is equal to DG. 
But becauſe EB, BF, are ſeverally equal to DB, BF, and the 
angles at B are right, E F a 1 d to DE (4 e. »he enn 


fore DF e . CF nem d H. or blake 
i 7 nwo 5 5 50 04.1 v4 ns nil tdoiz vos A 
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_ conic o ledhen cannot meet winothior'i in one than 
foul points; if a conic fection touch another; it carr 
meet it only in two points more; and it two conic 
ſections touch each other 1 In two P they. cannot 
meet in oy joey rn | irg 3: do 30H ob vary 3803 


— 


4 8 10 ; — 7 erf 71 
1 7 To 555 118 211 "ACT 26674500 4.5 If dihog Tx: 


Pang. 1535 Let to ani ados meet each other in the four 


points A, B, C, D; 1 lay, thas they Or. meet each other in 


n point. Sr A AA 


If - poſſible, let them meet ob ef a ah boiat E, Join 


AB, BC, CD, AD, and draw EP parallel to AB meeting AD 
in P, alſo EL parallel to BC, meeting CD in L. I Then EP is 
to EL in a given ratio (3. Cok. 26.) . From A draw any right 


line to meet the two ſections, towards che ſame parts of E, in any 


two points D, d, and meeting EP in P, alſo join CDs: Ga, meet: 


Eye is to E/, in the fame given ratio, in which EP is to EL. 


147: 


ing EL in 1, J. Then for the ſame reaſon Er is to EL, and 


THO EL is __ to El, which is abſurd, becauſe the points 5 
94 2 1 


170 
FIG. 


148. | 


149. 


c oN I SECTIONS, Pror: 45; 
7. J. falling towards the ſame parts of E, the one is but a part of 


che other. Therefore, the conic ene 1 not meet in a nh 


= bay ES 8 8 


rar 2. Bet two conic ſections touching and; Aber ! in the 


point B or C, meet each args in two other EN A, PD, 1 lay, 
that they cannot meet again. 


If poſſible, let them meet in a Wurth point E. [Dew th right | 


line BC touching each of the ſections in the common point of con- 
tat (9. Dey.), join AB, CD, AD, and as before draw EP, EL, 


parallel to AB, BC, meeting AD, CD, in P, L. Draw alſo from 
A any right line meeting the two ſections, towards the ſame parts 
of A, in v, d, and meeting EP in »;. and join Cp, Cd, meeting 
EL in L, IJ. Then as before, EP is to EL in a given ratio, and in 


the ſame given ratio is E to EL, and Er to E/. Therefore EL 


is equal to E/, which is abſurd for the fame reaſon as above, and 
ae 6 e, do not meet in a fourth Point. 11 
Parr 3. Ik two conic ſections Li Hr 1 . point 
Aor D, and alſo touch each other i in Another | wy or es 1 fay, 
that they do not meet again. 
If poſſible, let them meet in a third 70 E. Drew AD, BC, 


touching each ſection in the common points of contact A or D, 


and B or C. Join AB or CD, and draw EP, EL, parallel to 
AB, BC, meeting AD, EDB, m P,L; alſo, as before, draw any 


| right line from A to meet the two ſections in v, d, towards the 


en ava Wo not meet. eqns other's ina e Lon 


fame parts of A, and meeting EP in p, and join Cp; Ca, meeting 
EL in L, I. Then in like manner, EP is to EL in a given ratio, 
and in the fame given ratio is Ey to EL, and Er to EJ. Therefore 
E L is equal to El, which is abſurd, as above, and . the 


o 


1 
wp A 


— PROM 


— — | 
P1.16 page 170. 


* * 
>. 4 
——— — — — — —— — —— — — 
- 
— vw + 


an - e e 


— 


9 


—— — 


T 


— 


— 


—— — 


—— — 


—— ů— —k[—kʒ— 


—— PIR 


— — — 


— 


Paop, 44 CONIC SECTIONS. 


£ ! 11 1 #74 21211 $444 4 s Os « 
4 


: 5 . 5 1 * SA F 3 # Þ + 
* % $ „ . 4 2 , ' 8 as A 
K: 1 0 " 4 . " n 5 * 9 * © = 3% 1 1 * 1 
, % ; 4 S, 11 r 3 A. 3141 SEA 43 bt > Vi #828 +48 * * 
b . ” 
© v2 any e Bicſ® Bai hed 4 4. 240036 ni 
"3 'S$ $53} is £3301 0 18 2 3 A oy 1 44+ 40 & 4 Jon 10 444 FA 

* 4 1 ks £ 21 4 1 1 19 

: © 121 18 ni AE. © (1135971 A 35 


Dos Fel lb — a conic faction or the a 
| hyperbola in more than four points; if à circle touch 
a conic ſection and meet che Tame or the oppoſite Tec- 
tions in two other points; or if it touch a ; conic ſec- 


12184. pol 240 11899 21 f 
tion or the oppoſite hyperbol as. in To points, it can- 
net meet the ſeQion. or ſections in any other point. 
| 12:59 7241790 yas al noi 10 noiſosl ods 1% 

Par 1. Let 4 meet a conie ſeclibn or the ſoppoſite hy- 156. 
perbolas in the four points A.. E, P r WK it * 
moet khr {ection. or ſections again. STEM) ili 73 495350 ni 2 5 

If poſkible, let it meet the e e armee n ite 
 byperbolas in a fifth point k. Of he fo points; A, BUN C, B, ta 
of them A, B, and alſo, the, remaining two C, D,; may. be joined, 
ſo as AB, CD, ſhall, meet in a point En and (becauſe. the points 
C, K, D, being in a conic ſection, are not in a ſtrait line, and | 
CK, KD, cannot both be parallel to AB. one of them, as-CRyartuſt .,, =» 
meet AB in L. Let X, V, Z., denote: the. focal, prdinates- parallel FEY 
to AB, CD, CK. The rectangle A EB; i is to the rectangle DEC 
as X is to Y, and the rectangle. ALB -is; to the rectangle: KLC as 
X is to 2 (2 3-),, while, on account of the circle, thecreQangle 
AE is equal to the rectangle DEC, and the rectangle ALB 
is equal to the rectangle KLC. Therefore X. is equal to V, 
and alſo equal to Z, viz. three focal oinates are equal between 
| themſelves, which is impoſſible (J. Cox. 27. Therefore the 
cirele does not meet the ſection or either of the ee, l 
in APY: eher pain than A, B, C, N FFF 
5 903 n Fi 4420 Aan 
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CONIC SECTIONS, Pxo p. 44. 

If poſſible, let it meet the ſame ſection or either hyperbola again 

in K; draw AB touching the circle and ſection in the common 
point of contact A or B, and join CD. If AB be parallel to CD, 
join CK, DK, meeting AB in L, H, and let X, Z, U, repreſent 

the oel ordinates parallel to AB, CK, DK. The ſquare of AL 
is go the: rectangle CL. K as X is 0 Z, and the ſquare of AH is to 


the reckangle D HK as X ae VU, (ag.). But on account of the 
circle the f. dare of AL. is equal to the rectangle CLK, and the 
ſquare of A 51175 is equal to tlie rectan gle D HK; therefore R is equal 
to 2 and Mo to U, vis. as before, X, Z, U, are equal between 
themfelves,- - which is impoſſible, and therefore the circle does not 
meet the ſection or ſections in any other point. 
And. if & meet CD in the point E, becauſe CK, DK, cannot 
both be parallel to AB, dhe of them, as CK, will meet AB in L. 
Then as in Part 1. the ſquare of AE is to the rectangle CE D as 
X is ro V, and the ſquate of AL is to the rectangle CLK as X 
810 Z, wherefore K. V, Zz as in Part 1. will be equal between 


themſelves, Which being impoſſible, * the circle * ow n 
_ ee in Inf OWE point. 


] — 3. ik ddl touch 4 tlie {ior or che ade 17 
perbolas in toi points A, C,; it does not meet ace 
hypelbola in any othet point. A gar att. rde 2 
If poflible; ſet it meet the lame ſektio ot an oppoſite pe 
in K. Draw AB, CD, touching the circle and ſection in the 
points of common contact A, C. If AB be parallel to CD, join 
AK, CK, mexting OD, "AB, in H, L, and let X. Z, U, denote 
the fotal ordinates parallel to AB or CD, and to CR, AK. 


The ſquare of AL is to the rectangle CLK as X is to Z, and the 


ſquare of CH is to the rectangle A HK as X is to U (23.). But 


on account of the circle, the ſquare of AL is equal to the rect- 


angle CLK, and the ſquare of CH to the rectangle A H K, there- 
fore, as above, X, Z, U, are equal to each other, which is im- 


| poſſible, and eonſequently the circle does not meet the lection or 


an . * in any other 9 
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PROP. 45. cone SECTIONS. 
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If AB 1 let it meet it in E. Either CK or AK will 1G. 


meet the alternate tangent; let CK meet AB in L, and X,Y, Z, 
denote the focal ordinates parallel to AB, CD, CK. The ſquare 


of AE i is to the ſquare of CE as X is to Y, and the ſquare of AL 
is to the rectangle CLK as X is to Z; while from the property of 


the circle, the ſquare of A E is equal to the ſquare of CE, and the 


quare of Al is equal to the rectangle CLK ; therefore X, V. Z, 


are equal between themſelves. But this 18 impoflible, therefore 
the circle does not meet the bection or an raste Euere in aux 


* 
PR oy. 45. 


1 a Sei cut a conic ſection or che appoſſte; hy- 


perbolas f in four points, and two right lines be drawn 
Joining the points of: ſection, two by two; then if the 


two right lines be parallel, they ſhall each be parallel 
to'the ordinates applied to an axis of the ſection; but 


if they meet each other, the right line kiſediog: the 


angle formed by their concourſe (has be parallel to an 
axis of the fection. „ 


Again, if a circle touch 2 a conic: E ſeckon 2nd meet | 


the fame or an oppoſite hyperbola in two other points, 


and the right line touching each in the common point 


of contact, as alſo the right line joining the two points 


of concourſe be drawn; then if theſe two right lines 


be parallel, they ſhall each be Parallel to the ordinates 
applied to an axis of the ſection; but if they meet each 


other, the right line biſecting the angle at their con- 


courſe ſhall be parallel to an axis of the ſection, or to 
the ordinates applied to an axis. 


Laſtly, 


| 74 


216. 


co NI SECTIONS. Por. 45. 


Laſtly, if A circle-touch a conic ſection or the op- 


Jeet hyperbolas, in two points, and the right lines 


1114 


touching each in the, common points of contact be 


drawn; then if the touching lines be parallel, they 
parallel to an axis of the ſection, and the 


thall each be 
right line joining the points of contact ſhall be an 


axis of the ſection; but if they meet, the right line 


151. 


biſecting the angle at their concourſe ſhall be an axis 


of the ſection. 


1 „ bk * _- 


6 * * 


- 


| Casx 1. If a cirele cut a conic ſeQtion i in four points, A,B , 
CD; "then AB, CD, being joined, : 


Firſt, let AB, CD, be parallel between themſelves; I ay, "Ga 


- _ are each parallel to the ordinates applied to an axis. ine 


Biſect AB in P, and draw PO perpendicular 99 


c in O. PO paſſes through. the centre of the circle (Cox. . | 


e. + N. and being alſo perpendicular to CD, it will biſect it in O 


5 13. e. 3.) Wherefore PO biſecting the parallels AB, op, in- 


"a 


ſeribed in a conic ſection, or in the oppoſite hyperbolas, i is a dia- 


meter of the ſection, to which AB, CD, are ordinately applied | 


(3+ Cor. 15.) But they meet PO at right angles, therefore PO 
is an axis of the ſection, to which AB, 18 22 are ordinately applied 


(2. Cor. 13.) 
Secondly, let A B, cy, meet each other in E; 'L fay, that EI 


biſecting the angle AED ſhall be parallel to an axis of the ſection; 


or. to the ordinates applied to an axis. Let X, V, repreſent; the 
focal ordinates parallel to AB,. CD., Then the rectangle A E B is 
to the rectangle CED as T1 1s to Y (23- * and on account of the 
ircle, che rectangle AEB is equal to the reQangle CED; there- 


fore X is equal to V, and ah axis of the ſektion biſects the angle 
contained by X, Y (x. Cor e But becauſt * V, are parallel 
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to AB, CD, the right line which biſe&s- the angle farmed by 
X, Y, will be parallel to EI, which biſects the angle AED. ' | 

Therefore nee Pen, or tothe adi 
nates applied to an . 164.238 ID AS rotor bow. dan 
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f 


Cas Wa Let 4 circle * a conic bection in A, and aut it in 


the two points C, D, and let AB touching the circle and e 


in A be drawn, and CD be joined. Then 
Firſt, if AB be parallel to CD; I fay, that each hall be . 
to an axis, or to the ordinates applied to an axis of the ſection. 


Draw AO perpendicular to AB and CD. Becauſe AB; touches 


the circle in A, AO will be a diameter of the circle (19. e. 3.) 
and therefore will biſect CD in O (3. 6. 3.) . Wherefore as AB, 


175 
FIG. 


152, 153. 


153 


CD, are two right lines, of which one AB touches the ſection in. 


A, the other CD meets it in the points C, D, the right line AO. 


drawn from the point of contact to biſect CD, will be a diameter 
of the ſection (4. Cor. 15. ), and being allo at right angles to 
CD, which is ordinately applied to it, it will be an axis of the 
ſection (2. Cok. 13.). AB, CD, are therefore parallel to an ir. 
or to the ordinates applied to an axis of the ſection. 


Secondly, if AB meet CD. in the point E,; I ſays, that -E EI. 
biſecting the angle AE D, ſhall. be parallel to an axis of the ſection. 


Let X, V, denote the focal ordinates parallel to AB, CD. The 
ſquare of AE is to the rectangle CED as X is to V (23.) . But 


on account of the circle, the ſquare of A E is equal to the rectangle 
CED, therefore X is equal to V, and conſequently for the ſame 


reaſon as in the ſecond part of Oa58, I>; El wal n to n 
axis al. eine 3. p63 . LH on 2 2 
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circle and ſection in the common points A, Ci Thengnl! dal 
Firſt, if AB, CD, be parallel to each e I fay, 385 AB. 
CD, ſhall each be parallel to an axis of the ſection. 


152. 


154, 183 


perbolas in two points A, C, and AB, CD, be drawn — the 


15 


—_ CONTCISECTIONS.) Prop. 45. 
FI G- + Becauſe A B. CD, parallel to each other, touch both the ſection 
and tho Circle, the points A, C, will be diametrically oppoſite in 
each (19. e. 3. & 12.) viz. AC, being joined, is a diameter of 
each, and therefore AB, CD, are parallel to the ordinates applied 
| to AC (23. Dee. ), and in the circle, they are at right angles to 
A8. E. z.). Wherefore AC is the axis of the ſeQion 2 Con. 
130, and AB, CD, are parallel to the conjugate ia o ow? <7 
155 Secondly, if AB meet CD in E; I tay; that EL bling the | 
<< * angle AED, is an axis of the ſection. 
Let X, V, denote the focal ordinates oaraltel to AB, b. The 
Sunne ef NE is to the ſquare of CE as X is to V; and on account 
af the circle, the ſquare of A E being equal to the ſquare of CE, 
X will be equal to V. Wherefore, as before, it is ſhewn that EI 
is parallel to an axis. Join AC, meeting EI in I. Becauſe AE 
is equal to CE, EI is common, and the angle AE is equal to 
the angle CE I, AC will be biſected at right angles by EI (4. e. 1. ). 


Fe a U 3 Nt WATT TONS CSE SIE 7 As FO > MR O6 E975 i Ha RS EE ara ccc 
%% ² / dd ᷣ ̃ ͤ⁵ . ͤͤſdddddddd/d/ ⁵³V!AiA.. 
R 5 o % nn TL AN +5 00 GE 3 n FE V 0 5 8 . ĩͤ ns 
U / LR II LS eee * 5 Ro ug) . r ee T 0 NET 7 o 

I OS c y dc re >, 


8 l 0 
3 Se * 
eee 


II 
3 
= 
. A 
3 
WD: 
FRY 
} Ns 
2 5 
* & 
25 
A 
OI 
J 
3 


= 3-1-5 Wherefore EI is a diameter of the ſection (1. Cor. _ and is 
| the axis itſelf, 2 AC is * 38 755 to it at for, 29 
angles. 


Co. I. If a lacks meet-a conic ſection or the oppoſite 8 
bolas in four points, two right lines joining any two and the re- 
maining two Points, ſhall make _ angles with HER axis of 
_ the {etibh © -- * 

For, if parallel to ch * they are parallel to one axis, and 
conſequently perpendicular to the other; or if they meet each 

other, a parallel to one axis biſects the angle formed by their con- 
courſe, and conſequently a parallel to the other axis drawn through 
the concourſe will biſect the external angle at their concourſe, viz. 

each of the right lines will have an equal inclination to either axis. 
222 +2: Cor. 2. If a circle touch a conic ſection in one point, and 
meet it again, or meet the oppoſite hyperbolas in two other points, 
the right line touching the circle and ſection at the common point 
* and the right” line Joining 2 K of coneourſe, as 


Hz * : * 20 . 2 We ifs alſo 


Wm 06 
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alſo the two right lines drawn from tlie point of contact to the two 


points of concourſe, ſhall make equal angles with either axis. 
The firſt part of this Cok. is illuſtrated in the fame manner as 


the preceding Cox. , but on latter part is not ſo RP 


obvious. 
The ſame things remaining as in . 2., join AC, AD; I fay, 


that they alſo make equal angles with either axis. 


Draw FG parallel to CD, and touching the cicels i in 5. This 
will either be AB itſelf, or meet it in a point G. In the firſt caſe, 
AO biſecting CD will be the diameter of the circle and the axis 
of the ſection. In the latter caſe, draw GR parallel to EI, and 


therefore biſecting the angle AGF. Wherefore GR will be per- 


pendicular to AF (4. e. 1.), and conſequently E will alſo be 
perpendicular to AF, that is, becauſe ET is parallel to an axis, 
AF will be parallel to the ordinates applied to that axis. But in 


thy 
FI G. 


152, 153. 


both caſes, becauſe FG touches the circle, and CD parallel to it 


meets it in C, D, the arch CF vill be equal to the arch DF, and 
the angle CAF will be equal to the angle DAF. Therefore, 


becauſe AO in the one caſe is an axis of the ſection, and in the 
other AF is parallel to the ordinates applied to an axis, AC, AD, | 
will make equal angles with either axis of the ſection. 


Cor. 3. Univerſally therefore, if a circle meet a conic ſection 


in four points, touch it in one and meet it in two more, or touch 
it in two points ;#then, conſidering each point of contact as a double 


point, any two right lines, which may be drawn to join two of the 


points and the remaining two, ſhall make _ an . with either 


axis of the ſection. 
Cok. 4. Converſely, if two Aghs bes] 45 meeting a conic 


ſection or the oppoſite hyperbolas in two points, or the one touch 
ing, and the other cutting the ſection or ſections in two points, or 


both touching the ſection or ſections, do make equal angles with 


an axis, or what is the ſame thing, with a parallel to an axis; then, 


in the firſt caſe, the four points ſhall be in a circle ; in the ſecond, 
the circle which paſſes through the three points, ſhall- touch the 
ſection i in the point of contact; in the third, a circle, . centre 

= A Wo 


Fl OG: 


150. 


153. 


152. 


154. 


the axis (12.), and if a circle be deſcribed, whoſe diameter is AC, 


CONIC SECTIONS. Prov. 45. 


is in an axis of the ſection, will touch the ſection in both the points 
of contact. And, if the right lines meet each other; in the firſt 
caſe, the rectangles under the ſegments intercepted between their 
concourſe and the ſection; in the fecond, the fquare of the ſeg- 
ment of the touching line and the rectangle under the ſegments of 
the cutting line; in the third, the ſegments of the nos lines, 
ſhall be Ha between themſelves. _ 

If in the firſt caſe, AB be parallel to CD, becauſe PO is an 
axis of the ſection to which AB, CD are ordinately applied, it is 
evident that a circle which paſſes through three of the points, 
A, B, C, will have its centre in the axis, and paſs through the 
other point D. 

If AB, CD, meet in E. Bain they make equal angles with 
an axis, or with a parallel to an axis, X, Y, the focal ordinates pa- 


rallel to AB, CD, will alſo make equal angles with an axis, and 


therefore be equal between themſelves (1. Cor. 27.). But the 
rectangle AEB is to the rectangle CED as X is to Y (23. ), 
therefore the rectangle AE B is equal to the rectangle CED, and 


conſequently the four points A, B, C, D, are in a eircle. 


If in the ſecond caſe, AB touching the ſection be parallel to 
CD cutting it, the axis to whoſe ordinates AB, CD, are pa- 
rallel, paſſes through A, and biſects CD at right angles; therefore 
the cirele which paſſes through A, C, D, will have its centre in the 
axis, and will touch AB in A. Wherefore the circle and the ſec- 
tion having the ſame common tangent, will touch each other. 

But in this caſe, if AB meet CD in E; becauſe they make equal 
angles with an axis, or a parallel to an axis, by the very ſame reaſon- 
ing as in CAs E 1., it will appear, that X, V, are equal between them- 
ſelves, that the ſquare of AE is equal to the rectangle CE D, and 
therefore that the * deſcribed through A, C, D, eh 
9 

Laſtly, if AB, CD, be each parallel to each other, touch each 


an ellipſe or the oppoſite hyperbolas in A, C, and be each parallel 
to the ordinates applied to an axis, then AC, being joined, will be 


the 


Pxor. 46. CON IC SECTIONS. 


the right lines AB, CD, being at gh angles thereto, will touch 
the circle alſo in A, C. 


1 
FIG. 


But if AB, CD, touching the ſection or ſections, meet in E, 155. 


and make equal angles with an axis, then, as before, it will appear, 
that X, Y, are equal between themſelves, and that the ſquare of 


AE is equal to the ſquare of CE, or AE equal to CE. Let EI 


be drawn biſecting the angle AEC. Becauſe AE, CE, make 
equal angles with an axis, and alſo make equal angles with ET, 
therefore EI will be an axis of the ſection, to which AC, being 
joined, will be ordinately applied (18:), and will be applied at 


right angles. Therefore a circle, whoſe centre is in EI, and 


which touches AE in A, will paſs through C, and ws hw | 


alſo in C. 5 
Cok. 5. If a circle mois a COnic ſection, or the oppoſite hyper- 
| bolas, in two points, the right line joining the two points of con- 


tact, is ordinately applied to an axis of the ſection, and if the common 


_ tangents meet each other, the ſegments of the touching lines in- 


tercepted between the points of contact and the concourſe ſhall be 
equal beriogen themſelves. © WEE 


PROP. 46. 4 


If a circle touch a conic ſection in two points, and 
the right line joining the points of contact be ordi- 


nately applied to the focal axis, the circle ſhall fall 
wholly within the ſection, but if the right line join- 


ing the points of contact be ordinately applied to the 
_ conjugate axis, the circle ſhall fall wholly without the 
ſection. 


| If a circle touch an ellipſe in the points A, C, and the kon 
6 2 AB, CD, at the points A, C, be parallel between them- 
Aa 2 * ſelves, 


154. 
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FIG. helves, AC, being joined, is both a diameter of the circle and an 
axis of the ſection. Wherefore the centre of the circle will be the 
centre of the ellipſe alſo, and if this axis be the axis ſecunda, the 
1 eireumference of the circle will in every point, except in A, C, be 
at a leſs diſtance from the centre than the circumference of the el- 
lipſe; but if this axis be the focal or tranſverſe axis, the circumfe- 
rence of the circle will in every point, except in A, C, be at a greater 
diſtance from the centre than the circumference of the ellipſe (5. 
Cor. 28.). Therefore in the former caſe, the circle falls ns; 
| within, in the latter caſe, wholly without the ellipſe. 
156. If a circle touch an hyperbola in A, C, and AB, CD, the com- 
' _ -- mon tangents at A, C, be parallel, AC as before, will be at the 
ſame time the diameter of the circle, and an axis of the ſection. 
But fince the points A, C, are in the oppoſite hyperbolas, AC will 
be the focal axis, wherefore becauſe AC is the leaſt diameter which 
meets the oppoſite hyperbolas (6. Cor. 28.), by the ſame reaſon- 
2 it is ſhewn that the circle falls wholly without the hyperbolas. 
' 157, 158, If the common tangents AB, CD, be not parallel, let them 
4 280: meet in E. I fay, that accordingly as AC, which joins the points 
of contact, is ordinately applied to the focal axis, or to its conju- 
gate axis, the circle ſhall fall wholly Within, - or wholly without the 
ſection. | 
157, 158. Draw EI biſeting he 9 AEC. EI is an axis of the ſee- 
tion (45.), and if AC be ordinately applied to the focal axis, El 
is the focal axis. Let it meet the ſection in G, and draw GH 
Parallel to AC, meeting AE in H, and join HP. Becauſe 
GH is parallel to the ordinates applied to the axis EI, it touches 
che ſection in the vertex G; therefore the ſquare of HG 8 to 
the ſquare of AH as the focal ordinate parallel to HG is to the 
focal ordinate parallel to AH (23.). But the focal ordinate 
parallel to HG is leſs than the focal ordinate parallel to AH (1. 
Cor. 28.), therefore HG is leſs than AH. But becauſe the angles 
at G, A, are right, and PH is a common hypotheneuſe, the ſquares 
of PG, GH together, are * to the ſquares of AP, AH to- 
| gether. 
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gether. Wherefore HG being leſs than AH, AP will be leſs than F I G. 

PG. The circle therefore falls within the ſection between the terms 

A, C; and becauſe they meet in no other point than A, C (A.). 

the circle falls entirely within the ſection from A to C. And in 

the parabola and hyperbola it meets the axis again in a paint within 
the ſection, therefore the circle falls entirely in its whole extent 

within each of theſe ſections. While in the ellipſe, if through the 

other vertex 6 be drawn GH to touch the ſection in 6, and meet 
AE in n, it will by the ſame reaſoning be proved that AP is leſs 

than PG. Wherefore. in the ellipſe alſo, the circle meets the axis 

again within the ſection, and conſequently falls entirely within the 

ſection, _ 

If the right 1 AC * ordinately applid. to 3 eonjugate axis 159. 

of the ellipſe, then every thing being conſtructed alike, the reaſon- Y 
ing will be the ſame, but EI being the axis ſecundus, GH 
EZ will be greater than AH, Gu greater than An, and AP greater 
9 than either PG or PG. Wherefore the circle will cut the axis in 
two points without the ſection, and by a parity of maſuning will. 

appear to fall entirely without the ſection. 
In the ſame manner, when the circle touches che oppoſite hy- 160. 
perbolas, and AC is ordinately applied to the axis ſecundus EI, it 

might be ſhewn that the circle falls without each hyperbola. But 

this is immediately manifeſt, becauſe the circle muſt be wholly com-- 
prehended within the angle AE C of the tangents AE, CE, while 

the hyperbolas are wholly ſituate on the parts of the tangents AE, 

CE, oppoſite to the angle AEC. The circle — falls holly. 
Wit each hyper bol. | 

Cor. I. If a right line touch a conic ſection, nnd a teat 

lar thereto at the point of contact meet the focal axis or either axis 
of the hyperbola, this perpendicular ſhall be the leaſt right line 
which can be drawn from the point of concourſe with the axis to 
meet the ſection, but if the perpendicular meet the axis ſecundus of = 4 j 
the ellipſe, it ſhall be the greateſt right line which Can be . | | 


Rong the concourſe with the axis to meet the fectio . 8 | 
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The ſame things remaining, and P being the concourſe of the 
perpendicular with the focal axis; I fay, that PA ſhall be the leaſt 
tight line which can be drawn from P to meet the ſection. 

Draw AC ordinately applied to the focal axis, meeting the ſec- 
tion again in C, and CE touching the ſection again in C. AC, 
CE, will make equal angles with either axis, for they will either 


be both parallel to the axis, or the axis will be the diameter drawn 


through their concourſe (44.), and therefore will perpendicularly 
biſe& the baſe AC, as alſo the angle AEC. Wherefore PC be- 
ing joined, will be equal to PA, and the angle PCE be equal to 
the angle PAE, viz. each will be a right angle. A circle there- 
fore deſcribed round P with the diſtance PA or PC, will touch 
PA, PC, and conſequently the ſection, in the points A, C (9. Dr.). 
But this circle falls entirely within the ſection, therefore PA or 
P is the leaſt right line which can be drawn from the point 5 to 


meet the ſection. 


In the ſame manner would the Con. 6 dethonſirated, if the per- 


pendicular meet the axis ſecundus of the hyperbola or ellipſe. For 


157. 


the perpendicular will be the ſemidiameter of the circle, and there- 
fore in the hyperbola be the leaſt right line which can be drawn 
from the point P to meet the ſection, becauſe the circle will fall 
wholly without each hyperbola ; while in the ellipſe it will be the 
greateſt, becauſe the circle falls wholly without the ſection. 

Cor. 2. Hence from a point given in the focal axis of a conic 
ſection a right line may be drawn, which ſhall be the leaſt that can 
be drawn from the point to meet the ſection. 

Suppoſe it to be done ; viz. that P is the point given in the fo- 
cal axis PG, and PA is drawn the leaſt right line which can be 
drawn from P to meet the ſection. - 

Let PG meet the directrix in R, the felons in G, and F be 


the focus. Draw AE touching the ſection in A, AI ordinately 


applied to the axis, meeting it in I, and join PA. Becauſe PA is 

the leaſt right line which can be drawn from P to meet the ſec- 

tion, it will be perpendicular to AE (by the preceding Cor.) ; 
therefore 


E 


7 
"ha 
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therefore PF is to IR in the duplicate ratio of FG to GR (30.). 

But PF, FG, GR, are each given, therefore IR 1s given in mag- 
nitude, and the point R being given, the point I, and conſequently 
the point A, are given. But it is neceſſary that IR be not leſs 


than GR, as otherwiſe the point A would vaniſh, and the problem 
be impoſſible. Wherefore let the point P be inveſtigated, when 
IR is equal to GR, viz. when the points I, G, - coincide, which 

is the extreme limit. Let-e be this point in the axis. Then PF 
is to GR in the duplicate ratio of FG to GR, viz. F is to FG 


as FG to GR, and (componendo) ? G is to FR as FG to GR. 


But the ſemi-latus rectum of the focal axis is to FR as FG to GR 


(1. Dr.), therefore ? G is equal to the ſemi-latus rectum, and 


conſequently if the diſtance of P from the vertex G be not leſs than 


the ſemi-latus rectum of the focal axis, the problem is poſſible and 


is done and if 1 it be equal thergts, the vertex G. itſelf” will be the 
. 


Can. 3. Ws alſo 10 a pol given in re axis Rnd of an 


hyperbola or ellipſe a right line may be drawn, which in the hy- 

perbola ſhall be the leaſt, but in the ellipſe ſhall be the greateſt line, 

which can be drawn from the point to meet the ſection. ff 
Let P be the point given in OG the axis ſecundus of the hy- 


perbola or ellipſe, and ſuppoſe PA to be drawn to the point A in 


either ſection, which in the hyperbola i is the leaſt and in the ellipſe 


is the greateſt, that can be drawn from P to the ſection. Then O 


being the centre of the ſection, OG the ſemi- axis ſecundus, G its 


vertex, and AL ordinately applied to it; let L repreſent the ſemi- 


latus rectum of the axis. Becauſe PA will be perpendicular to AE 
touching the ſection i in A, PI is to OI as L is to OG (3. Cox. 
30.). But the points O, P, are given, and the right lines L. OG, 
are given in magnitude; therefore the point T is given, and Inks: 


quently the point A. But in the ellipſe it is neceſſary that Ol be 
not greater than OG, as otherwiſe the point A would vaniſh... 
Wherefore let OI be equal to OG, which is the extreme limit, 


viz, let the points I, G, coincide, and let P, in | this caſe, be the 
point 
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FIG. 


159, 160. 


159. 
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CONIC SECTIONS. Por. 47. 


FIG. point given in the axis. Then eG is to OG as L is to OG; 


wherefore v G js equal to L, when the problem is barely poſſible, 
and G is the point required. If OI be leſs than OG, becauſe 


PI is to OI as L is to OG, PI will be leſs than L, but by di- 


viſion of the laſt ratio, PI is to OP as Lor 2G is to PO; where- 


fore when PI is leſs than L, OP is leſs my pay and * N 


P is nearer to the centre than p is. | 
In the hyperbola there will be no Umir, and the problem v is 1 


| N +, rey 


If a circle id + a conic ſection or the oppoſite hy- 
perbolas in two points, then if the ſection be a pa- 


rabola, the ſemidiameter of the circle ſhall be a mean 


proportional between the ſemi-latus rectum of the 
axis and the ſemi-latus rectum of the diameter drawn 
through either of the points of contat.—But in the 
ellipſe and hyperbola, if the circle fall within the ſec- 
tion, the ſemidiameter of the circle ſhall be to the 
ſemidiameter of the ſection parallel to the common 
tangent. at either of the points of contact, as the ſemi- 
axis ſecundus is to the ſemi-axis tranſverſe; and if 
the circle fall without the ſection or ſections, the ſe- 
midiameter of the circle ſhall be to the ſemidiameter 
of the ſection parallel to the tangent as the ſemi-axis 
tranſverſe. is to the ſemi- axis ſecundus. 


Let 
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Paor.47. OO N IC SECTIONS. 
Let a circle touch a conic ſection in D, p, and DE be drawn 
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FIG. 


touching the circle and ſection in either point D, alſo DF be drawn 167, 162, 


ene to DE, meeting an axis in P. 

If the ſection be a parabola, and through D be drawn. the dia- 
3 DCz 1 ſay, that PD is a mean proportional between the 
ſemi-latus aum of DC, and the ſemi-latus rectum of the axis. 

Let DC and the axis meet the directrix in C, L, DE meet the 


axis in E, and F being the focus, A the vertex of the axis, join 


FD; alſo draw FG parallel to DE, meeting DC in G, and join- 


ing Do, let it meet the axis in I. Dp is ordinately applied to the 


axis (5. Cor. 45. ); wherefore PD is a mean proportional between 


EP, PI (Cor. 8. e. 6.). But FD is equal (to DC (6. Cor. 1.) 
viz. to DG (5. Cor.-17.) viz.) to FE. Wherefore EDP be- 


ing a right angle, and FE being equal to FD, F is the centre of 


the circle deſcribed round E, D, P (31. e. 3.), and EP is double 


163, 


161. 


to FD or DC, viz. EP is equal to the ſemi- latus rectum of the 


diameter DC (5. Cok. 17.) . Alſo IP is equal to the ſemi-latus 
rectum of the axis (1. Cor. 30.) ; therefore PD is a mean pro- 
portional between the ſemi-latus rectum of the diameter DC, and 


the ſemi-latus rectum of the axis. 


Again in the ellipſe and hyperbola, let the clas fall within the 


ſection, then the centre P of the circle is in the focal axis, and if 


CO the ſemidiameter of the ſection parallel to DE be drawn, and 


CA. © A, be the ſemi-axes, of which CA is the 3 1 ſay, 


that PD is to CO as AC is to AC. | 
Let DE meet AC in s, DP meet AC: in . and has: things 


: remaining the ſame, let L repreſent the ſemi-latus rectum of AC. 
Becauſe of the equiangular triangles DEF, DEP, Dx is to D as 


PD is to DE, and becauſe AC, A C, are conjugate diameters, DE 


is to CO as CO is to DE (8. Cor. 24.), therefore, ex æquo 


perturbate, CO is a mean.,proportional between PD, D, and con- 


ſequently PD is to PD in the duplicate ratio of PD to CO. But 


on account of the parallels DI, PC, PD is to PD (as PI is to 
IC, viz. as L is to AC (3. Cor. 30.), viz.) in the ene ra- 
r TT. tio 


162, 163. | 
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| CONIC SECTIONS: Prov. 47. 


F 1 0. 860 of AC to AC (25. Durg. Wherefore PD is to CO as AC 
is to AC. 


And by the 3 revifunting; I the circle falls without the 
ſection or mo it would be _— that ty is to co as AC: * 


to AC. 


162, 163. 


Cox. I. If two bc Jewels this tank dps or EE each 
in two points, having one of the points of contact common to each 


circle, and therefore fall the one within, the other without the ſec- 


tion or ſections, the ſemidiameter of the ſection parallel to the tan- 
gent at either of the points of contact ſhall be a mean c 
between the ſemidiameters of the circle. 


- This has appeared in the anke, viz. chat PD is to 28 | 
as CO is to pD. 


Cor. 2. The ſemidiameter of Pay inner bene i 18 to FEY ſemidi- 
ameter of the outward circle as the ſemi-latus rectum of the axis 


tranſverſe is to the ſemi-axis tranſverſe, or as the ſemi-axis ſecundus | 


is to the ſemi-latus rectum of the axis ſecundus. 
"Cor. 3. Hence it follows, that in an ellipſe or hyperbola, the pa- 
War formed under two conj ugate diameters or ſemidiameters, 


and in the angle of the conjugates, is equal to the parallelogram formed 


in like manner under two other conjugate diameters or ſemidiameters. 


The ſame things remaining, join CD; then CD, CO, are con- 


| Jugate ſemidiameters,' and AC, Ca, are conjugate ſemi-axes. 


Compleat the parallelograms DCOH, ACAL; I fay, that theſe 
3 are equal between themſelves. 

Draw CG parallel to PD, viz. perpendicular to the tangent 
ED, meeting it in G, and compleat the rectangle GCON. By 
this PRoy. PD is to CO as A C is to AC, and PD is to AC as 
AC is to CG (10. Cor. 24.), therefore, ex æquo, CO is to AC 
as AC is to CG. Wherefore the reQangle O CG is equal to the 
rectangle AC A, viz. the rectangle OG is equal to the rectangle 
Aa. But becauſe the rectangle OG and the parallelogram OD lie 
between the ſame parallels, and ſtand upon the ſame baſe CO, they 


are equal between themſelves (35e. 1:), therefore the parallelo- 


gram OD is _ to the rectangle AA. 


PROP. 
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Par. . CoN Ic SECTIONS. 


p K 0 P. 48. 


"if a circle touch a conic ſection, and intercept from 
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FIG. 


the diameter drawn through the point of contact a 


portion an to the latus wann _ wy Ws: 


_— 
DOS the point of contact be the yertex 175 an axis, the 

circle ſhall in no other point meet the ſection, but fall 
either wholly within or wholly. without the ſection, 


accordingly: as the vertex is that of the focal axis,” or. 


of the axis ſecundus of the ellipſe. 

But if the point of contact be any other than the 
| verten of an axis, the circle ſhall cut the ſection in 
one point more, and in one only; it ſhall alſo fall 
partly within and partly without the ſection, and the 
right line joining the point of contact and the point 
in which it meets the ſection again, ſhall be ordinately 
applied to the diameter, which is equal to the diame- 
ter drawn ann the er of coma. | 


Parr I. Let AHG be a circle touching a conic ſection in the 


164, 165, 


vertex A of an axis AA and cutting off from the axis a portion 166, 167. 


AH equal to its latus rectum; I fay, that the circle does not meet 
the ſection in any other point, and that it falls wholly within the 


ſection, if AA be the focal axis, but wholly Want. 11 A ve. 


the axis ſecundus of the ſection. 0 5 
Draw AE equal to AH, touching the ciecls and Eten in SY ; 

and therefore perpendicular to Aa. Join HE, and in the ellipſe 
: and 1 join AE, but i in. the parabola draw EA parallel to 
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', 169. 


CONIC SECTIONS. Prov. 48. 


the axis. Through any point G in the circle draw a parallel to 


AE, meeting the ſection in D, AA in B, HE in I, and A E in L. 
Becauſe AE is equal to AH, BI will be equal to HB, and the 


rectangle ABI equal to the rectangle AB H. Alſo when AA is 


the focal axis, becauſe in the ellipſe AH is leſs than Aa (25. Dep. ), 
in the hyperbola the point A is on the parts of A oppoſite to H, B, 


+ 


and in the parabola EA is parallel to AH; therefore BL will be 
greater than BI, and the rectangle ABL greater than the rectangle 


ABI; while in the caſe of the axis ſecundus of the ellipſe, A 


being greater than Aa, BI will be greater than BL, and the rect- 
angle ABI greater than the rectangle ABL. But the rectangle 
ABL is equal to the ſquare of BD 6855 ), and the nm ABI 


or AB H is equal to the ſquare of BG (35. & 3. e. 4:}. There- 


fore when the axis is the focal axis, the ſquare of BD is greater 
than the {quare of BG, viz. BD is greater than BG, and the point 


G is within the ſection; while in the caſe of the axis ſccundus, 


BG will be greater than BD, and the point G be without the ſec= 


tion. For the ſame reaſon will every point in the circle be in the 
one caſe within, in the other without the ſection. The circle 


therefore accordingly falls wholly within or 9457 without the 
ſection. 


Par II. Let a circle touch a conic ſection in a point A, which 


is not a vertex of an axis, and let it intercept from the diameter 


AA drawn through the point of contact A a portion AH equal to 


its latus rectum; I fay, that this circle ſhall meet the ſection i in one 


point more, and that the right line joining this point and the point 


of contact A ſhall be an ordinate to that diameter, which i 1s equa} 
to AA. 


* By two qual diameters 2 a conic ſection are e two diameters whoſe 


parameters are equal. This will be when the vertices of the diameters are equi- 


diſtant from the directrix, or when the right line joining their vertices is ordinately 


applied to the axis (5. CoR. 17. 73 or in the ellipſe and hyperbola, it Wilk. be when .. 


the diameters make cqual angles with an axis (2. COR. 27.). 


_ Fiſt, 


— 


PRO. 48. c oO NIC SECTIONS. 
Firſt, Let the ſection be the parabola, Draw AD ordinate to 


Do, which will be the diameter equal to AA. Draw AF ordi- 
nately applied to Dp, meeting it in E, and the ſection again in F. 
Through A draw IA1 touching the ſection and circle in A, and 


parallel to AI draw DO EG, meeting Aa in Q. G. AQis 
equal to DE (6. Cok. 27. ), viz. to QG ; therefore AG is double 


to DE, and the rectangle HAG double to the rectangle under 
HA, DE. But becauſe the diameters are equal, the latus rectum 
of Dy is equal to AH, and therefore the rectangle HA G is double 
to the ſquare of the ſemi- ordinate AE (I. Cor... 39.). Again, 


becauſe AF is double to AE, the rectangle FAE is alſo double to 


the ſquare of AE; therefore the rectangle HAG. is equal to the 
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FI 0. 
che axis, meeting the ſection again in D, and draw the diameter 168, 


| rectangle FAE, and conſequently, the four points E, F, H, G. are 6 


in a circle (36. e. 3.) The angle AHF i 18 therefore equal to the 
external angle AEG (Cox. 225 el. 3. ais. to the alternate angle 
FAI. Wherefore the point F is in the cirele touching, che lection 
in A (Cor. 32. e. 3-), Viz. the circle does meet the ſection again 
in F, and AF is ordinately e to the deer Do, equal 
to Aa. Sort e on 
Secondly, Let that cdu xg an; 5 or 8 yperbolg, Evep, , 
thing remaining as in the parabola, draw allo the. Jlawerers KK 
Ss, conjugate to Aa, Dp, the former meeting AF ia G, and the? 
latter meeting Al in L. Draw AQ ordinate.to Ss, meeting —.— 
. and let C be the centre of the ſection. Becauſe the diameters 
AA, Do, are equal between themſelves, their conjugates Kk, 88, 
wall alſo be equal ; Y and becauſe AH; is the. latus rectum of Aa t the 
rectangle HA a will be equal to the ſquare, of Ks or Ss (25. 
DEF. ), viz. will be quadruple. to the ſquare of SO. But, p wy 
being biſected in C, the rectangle HAa will be double to the rect- 


1 


angle HAC. Therefore the rectangle HAC is double to, the, 


ſquare of SC. Again, becauſe GA, AE, are Teverally equal to 


18 CQ, the rectangle GAE is equal (to the rectangle, LCQ, 


viz.) to the ſquare of 8 05 Con- 24.) But AF is double to 
; a 
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190 . CoONIC SECTIONS. Proe, 48 
I. AE, therefore che rectangle FAU is double to the rectangle GAE 
|" and conſequently i is double to the ſquare of SC. Wherefore the 
rectangle HA C is equal to the rectangle FA G, and the four points 
C, H, F, G, are in a citele. As before therefore, the angle AHF 
is equal (to the external angle AG C, viz.) to the alternate angle 
FAI; and conſequently the point P is in the circle touching the E 
ſection in A. The circle therefore does meet the ellipſe or hyper- 74 f 
bola again in a point F, and AF is roach n to the dia- 5 
| meter Dp, equal to A 
I fay allo, that the circle does not meet the ſection again in any 
other- point chan F. For if poffible, let them meet again in R, 
and Join AR: *Fhen AF, AR, make the ſame angles with either 
axis (2. Cox. 45.): But AP is parallel to DI, and DI, AT, 
make equal angles with each axis (3. Con. 45.); therefore AF, 
AR, Al, drawn from the ſame point A, make equal angles with 
an axis, that is, with the ſame” right line, which is abſurd (16. e. 
e he circle therefore'c qr. not rect * ſection __ in- = 
other point than F. 4 
Laſtly, becauſe the circle touches the ſection in A, 4 meets 
it in another point F, but does not touch it in F, becauſe FA is 
not perpendicular to an axis; it muſt neceflarily fall between the 
points MB, I on each fide, partly ee and partly ee the 
8 
CoR. 1. If in the focal axis of a conic ſection, or the axis ſecun- 
dus of the hyperbola, a point be aſſumed, whoſe diſtance from the 
vertex is either equal to, or leſs than the ſemiparameter of the axis, 
this diſtance ſhall be the leaſt of all the right lines which can be 
drawn from the point to the ſection; but if the point be taken in 
the axis ſecundus of the ellipſe, and its diſtance from the vertex be 
equal to or greater than the ſemiparameter of the axis, this diſtance 
ſhall. be greater than any other A line which can be drawn from 
| the point to the ſeftion. 
764, 165, The fare things remaining, PA; is, in the firſt caſe, the leaſt 
166, right ine, which e can be drawn from the poure P to the ſection, 
becauſe 


» 


Prov. 48, C'ONTEDTERCTIONS. ” 293 
becauſe the ſection touching the circle in A falls in every point F I G. 
without. If rA therefore be leſs. than PA, the circle, deſcribed 
round p with the diſtance vA will fall entirely within the former 
circle; and therefore y A will be leſs than any other right line which . 
can be drawn from y to the circumference of this outer circle, and 
therefore much leſs than 80 n right line: drawn n to . 
ſect ion 47 5 
- By the lame 00 it is pegs if PA, e be; uk in | 
the axis ſecundus of the ellipſe, and either equal to, or greater 
than, the ſemi- parameter of the axis, that PA, 2A, are greater 
than any other right line which can duds drawn n P, p, to meet 
the ſection. 1 00 
Cor. 2. Hence Bande if a ends ha centre | is. in — 
axis of a conic ſection, or in the axis ſecundus of the hyperbola, and 
which paſſes through the vertex of the axis, meet the ſection again, 
the ſemidiameter of this circle muſt be greater than the ſemi · pa- = 
rameter of the axis. But if the centre of the circle be in the axis 
ſecundus of the ellipſe, the emidiameter of, as; ache au nll | 
than the ſemi-parameter of the axis. STO His | 
For if not, the diſtance of the centre 8 tbe 3 ae 
in the one caſe, be the leaſt, and in the other, the greateſt. right 
line which can be drawn from the centre to the ſection; which is 
contrary to the hypotheſis, becauſe there is another point in the 
ſection, which is enn to: be at an e ee. ern pho 
dente. | 
Cor. 3. Ic a . be aimed i in hs focal axis * à conio tion, 
or in the axis ſecundus of the hyperbola, ; whoſe; diſtance from the 
vertex is greater than the ſemi-parameter of the axis, a right line 
may be drawn therefrom, on either ſide of the axis, to the ſection, | 
which ſhall be leſs than any other right line drawn from the point 
to the ſection. But if the 8 be taken i in the axis ſecundus of 
the ellipſe, and its diſtance rom the vertex be leſs than the ſemi- | 
n La cle, a right line may be draw there om to t | 
ſection, on either fide: of dhe axis, / which ſha be groater than any 
other right line drawn from the mud to the ſection. 


1 
J. 
0% 
A 
1 5 
92 
u 
a 
| f 
_ 
1 4 
N 
1. 
be * 
* 
| 
17 
1 
1 
yl 
Fo 
6 3 
9 
"yy 
* 
* 
4 
i 
* 


o 
: 1 
c 
a M1 
©! 
N 
* 
A 
: 1 
N. 
1 
Ih 
. 
14 
"4 
1 
n 4 ik 
* 8 
a 
14 
1 
* bio 
1p}, 
454 4 7 
7 
$8 
2 
+ 
Tt 
I * 
45 
7 $ 
vi 
* 


= 


* 3 <7 IP 


— — ——— ——— 
E 


— 
— — 
7 


— — 


£ * r 


D 


9 
— —— ——ä———— — 
— —— 


If 


DE SIE th 


F 


; 
2 


ä 


by og rn 


1 


arr” » h 
8 4 K i 
—— . - = — - * 8 * 5 
_ — * bY n < 3 #4 A 2 A 
— —ũ4604ͤ—P rðßᷣ' — FF d ¹ A X RR ü — qc 
rn =_ | 2 


192 SY _:CONIC-SECTION'S. PRor. 49. 
FI. 57 the axis be that of the parabola, or the focal axis of the el- 
172, 173, Wir or either axis of the hyperbola, and v be the given point 
* therein, A the vertex, and PA be greater than PA the ſemi-latus 

rectum of the axis; in the parabola, take r QC towards the vertex 
A, equal to PA, but in the ellipſe and hyperbola, take »Q ſuch 
that C being the centre of the ſection, PQ ſhall be to CQ as 
PA is to AC. If QO be ordinately applied to AC, meeting the 
ſection in O, becauſe Vis to CQas PA is to AC, then di- 
videndo or componendo, C is to CQas PC is to AC; there- 
fore PA being greater than PA, PC will be leſs, in the ellipſe, 
and greater, in the hyperbola, than PC; and conſequently Q 
will be leſs or greater than AC. Wherefore in both ſections, the _ 
point Q will be within the ſection. But in the parabola, PA be- 
ing greater than PA, viz. than pq. the point Q will be within 
the ſection. Wherefore in each of the three, QO will meet the 
ſection, on each ſide of the axis, in O, o. Join PO or po, each 
of which ſhall be the right line required. For. the circle deſcribed 
round the centre p with the diſtance PO or Po ſhall touch the 
ſection in O, o, and fall entirely within the ſection, or entirely with- 
out either hyperbola, when v is in the axis ſecundus, (1. & 2. Cor. 
30. & 44.) . Therefore PO, yo, towards either part of the axis, 
are each of them leſs than any * line which can be drawn from 
P to meet the ſection. | 
In ͤ the ſame manner it may be ſhewn, i the axis be the fs 
of the ellipſe, that a right line may be drawn from the point given 
therein to meet the ſection, on either fide of the axis, which ſhall 
be greater than any drawn therefrom to the ſection. | 


4 R 0 P. 49. 


If a circle touch a conic ſection, and intercept from 
the. diameter drawn from the point of contact a ſeg- 
ment . to its * the circle ſhall have the 

| 015 ſame 
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ſame aurvatuna. which the ſection Ba! in the inn af 5 1 


n 8. When the circle was the ml in the n of 


an axis. 13 


Let the circle AG H conch a conic ſection in the . of Na, 173+ 
the focal axis, or of the axis ſecundus of the ellipſe, and intercept /. 


from the axis a ſegment AH equal to its parameter; I ſay, that 
the ciicle and the ſection ſhall have the ſame curvature in the 
n A. 


For if it be -oflible that a W may be deſcribed, which Saſs 
between the circle AG H and the ſection,” it muſt touch both in 


the point A, viz. it” muſt have its centre in the axis; becauſe a 
cucle, whoſe centre is not in the axis, would cut the common 


tangent in A, and conſequently fall partly within, and partly with- | 


out the circle and ſection; and moreover this circle muſt; in-the 


caſe of the focal axis, intercept a diameter greater, and in the caſe 


of the axis ſecundus of the ellipſe a diameter leſs,| than AH, be- 
cauſe otherwiſe the circle would fall wholly within or wholly with- 
cout the circle AG H, and therefore not 1 in 4 part between 
the circle and ſection. 

Wherefore let a circle be in each caſe deferibed; which having 
its centre in the axis, cuts off from the axis a ſegment An (greater 
or leſs than AH. Bifet AH, An, in P, . Becauſe PA is, in 
the one caſe greater and in the other leſs than PA, a right line v0 


| may be drawn to meet the ſection, on either ſide of the axis, which - : 


in the one caſe ſhal} be leſs, in the other greater than vA (3. Cor. 
48.). Let 20, po, be ſo drawn, meeting the circle An in R, x. 


Becauſe pO, eo, are in the one caſe leſs, in the other greater, 


than p A, viz. than PR or p R, the points O, o, fall accordingly 
within or without the circle AG H, viz. the circle Aon is in the 
points R, x, without or within the ſection, and therefore the whole 
circumference RAR muſt fall entirely without or within the ſection. 
| In 2 _ therefore, can a circle be deſcribed which paſſes 
| Cc | . 
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CONIC SECTIONS. Paor. 49. 


Verne dhe fection and circle AG H, and conſequently the circle 
AGH has the ſame curvature with the ſection i in the point A. 


> Caseg 2. When thi civie 8 the ſection i in any other mw | 
than the vertex of an axis. | 


Let the circle AF H touch a conic e in A, which is not 
the vertex of an axis, and every thing remain as in the preceding 
Prop. Draw AD ordinately applied to the focal axis, and in the 
ellipſe and hyperbola draw alſo Ap ordinately applied to the axis 


ſecundus. If a circle can be deſeribed, which paſſes between the 
circle AFH and the ſection, it muſt touch the ſection in A, and 


therefore mult be a greater circle than that which would touch the 


ſection in A, D, and muſt be a leſs citcle than that which would 
touch the circle in A, D; becauſe the former of theſe circles, and 


much more every leſs circle falls entirely within the ſection, while 
ther latter, and much more every greater circle falls entirely with- 


diurt the ſection (46:). Let therefore a circle be deſcribed, which 


touching the ſection in A, is greater than the one which would 
touch the. ſection in A, D, and is leſs than the one which would 
touch the ſection in A, D. This circle muſt meet the ſection 
again, becauſe on the part of D it falls without the ſection, and 


on the part of D within the ſection, while in the caſe of the pa- 


rabola, the circle falling on the part of D without the ſection, 
and the parabola being indefinite in its extent, the circle in re- 
turning to A again muſt cut. the ſection. Let the circle therefore 
meet the ſection again in O. Draw O T parallel to A F, viz. to the 
right line DI, which touches the ſection in the point D, and let 
OT meet the ſection again in T, AD in Z, and AI in V. The 
rectangle OV T is equal to the ſquare of ZV (31.). But becauſe 
DI is equal to AI (3. Cor. 27. ), therefore Z V will be equal to 
AV, and conſequently the rectangle O VT is equal to the ſquare 


of AV. Wherefore the point J is allo in the circle, viz. the circle 


meets the ſection again in T. Wherefore, touching the ſection in 


A, and i meeting: it in the! two Pointe O, T, it does not meet it in 


any 
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any other ola (44. Is Now if the points O, T, fall on the has FIG 


ſide of AF with D, becauſe towards D the circle falls without 
the ſection, it muſt from A to T fall entirely within the ſetion, 
from T to O without the ſection, and from O to A fall again en- 
tirely within the ſection. And in like manner, if the points O, T, 


fall on the parts of A oppoſite to D, viz. towards D, becauſe ie 
meets the ſection in no other point than A, o, T, and on the parts 


towards o falls without the ſection, it muſt from A to o fall en- 


tirely without the ſection, from o to T fall within, and from r 


to A fall again entirely without the ſection. Wherefore every 
circle that can be drawn to touch the ſection in A, falls on each 
ſide of A, either wholly within or wholly withdut the ſection, and 
therefore cannot paſs between the ſection and the circle AF H, 
becauſe the circle AF H falls on one ſide of A within, and on the 


other without the ſection (48.). The circle AF H is therefore of 


the lame curvature with the 2188255 in he regs A * Dex. 0 


i . PROP. 50. 


If a circle, touching a conic ſection in any 5 


point than the vertex of an axis, have the ſame cur- 

vature with the ſection in that point. 
Then in the parabola, the ö of the axis 

hall be to the parameter of the diameter drawn 


through the point of contact in the duplicate pro- 


portion of the ſame parameter to the diameter * the 
circle of equal, curvature,  _ A 


But in the ellipſe and pp — nin of 
the circle of equal curvature ſhall be to the diameter 


; conjugate. to the one drawn through the point of 
contad, | 


Cc2 


* 2 CCC d 7 
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F1G. contact, as the ſquare of this conjugate diameter is to 
the rectangle under the parameters of the axes, or to 
the rectangle under the axes themſelves. 


170, 11. The pou things remaining as in bes: 48. and 49., "EW AX | 

| perpendicular to AI, the common tangent at the point A, meeting 

the circle of equal curvature again in X, AX will be the diameter 

of this circle. Biſect AX in P, which will be the centre of the 

| circle, and draw PN perpendicular to AH, which will biſect it 
171. in N (3. e. 3.). Then PART 1. In the parabola, if AX meet 
| the axis in P, and AD meet it in B, By will be equal to the ſemi- 
parameter of the axis (1. Cos. 30. ), and if By be produced to B, 
ſo that PB be equal to By, the whole By will be equal to the 

| . parameter. I ſay then that By _ be to > AH in the duplicate 

[i | ratio of AH to AX, 

1 3 Becauſe Ap is a mean proportional between By, AN (47.), 
By is to AN in the duplicate proportion of By to A?; and be- 
cauſe the triangles BAH, ANP, are equiangular, By is to AP as 
AN is to AP; therefore ex zquo, By is to AN in the duplicate 
proportion of AN to AP, and their doubles being in the fame 
Porto, BB will be to AH in the ROY ES. of AH 
n TY 


1590. PaRT 2. In the? ellipſe and hyperbola, K x being the Aae 
conjugate to Aa; I fay that AX is to Kk as the ſquare of KK 
is to the rectangle under the parameters of the axes, or to the 
18 rectangle under the axes themſelves. a 
| | Let AX meet Kk in Q. Becauſe AX is . to AI, 


it will be perpendicular alſo to KK; wherefore the angles AQC, 
ANP, being equal, becauſe each right, and the angles at A being 
nen the triangles PAN, CAQ, are equiangular, and AP 
is to AN as AC is to AQ. But AN being equal to the ſemi- 
= parameter of AC, AN is to CK as CK is to AC (25. Dr.); 
x Ok bags wad ex quo perturbate, AP is to OK (as CK is to AQ, 
| Hy Is Ps | | viz.) 
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viz.) as the: ſquare of CK is to the rectangle under CK, AQ, F 1.0. 


But the rectangle under CK, AQ, is equal to the parallelogram 


conſtituted under the ſemi-conjugate diameters AC, CK, about the 
angle ACK (35. e. 1.), and this parallelogram is equal to: the 
_ rectangle. under the ſemi-axes (3. Cor. 47.),. or to the rectangle 
under the ſemi- parameters of the-axes (25. Cor. Dep.) There-- 


fore AP is to CK. as. the ſquare of CK: is: to the. rectangle under 
the ſemi-axes, or to the rectangle under the ſemi- parameters of 
the axes.; and becauſe the doubles are in the. ſame proportion, AX 
is to KK as the ſquare of KK is to the rectangle under the axes, 
or to the rectangle under the parameters of the axes, 

CoR..1.. In. the parabola, if. round the centre p with the dis 
tance vA a circle be deſcribed, this circle will touch the parabola 
in the points A, D; and the parameter of the axis will be to the 
parameter of the diameter of the ſection drawn through A as the 
diameter of. the cirele AD is to the diameter of the circle of 
equal curvature. 

For it has been ſhewn thatie Ri is/to AN as A is to AP, and 
the doubling of -theſe proportionals i is the Co. itſelf. | 
Con. 2. In the parabola, if a mean proportional be taken be- 


tween the ſemi-parameter of the axis and the ſemi-parameter of 


the diameter drawn through the point of contact, this mean pro- 

portional, the ſemi-· parameter of the diameter drawn through the 
point of contact, and the 1 of curvature ſhall be in continued 
ö W e j Sth : O18 S716 | & 2+ 8 
For Ar is a mean . baimach oy AN, a By 
is to Ap as Ap is to AN, and alſo, By is to AP as AN; is! to AP. 


Wherefore, — Arn to AN. as uin WAP, Which is 


the Corollary. . ai linctiocs od Hat 
Cor. 3. In the ellipſe a ad Pos he 1 dravun 


from the point of contact is to the perpendicular drawn from the 
point of contact upon the conjugate as the radius of! curvature is to 


| * ; dia N 7 1 » 
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'F or it has appeared that aCi is to _— AP. is to * Which 5 
18 . 3 FFC 3 


* 5 . # - 
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ABB is a conic „Uection BB a 8 of i it, _ B, its entuw, 


199, 191. O its centre, or B the ſingle vertex in the caſe of the parabola. 


HE is a right line parallel to the ordinates applied to the diameter, 
and meeting the diameter in a point E without the ſection. From 
E is drawn EG touching the ſection in G, and G parallel to 
HE, meeting Bs in D. At E is drawn EF perpendicular to 
HE, and ſuch that in the ellipſe and hyperbola, OD is to OB 
as GD is to EF, or in the parabola, that E F is equal to GD. 
Round any point C a circle is deſcribed, whoſe ſemidiameter is to 
the perpendicular diſtance of its centre from H E as OB is to OE, 
viz. in the caſes of the ellipſe and hyperbola, but in the caſe of 
the parabola, whoſe ſemidiameter is equal to the perpendicular 
Adiſtance of its centre from HE. Laſtly, if through C be drawn 
a perpendicular to HE, meeting it in H, and the circle in R, x, 
and parallel to By nn HS, * that _ be to EB as « RH 
36.40 IS8.- qd 12:40 : 4 belted 41 > 
Then, if two eight links FP, P. * e "ip Shad B,S yi 
carrying their interſection P conſtantly in the right line HE, or 
being each at the ſame time parallel to HE; while two other right 
lines FA, SA, revolve alſo about F, S, and while the one FA fol- 
"lows and conſtantly paſſes through the interſection A of the right 
line 8 P with the ſection, the other 8 4 preſerves: 4 conſtant: pa- 
ralleliſm to FA; I day, that the interſection A of SA with FP 
ſhall be e in Fm ne of the * deſeribad | 
wound .. „% 0 
ds F p. P. be; any dab of ths 1 . - 
ing HE in P. or each. parallel to H E, and 8 E meeting the ſection 
in A, while SA meets FP in A, draw SL, AI, AK perpendicular 
% HE, and AV, AT, parallel to HE, the former meeting FE 
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= in V. BB in Q and the latter meeting Rx in T; alſo draw XOx FI G. 
the diameter dannen to BOB. Then ill 


Cane 1. „When the Gains is an ellipfas or hyperbola. | 
_ Becauſe BB is harmonically divided in E, D (4, Cor: 37. ). and 188. 

biſected i in O, BO fhall Be a mean proportional between EO, OD 190, 197. 

(2. Cor. LEM. 5. ), and the rectangle ; EB is equal to the rect- 

7 angle OED, alſo the rectangle 3D B is equal to the rectangle 

oobE (Lxx. 5.) . Therefore the ſquare of O B is to the ſquare 

2 of OD (as OE is to OD, viz.) as the rectangle OED is to the 

rectangle ODE (A. e. 6.). But, becauſe OB is to O as EF is 
to GD, thetefore, ex æquo, the rectangle OE D is to the rect- 

EE angle ODE-zas' the ſquare. of EF is to the ſquare of GD. And 

5 the ſquare of OB is to the rectangle 3 DB or ODE as the ſquare 
of OX is to the ſquare of GD (6. CoR. 23.), therefore, ex æquo, 
the rectangle O ED or the rectangleig EB is to the ſquare of EF 
as the ſquare of OB is to the ſquare of OX. But becauſe CH. 
OE, are cut proportionally in R, B; and in x, B, RH will: be to 

XH as BE is to BE, and by hypotheſis RH is to SH as EF is to 
—_ therefore, ex æquo perturbatè, R H is to 8 H as EF is to BE, 

and compounding theſe two laſt. ratios, the rectangle x HR will 
— the ſquare of 8 H {as the ſquare of E F is to the rectangle 
EZB, viz.) as the ſquare of OX is 40 the ſquare of OB. - Again, 
becauſe EH, FP, 8P, meet an P, or are mutually parallel to each 
other, and from two points F, A, in FP, are drawn to EH the 
parallels FE, A K, and from the ſame two points are drawn to 

FE | 8 the parallels FA, a S, therefore FE; AK, are proportional to 

7 FA, A8 (LEM. 1:).' For the ſame; reaſon; are the parallels; AT, 

LU SL; proportional to FA, A8, and therefore EE, XK, are pro- 
portional to AI, SL: But PK is to PE (as A K is to FE, viz. 
as SL is to Al, vizt) ) as PL is to Pl, and dividendo, LK is to 
EI or AV (as PL is to PI, viz.) as AK is to FE. If EH, PP, 

8 P be parallel to each other, then A K is equal to FE, and SL 

to AI. Alſo becauſe FA is parallel to AS; Fa S A becomes a pa- 
— wherein 8A is equal to Fa, but for the ſame reaſon 
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6. 8A is 1 to LI, and Fa to E K, therefore LI is equal to E K. 
and taking away or adding the common magnitude IK, the re- 
mainders or the wholes LK, EIL, will be equal. Wherefore equaj 
things being proportional to equal things, LK will, as before, be 
40 EI or AV as AK is to FE. Moreover in both. caſes, on ac- 
count of the ſimilar triangles HSL. QE V. HL is to QV (as 81. 
is to EV or Al, viz.) as AK is to FE. Wberefore, ex æquo, 
L is to HL as AV is to QV, viz. LK, Av. are proportionally 
cut in H, Q, and HK is to A (as LK is ta AV, viz.) as A K 
is to FE. The ſquare of HK is therefore to the ſquare of AQ as 
the ſquare of A K is to the ſquare of FE, and componendo, the 
ſquare of A H is to the ſquares: of FE, AQ, as the ſquare of A K 
is to the ſquare of FE. But AK is to FE (as HL is to Q, viz.) 
as SH is to EQ. Wherefore ex æquo, the ſquare of A H is to 
the ſquares of FE, ' AQ, as the ſquare of SH is to the ſquare 4 
of EQ. Again, the rectangle BQB is to the ſquare of A 3 
as the: ſquare of OB is to the ſquare of OX (6. Car. 23.), 
and it has been ſhewn that the rectangle BEB is to the ſquare 
of EF as the ſquare of OB is to the ſquare of OX; there- 2 
fore ex æquo, the rectangle x QB is to the ſquare of AQ as the 
rectangle 3 EB is to the ſquare of EF; and compenendo, and 
in OE taking Oq_ equal een the rectangle QEQ will. be 
to the ſquares of FE, AQ. as the rectangle BEB- is to the 
ſquare of FE *. But it has alſo been ſhewn that the rectangle 
-BEB is to the ſquare. of FE as the ſquare of SH is to the rect- 
angle x HR. Therefore, ex æquo, the rectangle E Qis to the 
ſquares of FE, AQ as the ſquare of SH is to the rectangle x H R, 
and it has juſt been proved that the ſquare of a H is to the ſquares 
of FE; AQ. as the ſquare of SH is to the ſquare of EQ, where- 
fote, ex æquo perturbatè, the rectangle RH R will be to the ſquare | 
of AH (as the ſquare of EQ_is-to. the rectangle QE Q viz.) as 
EQ is to E and componendo or dividendo, the rectangle. x H R 
is to the e e LIAR meren the ſquare of AH, or to 


8 That the reftangle 2QB together with the reQangle DEB is 1 to the 3 
| ede *¹a vie Note Por. 42. 2 
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angle x HR is to the rectangle CHT (as the rectangle BE Qis to 
the rectangle BE O, viz.) as EQis to EO. Whence by doubling 


ws 
5 


CHT as EQ is to the double of EO. But it has juſt been proved 


angle CHT, and conſequently the point A is in the circumference 
of the circle ee round C (LEM. 15. & . | 


In this caſe the points R, H, coincide, EH touches * JOS, 189. 
in H or x, GD is equal to FE, and BD is equal to EB (37.). 
Then in the ſame words as in the preceding caſe it is proved that 


is to the ſquares of FE, AQ. as the ſquare. of A K or HT is to 


is to RH, viz.) as the ſquare of HT is to the rectangle RHT. 
Therefore, ex æquo perturbats, the ſquare of FE, is to the ſquare 


quently the ſquare of A H is equal to the rectangle RH T, and 


round C (31. e. 3. & Cor. 8. e. 6.) . 1 


PROP. 51. CONC SBmress. 201 
the exceſs of the rectangle x HR and the ſquare of H as . F 1G. 
is to the double of EO. Laſtly, dt has been ſhewn, that EQ is:to 

SHas FE is to AK or HT, and by hypotheſis, RH is to SH as 

FE is to EB, therefore, ex æquo perturbatè, RH. is to HT, as 

EQ is to EB, and it has alſo appeared that x H is to CH as EB 

is to EO; therefore, compounding theſe two laſt ratios, the rect- 


the conſequents, the rectangle R HR is to double the rectangle 


that the rectangle R HR is io the rectangle x HR together with 

the ſquare of a H, or to the exceſs of the change R HR andi the 

ſquare of AH, as EQ is to the double of EO. Therefore the x 1 
rectangle x HR together with the ſquare of A n, or the exceſs f i 
the rectangle R HR and the ſquare of A H, is double to the rect- 8 


— CO, —— — 


cen 4. When the ſection is a 1 


a % 
ů—UUH—U )m'̃ V ̃ —— —[Z—V CE CIR — I — > — - — 
* 
2 Z l > SW "* > - = —— 2 _— - L 7 2 IT — 
— oy toro rw ns Log 
— b . PR” 4 "p<; , an. 4 + > "2; 2 7 r 7 TD = — 


A K or HT is to RH as E is to EQ, and that the ſquare of a H 


the ſquare of FE. But the ſquare of GD is to the ſquare of AQ 
as BD is to BO (6. Cor. 22.), viz. the ſquare of FE: is to the 
ſquare of AQ as EB is to BQ and componendo, the ſquare of 
FE is to the ſquares of FE, AQ_(as EB is to EQ, viz. as HT 


cd 


7 8 2 2 E 


of AH as the ſquare of FE is to the rectangle RH T. Conſe- 


3 


therefore the point A is in the circumference of the circle deſcribed 


ES 
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viz. the point 8 falls in the centre. 


c Oo NIC SECTIONS. 
Con. When the diameter is the focal axis, then EF coincideg 


8 193. with the axis, and if the point D fall in the focus; I ſay that HE 


ſhall be the directrix of the ſection, that the point F ſhall fall alſo 


In the focus, that the circle deſcribed round C ſhall be a generating 
circle, and that the point S ſhall fall in the centre C. 


Becauſe DG, ordinately applied through the focus to the focal 
axis, meets the ſection in G, it is equal to the principal ſemi- 


parameter (5. Cor. I.), and -becauſe GE touching the ſection in 


G, meets the axis in E, therefore E will be the point in the axis 
through which the directrix pans (6. Con. 9.), viz. EH is the 


directrix. 
Again, becauſe D is A focus, DG the F pe 1 
meter, and EH the directrix, therefore in the ellipſe and hyper- 
bola, DG will be to ED as OB to EO (16. Dee. & 4. Cor, 


DeF., viz.) as OD to OB (17. Cor. Der.) But, by hypothefis, 
DG is to EF as OD is to OB; therefore EF is equal to ED. 


While, in the parabola, D being the focus, ED is equal to the 


principal ſemi- parameter (7. Cok. 1. ), viz. to DG; and, by hy- 
potheſis, EF is equal to DG, therefore EF is equal to ED. 


Wherefore, in each caſe, the . F coincides with D, viz. it falls 


in the focus. 


Moreover, in the ellipſe. and whetbels, becauſe CR is to CH. 
(as OB is to EO, viz.) as DG is to ED, therefore the circle de- 
ſcribed round C is a generating circle (16. Dey.), while in the 


parabola every circle GE 1 the directrix is a eee vom 


(6. Cor. Dee.) ) | 
_ Laſtly, becauſe EF, EO chliichde! HS, HO > eoincide ao 3 avg 


in the ellipſe and hyperbola, becauſe Ez is to EP as EO is to EB 
(17. Cor. Dr.), but Es is to EF as HS is to R H, and EO is 
to EB as H C is to x H; therefore Hs is to RH as IIC is to RH, 


EF is double to EB (7. Cor. 1. ), and EB is to EF as HS is to 
HR; therefore HR is alfo double to HS, viz. the . S falls in 
the centre C. 


® PROP. 


Prop. N. 


Alſo in the parabola, becauſe | | 


NW 
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11. 


Let R AR be a circle given. in pes tiäll and magnitade, EH a 188, 189. 


right line given in poſition, and 8, P, being two given points, 
without the right line EH, let the right lines SP, FP revolve 
about 8, F, and carry their interſection P conſtantly in the right 
line EH, or be at the fame time each parallel to E H, and about 
the fame points 8, F, let the right lines $a, FA revolve, fo that 
while SA conſtantly follows the interſection A of FP with the 


circle, the other FA fhall preferve a conſtant paralleliſm- to Sa; 


I fay, that the point A, which is the interſection of FA with SP 
ſhall by its motion deſcribe a Contec SecTton. 

Through C the centre of the circle and the points S, F, draw 
CH, SL, FE, perpendicular to HE, the former meeting the 
circle in the points R, R. Join SH, and draw E O parallel thereto; 
alfo join FR, and accordingly as it meets HE, or is parallel to it, 
draw 8, meeting HE in the ſame point p, or parallel to H E. 
Let Sy meet EO in B, and join SR, FB. Then if FR, Sr, 


190, 191. 


meet HE in p, becauſe of the parallels, Rr is to RF (as He is 


to HP, viz.) as Sr is to 8B. Wherefore SR is parallel to FB. 
If FR, Sy be parallel to HE, then SHEB, RHE F are paral- 


lelograms, wherein SB, RF, being each equal to HE, are equal 


to each other, and therefore as they are alſo parallel, S R will, as 
before, be parallel to FB. Wherefore the point B is in the ſec- 
tion, or line deſcribed: by the motion of A. For the ſame reaſon, 
if CH meet the circle in another point x, diſtinct from H, viz. 
if the circle do not touch H E, there will be another point k in 


EO, correſpondent to the point R, which will alſo be in the 


ſection.— In this caſe biſect Bs in O. Becauſe the ſides of the 
triangle FEB are reſpectively parallel to the ſides of the triangle 
| ES EB will be to EF as SH is to HR, and for the fame 
8 Dd 2 | reaſon, 
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188, 190. 
191. 


CONIC SECTIONS; PRop. 52, 
reaſon, EB is to EF as SH is to HR, therefore ex æquo pertur- 
bate, EB is to EB as Hx is to HR, and alſo, compounding the 
lame two ratios, the rectangle BEB is to the ſquare of EF as the 
ſquare of SH is to the rectangle x HR. Wherefore R R, By 
are proportionally cut in H, E, and being biſected in C, O, .CH, ; 
OE will be proportionally cut in R, B, and in x, B. 

Draw AI, AK, perpendicular to HE, and AV, AT, nt 
to HE, meeting EF, CH, in V, T, and the latter meeting alſo 
EO in Q. In EO an the part of O oppoſite to Q make O00 
equal to OQ, and join a H. Then by the fame reaſoning, and 


in the fame words, as in the preceding, it is proved, that the 


ſquare of A H is to the ſquares of FE, AQ as the ſquare of SH 


is to the ſquare of EQ, that the rectangle x HR is to the double 


of the rectangle CHT as EQ is to the double of EO, that HT 
is to EB as HR is to . and that HR is to FE as SH is 
to *. 


Cask 1. When the cls does nat. touch H E. | 
| Becauſe the rectangle x HR is to twice the rectangle CHT 
as EQ is to twice EO; therefore componendo or dividendo, the 


rectangle x HR is to the ſquare of AH (as EQ is to EQ (Lem. 


I5, 16.) *, viz.) as the ſquare of EQ, is to the rectangle QE Q. 


But it has been proved, that the ſquare of AH is to the ſquares 


of FE, AQ, as the ſquare of SH is to the ſquare of EQ; there- 
fore, ex æquo perturbatè, the rectangle x HR is to the ſquares.of 
FE, AQ, as the ſquare of SH is to the rectangle QE Q. It has 


alfo been ſhewn, that the rectangle x HR is to the ſquare of FE 
as the ſquare of ;SH is to the rectangle BEB. Therefore ex æquo, 


the ſquare of FE is to the rectangle B EB as the ſquares of FE, 
AQ, are to the rectangle QE Q and dividendo, the ſquare of F E 
is to the retaggle BEB as the ſquare of. AQ is to the pd 


* Twice EO together with EQ, or the exceſs of twice EO above EQ, accord= 
ingly as the compoſition or diviſion of the ratio is e is equal to E. am 
is lo u, as to need no illuſtration. ; | 
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che rectangle QB, vide NoTE,..PROP, 42. 


Pror. 52. ON IC SECTIONS. 
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angle B QB. Through O draw OX parallel to HE, ſuch that F I'G, 


the ſquare of OX may be to the ſquare of OB'as the ſquare of FE 
is to the rectangle B EB. Then, ex æquo, the ſquare of OX is 
to the ſquare of OB as the ſquare of AQ is to the rectangle 3 QB. 


But this is a principal property of the ellipſe and hyperbola, when 
a right line is ordinately applied from any point in either ſection to 


one of two conjugate diameters (6. Cor. 23.). Therefore the 


line deſcribed by the motion of the point A is an ellipſe or hyper- 
bola, when the circle does not taub. HE. and OB, O are con- 


Jugate 2 


ren 2. When the circle males HE: | 
Becauſe it has been ſhewn, that HT is to EB as H R i is to 


EQ, therefore the rectangle RH T is to the rectangle BEQ as 


I 89. 8 


the ſquare of HR is to the ſquare of EQ (I. e. 6.). But it has 
alſo been ſhewn, that in this caſe as well as in the firſt, the ſquare, 


of AH is to the ſquares of FE, AQ, as the ſquare of SH is to the 


ſquare of EQ; and becauſe in this caſe, the. rectangle RHT is 


equal to the ſquare of A H (31. e. 3. & CoR. 8..e..6.) ; therefore,. 


ex æquo perturbatè, the ſquare of HR is to the ſquares of FE, 
AQ, as the ſquare of 8 H is to the rectangle BEQ. It has alſo. 


appeared, that HR is to FE. as S H is to EB, therefore, ex zquo, 
the ſquare of FE is to the ſquares of FE, AQ (as the ſquare of, 


EB is to the rectangle B EQ viz.) as EB is to. EQ; and, divi- 
dendo, the ſquare of FE is to the ſquare of AQ (as EB is to 


BQ, viz.) as the ſquare of EB is to the rectangle under EB, BQ. 
Aſſume the right line L a third proportional to EB, FE; then the. 
ſquare of FE is to the ſquare of EB (as L is to EB, viz. as the 
rectangle under L, BQ is to the rectangle EB. Therefore the 
rectangle under L. BQ is equal to the ſquare of AQ, which is a. 


principal property of the parabola, reſpecting an ordinate applied to 


a diameter (1. Cok. 41.) . Therefore the line deſcribed by the 


That the exceſs of the rectangle QEQ above « the "A BEB is, equal to 


mw | 
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CONIC SECTIONS. Prov. 52. 


F LG. motion * the point A is a parabola, when the circle touches HE, 


of which EB- is a diameter, L its latus race and HE is pa . 
rallel to the ordinates applied to Et... 

Wherefore, univerſally the line deſeribed by che motion of the 
point A is a conic ſection. 

Cor. 1. As the circle falls e n the right line - HE, 
euts it, or touches it, or as the perpendicular diſtance of the centre 
of the circle from HE is greater, leſs than, or equal to the ſemi- 
diameter of the circle, the ſection ſhall be an ee en 


or parabola. 


In each caſe, the line deſcribed i is a conic {:Qion, but in the firſt 


caſe, when the circle falls entirely without HE, as the interſection 
A with the circle is conſtantly on the fame ſide of HE, ſo will 


the interſection A with the ſection always fall on one and the ſame 
fide ef HE, and while the point A moves through the whole cir- 
eumference of the circle, and returns upon itſelf, the point A will 


move on one and the fame fide of HE, and performing an entire 


revolution, return to its firſt poſition. The ſection is therefore a 
line.encloſing a ſpace round the centre O, and as it has been proved 
to have a principal pop bb a to the ellipſe, * ſection is 
an ellipſe. | 


But in the ſecond 4 whee the circle cuts the 10 line HE, 


and is divided thereby into two ſegments, as the point A is tra- 


verſing the circumference of one of theſe ſegments, a ſection is de- 
ſcribed by A, which is ſituated on one fide of HE, but when 4 


traverſes the other ſegment, the point A deſeribes another ſection, 


which is ſituated towards the other fide of H E, nor are theſe two 
ſections one continued ſection, but ſeparated. by HE, becauſe no 
point in HE can be in either ſection, from the very nature of the 


_ geneſis. As each of theſe ſections therefore has been proved to 


have a principal property of the . n the ſections are two 
oppolity byperbolas. | 
In the third caſe, when the circle. nd HE, 95 TM A will 


be alwyys fituated one and the ſame ſide of HE. The ſection 


therefore 
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PRor. 52. CONIC SECTIONS. 


therefore will be one, and as in this caſe it has been proved to have 
a principal property of the parabola, the ſection will be a parabola. / 
Con. 2. As the point 8 is in, within, or without the circle, the 


point F ſhall be in, within, or without the ſection. 


Through 8 draw any right line meeting the circle in the Walen 
A, N. There will be two points A, N, in the ſection anſwering to 
A, x, in the circle; and FA, FN, being drawn, will be reſpect - 
ively parallel to S A, SN, viz. FAN will be one right line parallel. 
to SAN. Allo if the right lines revolving about 8, F, by whoſe 
motion the ſection is deſcribed, be drawn, it will appear, that in 


what order the points 8, A, N, are, in the ſame order are the points 


F, A, N; viz. that if the point S be within ar without the points 
A, N, or coincide with one of them, as A, the point F ſhall ac- 
cordingly be within or without the points A, N, or coincide with 


A. Therefore as a right line can neither meet the ſection or circle 


in more than two points, the point F will be in, within, or without 
the ſection, accordingly as — point S is in, within, or without 
the circle. FF 07 

Cor. 3. Hence therefore if the point F fall in the ſoliton, the 
right line BF, and in the ellipſe 2nd hyperbola, BF «xo ſhall be 
ordinately applied to an axis of the ſection. 

For the point S then falls alſo in the circumference of Fs e 


20% 
FI G. 


A955 - 


196, 197, 
* 


and SR being parallel to BF, SR to BF, and SH to BE, the 


angle RSR is equal to the angle BFB, and the angle RSH to the 


angle EBF. But in the ellipſe and hyperbola the angle RS 2, and 
in the caſe of the parabola, the angle RS H, is a right angle (31. 


e. 3.) . Therefore in the one caſe, the angle BF, and in the 


other the angle E BF, is a right angle. Draw the diameter Ou 


biſecting BF in M. Then in the former caſe, becauſe BB is bi⸗ 
ſected in O, and BF 1 In M, O-M will be parallel to BF „ and there · 
fore perpendicular to BF. In the ſecond caſe, becauſe all the di- 
ameters of a parabola are parallel to each other, Ou is parallel to 


E B, and therefore perpendicular to BF. But in each caſe, be- 
cauſe BF is biſected hy the diameter Ov, it is ordinately applied 


to 
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CONIC SECTIONS. Pnror. 53. 
to Ov te; Cor. 15. ), and becauſe it is biſected at right angles, 


Ou is an axis of the ſection. 


For the ſame reaſon is B; F ordinately. applied to the ether axis. 


Con. 4. Hence therefore, every thing remaining as in the pre- 


ecding Cor., becauſe in the ellipſe and hyperbola, OD is to OB 


as DG is to EF, and in the parabola, D G is equal to EF; there 
fore if from the vertex B of a diameter Bs of a conic ſection an 


erdinate BF be applied to an axis of the ſection, and FE perpen- 
dicular to the ordinates applied to Bs meet Bs in E, alſo from E 


be drawn EG touching the ſection in G, and GD ordinately ap- 
plied to By meet it in D; then in the ellipſe and hyperbola, OD 
ſhall be to OB as DG is to EF, and in the parabola, DG ſhall. 


be equal to EF. This. concluſion is the ſame with the 1 I. & 30 


Cox. of Prop. * 


 —PROP. 53. 


If AD be a conic ſection, P its focus, X X the directrix, FE 


the focal axis meeting the directrix in E, the ſection in A, and 


through A be drawn any right line AH, wherein is taken AH 
equal to AF, and EH be joined. If through any point D in the 


ſection be drawn DB parallel to the directrix, meeting the axis in 


B, and B G parallel to EH meet AH in G; 1 ſay, that FD, be- 


ing joined, ſhall be equal to HG. 


Draw DI perpendicular to the directrix. DI is to FD as AE 


is to AF or AH (1. Cor. I.), and on account of the parallels, 


AE is to AH as BE is to HG. Therefore, ex æquo, DI is to 
FD, as BE is to HG. But DI is equal to BE, therefore FD 


is equal to HG. 
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dar ol n; 

If a cone vv be cut by a So e axis VK, An- 199, 200, 
ing the triangular fection V Y y, and alſo by two other planes AN a, 2. 
Do, each perpendicular to the plane VV, af which planes one 
G Da is parallel to the baſe of the cone, and DB; ba the cen 
ſection of the planes ADA, GDe, while G is the common 
ſection of the plane GD with the Plane VV, the * of DB 


ſhall be equal to the rectan gle GB. 


For it is a ne by every Writer on the "OT that, the 2 
ſection GDs is a circle, whoſe diameter is, G and therefore 1 
DB. being drawn from a point in the circumference perpendicular 
to G6. (19. e. 11. ), the ſquare of DB "i be Spa! to the fx 
angle GBo (36. & 3. e. 3.) un 20d. 

Cor, 1. Hence if from any point D in the fackice of i the e cone 
be drawn DB perpendicular to the plane VV, and through B be 
drawn, in the plane VY v the right line GB parallel, to V the 
common ſection of the plane VV with the baſe of, the cone, and 

meet the ſides VV, V, in G8. 6; the ſquare of DB ſhall be 
_ to the rectangle GBG. 

For the plane GD will be perpendicular | to the plane VYr 
(48. c. 11.), and therefore will, he a circular ſection, whoſe diame- 
ter is GG. Alſo if any other plane paſſing through D cut the 

cone, DB will be its common ſection with the plane G Ds. Eherg- 
fore the Cor. is the ſame with the LM. w. 

Cor. 2. If a plane AD A, not parallel to the baſe of the cone, 
cut the cone, making on its ſurface the line ADA, and from: any 
points D therein be drawn the right lines DB perpendicular to Aa 
the common ſection of the planes AD a, VX, or any right lines 

en n on the plane AD a, and: from the concourſe B 
| E e of 


210 
FIG. 


205, 206, 
207. 


o 


CONIC SECTIONS. Prov. 54. 
of the perpendiculars DB with AA be drawn in the plane VYy 
the right lines GBO parallel to Yr ; then if the plane AD a with 


all the lines drawn on it turn on Aa as an axis, till it coincide 


with the plane VV, every thing will be exhibited on the plane 


VYy as it exiſted on the plane AD a, with the ſame relations to 


_ each other and to AA, and the ſquares of the perpendiculars DB 


199, 200, 


201. 


will be equal to the rectangles GBs; as on the m ADa in 
ee e | 


PRO P. 54. 


"If a right e. cone YV y be cut by a plane paſſing through the axis 
VK, making the triangular ſection VVV, and again by a plane 
A perpendicular to the plane V Y y, but not parallel to the baſe 
of the cone, cutting the triangle VYy in Aa their common ſec- 


tion, and the ſurface of the cone in the linear ſection A QD. Alſo, 


204. 


if in the plane of the triangle VVV be drawn AO T parallel to a 


the baſe of the cone, meeting the axis VK in O, and On be 
drawn making with VO the angle VO equal to half the angle 
VAa, meeting AA in F, Vy in n, and KH HE parallel to AT 

be drawn, meeting AA in E, and VY in H. 


Then if through any point in the linear ſection AQD a Sons 


parallel to the baſe of the cone be paſſed, cutting the ſides of the 
triangle VYy ; I fay, that the diſtance of the point F from the 
point in the linear ſection ſhall be equal to the ſegment of the fide - 
VY or ad Y, eee nen Hu — the ns —— to the 
baſe. 


Suppoſe the . AQD to turn on ah common ſection ho as 
an axis, till it coincide with the plane VVV, exhibiting as in 


Con. 2. of the preceding LEMMA, the line AD, which is 


formed on the ſurface of the cone by the ſection. Draw FQ per- 


pendicular 
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8 __ conic SECTIONS. 


pendicular to Aa, meeting the linear ſection AD in Q and F1G. 


from any point D therein draw DB perpendicular to Aa. Alſo 


when the plane AO cuts both the ſides VV. VV, as in A, A, 


biſect Aa in C, and in F16. 202. draw CS perpendicular to A A, 
meeting AQD in 8. In the plane VV, through the points F, 
C, B, draw I FI, LCr, GB, parallel to AT or V v. meeting 
VI in I, L, G, and V in 1, 1, 6. I fay, agreeable to the 


| PRoy. that FA is equal to HA, * HI, FS to HL, and FD 


to HG. 

Join nA, HO, HF. ad the axis VK of the cone is per- 
pendicular to the baſe YWy, and conſequently to the right lines 
VV, AT, and alſo V is equal to V, any ſegments of the equal 


ſides VV, V, intercepted between any two parallels to V v, will 


be equal between themſelves, and the axis VK vill biſect the 
angle YVy. Becauſe therefore VH is equal to Vn, VO com- 


mon, and the angle H VO equal to the angle n VO, the angle 
VO will be equal to the angle VO H (4. e. 1.), and the whole 
angle HO (will be double to the angle VO n, viz.) be equal to 
the angle VA A. Wherefore the angles HOH, HOF together, 


are equal to the angles HAF, HOF together, viz. the angles 
HAF, HOF, are together equal to two right angles, and conſe- 


quently the quadrilateral AH OF is inſcribed in a circle (Con- 


VERSE. 22. e. 3.) . But becauſe the angles VO A, VO T are equal, 


being right, and it has appeared that the angle VO H is equal to 


the angle VO n, the remaining angle HO A will be equal (to the 


remaining angle OT, viz.) to the angle AO F. Wherefore the 


quadrilateral AH OF being 1 in a _ AF will be 21 5 to AH 


(29. e. 3.) 


But farther, as the ahi NOD i is Scher OY to a nde vy of 


the triangle VV v, or cuts both the ſides VY, Vy ; viz. as Aa is 
either parallel to V y, or cuts VV. Vy wa therefore 5 


— 


| Carr 1, Let AA ve panllt to vv. Eos | 
5 E e * . Becauſe 
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CONIC SECTIONS. Prov. 54, 


FIG. Becauſe HOF is in a circle, and AH is equal to AF, the angle 


204. AF H or EFH will be equal (to the angle AO F, viz.) to the 
angle EHF. Wherefore the triangles EFH, ERF, having alſo a 


common angle at E, are equiangular, and E H is to EF as EF is 
to En, viz. the ſquare of EF is equal to the rectangle HEn. 


Moreover the ſquare" of F Q is equal to the rectangle IF, as is 


alſd the ſquare of BD to the rectangle GBO (LEM. 19.). But 


| becauſe the four right Iines E, n A; F, n, iſſue from the ſame 

point n, and AT parallel to one of them ; E, and falling upon the 
other three, is biſected in the middle concourſe O, theſe four right 
lines ate harmonitals (LN. 4. ), and therefore E F parallel to one 


of them A V, and falling upon the other three, will be biſected in 


the middle cohourſe A. Wherefore EA: being equal to AF, is 


equal to A H, and conſequently E F is equal to HI, and EB to 


HG. Alſo becauſe Aa is parallel to VV, ER, FI, Bs, are equal 
between themſelves, and on account of the parallels, AF is to AE 
(as IF is to EH, viz. as the rectangle IF I is to the rectangle 
HER, viz.) as the ſquare of FQ is to the ſquare of EF. For 
the ſame reaſon is AB to AE or AF as the ſquare of BD is to the 
ſquare of EF. But AP has been ſhewn to be equal to AE, there- 
fore the ſquare of FQ is equal to the ſquare of EF, and FQ is 


equal to EF, viz. to HI. In BA towards the oppoſite parts of 


B make By equal to BF. Becauſe Fx is double to FB, and EF 
is double to AF, the whole Ey is double to the whole: AB, 
and Er will be EF as AB is to AF. But it has appeared that 
Ag is to AF as the ſquare: of BD is to the ſquare of EF; there- 
fore, ex æquo, the ſquare of BD is to the ſquare of EF (as Ex 
is to ZF, viz.) as the rectangle FE is to the ſquare of EF. 


Therefore the ſquare of BD is equal to che rectangle FE. Add 
the common ſquare of F B. and the ſquares of FD Will»be equal 


to the ſquare of EB (4. e. . 8696. mn). Wherefore! FD is 


_=_ to EB, viz. to HG. 
5 V or bellatag od AS BJ .r 296.0 + 
Car 2. When AA cuts VV. VX. 


For 


s 


2 * 
28 


t 
ISAS 
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PROP, 54. -CONIC SECTIONS. 
For the- ſame reaſon as in'the preceding caſe, the four right lines 
N E, l A, HF, n V, ate harmonicals, and the ſquare of E F is equal 
to the rectangle HE H. Therefore A'a meeting theſe four harmo- 
nicals, is harmonically divided'i in the points of concourſe E, A, F, 
| A (t. Cor LxN. g.). Round C with the diſtance of CA or CA 
deſcribe a circle meeting F Qin R, in Fr. 202., but in Fi6. 
203, meeting in R a perpendicular to AA at the point E. Join 


213 
F 1 G. 
202, 203. 


'BR, B. Becauſe of the harmonic divifion, ER in. FIG. : 


202. and FR in Fro. 203. touch the circles (3. Cor. LEM: 10.), 
and conſequenthy the rectangle AE A is equal to the: ſquare of 
R. Alſd as before the rectangles IF, LO G Bo, are re- 


ſpectively ed to the {quares of FQ, Os, BD (Lew. 17. J. BE. 


cafe of tlie parallels, AB is to GB as AE is to EH; and A B is 
t B'as' A E is to En; wherefore compounding theſe two ratios, 


the retangle ABA is to the rectangle GB as the rectangle AE A 


is to the rectangle HE#n, viz. the rectangle” ABA is td the ſquare 


of BD. 48 the ſquar are f E R ib to the ſquare” of EF. Draw BP. 
Fp, in 3 202. perpendieulit t. to. R. but in Fic: 203. let BD, Wo 


PQ theet"C R*in P, 23 and in Fis. 202. Join B R. in Ff. 20 
join FP. Becauſe of the Equiang Jar triangles, ER 1s to EF 


OR is . FK er ks GB i 06 B Therefore, ex æquo ih 2-0 


ale A BA id to the ſqultfe of BD (a the ſquirt of CR is td che 


ſquare” of PR. off as the Tquare of © BY is ie tte luste f BP, 


and in FiG. 202. 'Giniporichds, the rectangle ABA ! is te the Tulare : 


of BD as the ſquare! of AC'is to the ſquares of B DC BP together. 


But it has appeared that the fectan 1. ABA is to the ſquare of BD. 


as the ſquare. of CR or "REWFt Rd ate of PR. Thetefbre I 
the Nquate of FR isde dal 8 HEM areY" BD, BP. By the 


fame teaſòhihg Tt ape evwvn hit ey dard of A180 nal to 
1 and the qd FR %qu qual tb HY au res of 


Fe which indecd are 0 Fee of tit Ame gene- 
* Nchbehz. 4 Becauſe I: 15 lotar® of FN is“ edu to the 
klares ef BD. 'BY add the eBtho? ſtare G. FB, änd the 


\ | ſquare 


# 


F 1 G. 


CONIC SECTIONS. Prop. 542 
ſquare of BR will be equal to the ſquares of FD, BP. But the 


ſquare of BR. is. equal to the ſquares of RP, BP; therefore t 


| ſquares of FD, BP together are equal to the ſquares of RP, BP 


together, and taking away the common ſquare of BP. the ſquare 


of FD will be equal to the ſquare of RP, and FD be equal tg 
RP. For the ſame reaſon will FS be equal to RC, and FQ be 
equal'to Rx. which as before are M particular caſes of a general 


property. 


Alſo, in the px of Fro. 203. becauſe it has been ſhewn that 


-the rectangle. ABA is to the ſquare of BD as the ſquare of CR or 
AC 16 to the ſquare pf, FR, therefore com pagan, the rectangle 


a # %SSS 24 


pos F R, BD together. But! it 1 — appeared thay the rectangle AB 


is to the ſquare of BD as the ſquare of BC is to the ſquare of BP. 


Therefore the ſquare of BP is equal to the ſquares of FR, BD 


together ; ; and by the ſame reaſoning may it be ſhewn that the ſquare 
of Fe is equal to the ſquares of FR, F Q together, as being only 
another caſe of the ſame general property. But becauſe the ſquare of 
BP is equal to the ſquares c of FR, BD together, add the common 
ſquare of BF, and the ſquare of FP. will be equal to the ſquares 
of FD, FR together. But the ſquare of FP is equal to the ſquares 


of RP, ER: together. Therefore the ſquares of F D, F R together 


are equal to the ſquares of RP, FR together, and taking away the 
common ſquare of FR, the ſquare « of FD is equal to the ſquare of 


RP, and FD is equal to RP, in like manner as in the caſe of 
Fi. 202. For the ſame reaſon i is FQ equal to RP, being a as be- 
fore a particular caſe of a general property. 


In both caſes therefore, becauſe of the fimilar triangles ERF, | 
RFr, ER is to EF as RF is to Re, and alternando, E R is to RF 


as EF is to Ry. But becauſe AA is harmonically divided in E, 


F, and from E, F, are inflected ER, FR, to a point R in the 
circle ARA, ER is to RF as EA is to AF or AH (3. Cox. 


Len. 6.). An ex e, E F is to Ry as EA is to AH, 


viz. ) 


Proy.g9, CONIC SECTIONS. 


has been ſhewn' that FQ is ww to 1 85 therefore FQ is equal 
to HI. 1 

Lagſtly, becauſe E A is to AH as ERis to RF, 3 account 
of ſimilar triangles, ER is to RF as CF is to Ce, or as CB is 
to CP, and alſo E A is to AH as CF is to IL, and as CB is 
to LG 2. e. 6. ]; therefore ex æquo, CF is to C as CF is to 
JL, 


the whole or remainder HL, and conſequently the whole or re- 


mainder RP is equal to the whole or remainder HG. But it has. 
been ſhewn that RC is equal to FS, and RP to n therefore 


Fs is equal to HL, and FD to HG. 


PROP. A 


If a ; right cone be cut by : a plane lch is not pa- 
rallel to the baſe, the linear ſection formed on the 
ſurface of the cone ſhall be a Conic SECTION; and if. 
the plane be parallel to a ſide of the cone, the ſection 
ſhall be a PaRABOLA; if it meet both ſides of the cone, 
the ſection ſhall be an ELLIPSE 3 but if it cut the op- - 


polite cone alſo, which is the continuation of the for- 


mer, the ſection ſhall be two OPPOSITE HyyERBOL As, n 


and the focus an; directris IX. of each OM” Tall be 


given. 


Every thing rernalaing thi FER as in the laſt, I d AQD 6 


is a conic ſection, whoſe focus is F, and diredtrix the ä line 
XX drawn through E r to AA. | | 
5 Draw 


U 
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viz.) as EF is to HI. Wherefore Ry is equal to HI. Bat it FI G. 


5 CB is to CP as CB is to EG. Wherefore Cy is equal 
wo IL, and CP is equal to LG. But it has appeared that Rey is 
equal to Hl. wherefore the whole or remainder RC is equal to 


216 
516. 
202, 203, lis to H © ds FE is to HA. But; BE is Aiual to D and! LG 


204. 


204. 


| SONO SECTIONS) PRO 
Draw DZ perpęndicularito XX. Becaufe of the pata llelsl BE 


to FD (54.); therefore DZ is to FD as FE is to HI. 


fore X Xoheing A right ling given in poſitioua Fa point Mitllout 


it, HIL right line giwef u magnitude, and the lige A Q having 
this property, that othe perpendicular diſtance of every point dd 


therein from N is to the diſtance of F from D, as th perbem 
diculatr diſtance of F from NX is to HI, the line A bahall be 


a conic ſection (1. Dzs.), XX will be its directrit (3, F 
its focus (4. PEr.), and HI equal to the ſemi: parameter of the 


focal axis (J. Dr.), which axis is AA (6. Dr.). 


H theiplane A be parallel to a fide of the cone, viz if AX 
he parallel a fide{Viv tof:the triangle VVV, then FE is equal tb 
HI, and therefore in this caſe A QD. will be a parabola (2. DRro). 
If the plane AQD cut the oppoſite ſides of the cone, either to- 


wards the ſame or different parts of the vertex V, viz. if Aa cut 


VV, V, towards the. fate or difftrent parts of V; becauſe EC 


is to HL as EF is to HI, and it has been ſhewn in the preced- 
ing Pao. that RO arnAle is equal to HL; therefore EC is to 
AC as EF is to HAI. But as the plane cuts the oppoſite ſides of 


ts; cone, Iz. as AA . he ſides VY, Vy, towards the ſame 


differen arts of vp will be 4 part of E ©, or EC will be 
f a BOAT Se an HE of this md (cies, AQD 
de aß Wipſepinithe latter the two oppoſite - ſections W 
e I 1wo:oppofite hyperbolas (2. Dr.). 
92 5 bo e. e E Ragin in u (Fig. 230, and 
.be joineds Be ff hol be. the allyryptotes of the hyperbolas, 
3 top 


0 0 the circle, which i is deſcribed round the 
e rd the alftaiee of the fetnicaxis tHin(Verts; "arid FR is 


_ equal to the ſemi-axis ſecundus (VIpE 19. Cor, Dr.). 


Cor. 1. If through the focus F of an ellipſe be drawn FQ or- 
dinately:dpplied to the tranſverſe axis AA, and meet the igenerating 
circle deſeribed ound ande centte C of me m__ aw, and the di- 


75 ; ameter 
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ameter CR be drawn. Then if from any point B in the axis be FI G. 


drawn BD parallel to the ordinates applied to A A, and meet the 


ellipſe in D, and BP perpendicular to CR; I ſay that the ſquares 
of BD, BP e ſhall be * to the n of the ſemi- axis 
decundus. | 
Every thing remaining the ſame as in this Paoy. 401 in che pre- 
ceding, it was ſhewn in the preceding that the ſquare of FR is 
equal to the ſquares of BD, BP together, and that FR is equal 
to CS. But by this Prop. it appears that the line AO is an 


ellipſe, therefore CS is the ſemi- axis ſecundus, and conſequently 


the ſquares of BD, BP together are equal to the ſquare of CS. 
CoR. 2. The ſame things remaining as in the laſt Cor. if FD 
be joined, I fay that RP, the ſegment intercepted between R and 

the perpendicular BP ſhall be equal to FD. 
It was ſhewn in the preceding Prop. that RP is equal to FD, 
and in this Pro. it is proved that the line AQD is an ellipſe, 
therefore the Con. is true. 

Cor. 3. If through any point in the tranſverſe axis of an pe 
bola a right line be ordinately applied to the axis, and meet the ſec- 
tion and an aſſymptote, the exceſs of the ſquare of the ſegment in- 


tercepted between the axis and aſſymptote above the ſquare of the 


ſemi-ordinate ſhall be equal to the Iquateel, the ſemi-axis ſecundus. 
The ſame things remaining as in the PRop. I fay that the exceſs 

of the ſquare of BP above the ſquare of BD ſhall be equal to the 

ſquare of the ſemi-axis ſecundus. 

For it has appeared in the preceding PRoP. that in FG. 203. 

the ſquare of BP is equal to the ſquares of BD, FR together, and 


in this PRoP. that the line AQD is an hyperbola, whole ſemi-axis 


ſecundus is equal to FR. Therefore the ſquare of BP is equal to 
the ſquare of BD together with the ſquare of the ſemi-axis ſe- 
cundus, or the exceſs of the ſquare of BP above the ſquare of BD 
is equal to the ſquare of the ſemi- axis ſecundus. 


E > 


203. 


—— 


217 |  CONIC 8ECTIONS, Prov. 35. 
FIG | Cor. 4. The fame things remaining as in the laſt Cor. if round 


the centre of the hyperbolas a circle be deſcribed with the diſtance 


of the ſemi-axis tranſyerſe, and from any point in the ſection an 


ordinate be applied to the ſame axis, the ſegment of either aſſymp- 
tote intercepted between the circle and ordinate ſhall be oo to 
the focal diſtance of the point in the ſection. 


For it has appeared in the preceding PRop. that RP is equal 


to FD, and in this Proy. that the line AQ is an hyperbola, 


whoſe aflymptote is CR, axis tranſverſe AA, and centre C. Every 
thing therefore being as required in the Cok., the Cor. is true. 
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